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Einstein Landsberg metrics

By NASRIN SADEGHZADEH (Qom), ASADOLLAH RAZAVI (Tehran)
and BAHMAN REZAEI (Urmia)

Abstract. The paper focuses on the study of Ricci curvature of Einstein Finsler
metrics in order to prove the Schur type lemma for Einstein spaces. In this paper, Ein-
stein Finsler metrics of Berwald and SCR type are mainly considered, we will prove that
the Ricci scalar of any Einstein Landsberg metric of SCR type is necessarily constant,
we will also show that every Einstein Finsler metric of SCR type in dimension 3 is of
sectional (flag) curvature. Moreover we will prove that every Einstein Berwald space of
non-zero Ricci scalar is Riemannian.

1. Introduction

The Einstein metrics comprise a major focus in differential geometry, these
metrics are more general than those with constant curvature. The well-known
Ricci tensor was introduced in 1904 by G. Ricci, which was used to formulate
the Einstein’s theory of gravitation in 1913. The so-called Einstein manifolds
whose Ricci tensors are proportional to the metric have been studied extensively,
specially in general relativity.

Define the Ricci scalar by

R Ric(z,y) ﬁ
B F? R

where R; are the coefficients of the spray curvature on M. In fact we can think

of Ric as (n — 1) times the average curvature at z in the direction y.
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In Finsler geometry an Einstein metric is a metric F' with the property
Ric = (n — 1)K (z)F?,

where K is a function on M.
We used AKBAR-ZADEH’s version of Ricci tensor which is defined by [1]

. 1.
Ric;; = i(RlC(fE,y))yiyj.

The reciprocal relationship between the Ricci scalar and the Ricci tensor tells us
that the Ricci tensor of an Einstein metric is

Ric;; = (n — 1)K (2)gi;.

F is said to be Ricci flat if the average (%) does not depend on the location x,
in this case, the function K is constant.

For Riemannian case, this average does not depend on the location x as we
have

Theorem ([9]). If g is an Einstein Riemannian metric on a connected man-
ifold of dimension n > 3, its scalar curvature is constant.

The above theorem is known as Einstein Schur theorem. The following ques-
tion can be raised in Finsler geometry when F' is an Einstein metric:
Does the Einstein Schur theorem hold for an arbitrary Finsler metric?
In Finsler geometry this theorem is called Schur lemma, we have chosen this
terminology throughout the paper. ROBLES succeeded to prove this lemma for
Randers metrics [8]. In this paper we are going to generalize this lemma for more
Finsler metrics. A straight answer to this question is to find Einstein Finsler met-
rics, which are reduced to the Riemannian cases or Finsler metrics of constant
flag curvature. In this paper we consider Finsler metrics with R}"mkyj = kmmjyj
(so-called of SCR type), and our main results are as follows

Theorem 1.1. Every FEinstein Landsberg metric of SCR type on a compact
manifold M is Ricci constant.

Theorem 1.2. Every Einstein Finsler metric of SCR type is of sectional
(flag) curvature (n = 3).

Some Einstein («, 3) metrics and projectively related Einstein metric have
been considered in [14] and [19].
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2. Preliminaries

Let M be a connected n-dimensional C'°° manifold, denote the tangent space
at © € M by T, M, and the tangent bundle of M by TM = U,enT, M. Each
element of TM has the form (z,y), where x € M and y € T, M. Let TM, =
TM \ {0}, the natural projection 7 : TM — M is given by 7(z,y) = 2. The pull-
back tangent bundle 7*T'M is a vector bundle over T'M; whose fiber at v € T' M
is just T, M, where 7(v) = x, then

T TM = {(.T,y,’()) | y e TQTMO’ v € TwM}

A Finsler metric on a manifold M is a function F : TM — [0,00) with the
following properties:

(i) F'is C* on T'M,,
(i) F(xz, \y) = AF(z,y) v € M,y € T, M and A > 0,

(iii) For any tangent vector y € T, M, the vertical Hessian of %2 given by
1
gij(z,y) = {2}72} K
yiyd

is positive definite.

We obtain a symmetric tensor C, Cartan tensor, on 7*T M defined by

Cu,v,w) = Cijk(y)uivjwk,

where u = u'0;, v = v'0;, w = w'0; and Cijp = 2[F?],iyiyr(y), here we have put
9; = 2. It is well known that C' = 0 if and only if F is Riemannian [18]. Define

m
Lijk = Cijk‘|my )

Ly(u,v,w) = Lijk(y)uivjwk.

Definition 2.1. A Finsler metric F is called isotropic Landsberg if
L+ ¢(z)FC =0,

where ¢(z) is a scalar function on M. The Finsler metric F is called Landsberg
if ¢(x) =01ie. L=0.
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Define
Iy(u) = g" (y)Cy(bi, bj,u) = > g (y)Ciji(y)uF,

where {b;} is an arbitrary basis for T, M and (g% (y)) := (gi;(y))~*. The family
I ={I,}yer, m\{o} is called the mean Cartan torsion.

Definition 2.2. A Finsler metric F' is called isotropic weakly Landsberg if
J+c(z)FI =0,

where J; = Lj,y™, Jy(u) = Y Je(y)u* and c(z) is a scalar function on M. The
Finsler metric F is called weakly Landsberg if ¢(x) =0 i.e. J = 0.

Theorem 2.1 ([18]). A Minkowski norm on a vector space V is Euclidean
if and only if I, = 0 for any y € V\{0}.

Every Finsler metric F induces a spray G = y' 52 — 2G*(x, y)% by

i L a 991 99 ik
G'(z,y) = 19" (x,y) {2W(ﬂc,y) — g &Y vy
Definition 2.3. A Finsler metric F' on a manifold M is called Berwald metric if
in a local coordinate system (2%, y*) on T M, the spray coefficients G* are quadratic
inyeT,M for all z € M.

The Riemann curvature R, = Ridz* ® %|p : To,M — T, M is defined by

i 207 a2 Vel
oGt PG o PGT 09GN 0G) Q)

i = 27 —_— —_——— Y T = =
Riv) =255~ 32 ayr Y DyioyF Byl Dy

It has the following properties:

For any non-zero vectors y,u,v € T,M,

(a) Ry(y) =0, gy(Ry(u),v) = gy(u, By(v)),
; 1 9R: OR;}

(b) Ry, = 3 ayf - ay,j }7

(C) Rj?d = R;cl.j +L;€]|l - L;j\k +L;m zz - ;cm Z? (2)

Put Ricy; = ngRkjvlgir (cf. the Ricci tensor in Riemannian geometry) and
also
Ricor = Ricir 9,  Ricko = Rici ¢

Definition 2.4. A Finsler metric is called of Symmetric Corresponding Ricci
tensor or Finsler metric of SCR type if Ricgr = Ricgo.
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Ezample 1. Let F = F(x,y,u,v) be a Finsler metric on an open subset
U C R? in the form

F = e2@¥) exp [2@ arctan (ﬁ)} (u? +v?),
v

where p is a function and @ > 0 is a constant. Then the mean Cartan torsion
of F' satisfies

4Q°
I? = 4.
1+@Q? <
The spray coefficients G! = G and G? = H of F are given by
1
G = —m{(ﬂx — Qpy)u* +2(py + Qpz)uv — (ps — Qpy)v°}, (3)
1
H= —m{—@y + Qpa)u® + 2(px — 2Qpy)uv + (py + Qpa)v®}.  (4)
Its Ricci scalar is p +p
_ _PeatPyy 2 2
R= 11 0° (u® +v%).

hence F' is a Berwald metric. Thus its geodesic spray coefficients are
G = ;k(x)yjyk
and we can show that [16]

, ar7 orm m m , ,
Ry = {2 axfn -2 a;;k + 40y Ty — 4Flkrinj} y' =)y’

Now, this metric is of SCR type if and only if n;x(z)y’ = nk;(z)y’, which is
equivalent to

oy, I
dri — dxk

and reduces to
ory, oIy,

ox2  Oxl

We can calculate the coefficients of connection by (3) and (4), then we get

1[0*°G O*H
m _ 7l 2 _ -
m =T+ 15= 4 {8u8u * avau] ’

Therefore the above metric is of SCR type if and only if

[Gu + Hv]uy = [Gu + H.U].U.x-
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Moreover calculations show that ([16], [17])

Now if @ > 0 (i.e. F' is not Riemannian) then p ., = —%p,z,z.

As every two dimensional Finsler metric is of scalar curvature, the Ricci curva-
ture R is related to flag curvature K (y) by K(y) = £ (which is defined below).
Assuming Q =1 and p ., = —%p,y_y # 0 we have

K(y) = 5l

- 262p62arctan -

Evidently, its flag curvature is not constant, which means that the class of SCR
type Finsler spaces is not contained in the class of Finsler spaces of constant flag
curvature.

Definition 2.5. A Finsler metric is called R-quadratic if 12, is quadratic in ¥,
namely, in local coordinates, R} (y) are quadratic in y € T, M.

For a two-dimensional plane P C T, M and a non-zero vector y € T, M, the
flag curvature K (P, y) is defined by

gy (u, Ry(u))
9y (Y, 9) gy (u, u) — gy (y,u)?*’

K(Py) =

where P = span{y,u}. F is said to be of scalar curvature K = A(z,y) if for any
y € T,M, the flag curvature K(P,y) = A(z,y) is independent of P containing
y € T, M, which in a local coordinate system (2%, 9") on TM, is equivalent to the

following:
R, = XNz,y) F?{6;, — F'Fy'}.

Moreover if X is a constant, then F is said to be of constant flag curvature.
A Finsler metric is of sectional (flag) curvature if its flag curvature depends only
on the plane section.

A Finsler manifold is said to be negatively curved if for all non-zero vectors
y,v € T, M with gy(u,y) =0,

gy(u, Ry(u)) < 0.

The Ricci scalar function of F' is given by

1

p = ﬁRZ
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Therefore, the Ricci scalar function is positive homogeneous of degree 0 in y. This
means that p(z,y) depends on the direction of the flag pole y but not its length.
The Ricci tensor of a Finsler metric F' is defined by

1
Ric;; = {QR’,j}

Ricci-flat manifolds are those with vanishing Ricci tensor. In physics, they are

important because they represent vacuum solutions to Einstein’s equation.
Definition 2.6. A Finsler metric F' is said to be an Einstein metric if the
Ricci scalar is a function of x alone, equivalently

Ric = p(z)F?,

In fact, Ricci-flat manifolds are special cases of Einstein manifolds.

3. Proof of theorems

The properties of Einstein Riemannian metrics are most known, for example
the Einstein Schur lemma holds for them. In Finsler geometry this is an open
problem in general, ROBLES proved this problem for Randers metrics [8]. For
a different class namely SCR type we are going to prove Einstein Schur lemma.
Now, we are going to give the proofs of our main theorems. First we quote some

lemmas.
Lemma 3.0 ([3]). Let (M, g) be a Landsberg manifold of dimension n. Then

we have

111> = F2I' 07 — (n — 2) L, R{'T"F~2 + Div on S(M). (5)
PROOF. See [3] for details. O
Lemma 3.1. Let (M, F) be a Landsberg manifold and T = T?%, @ b, a

section of m*T*M & ©w*T* M, then

TP 51 = TPy = TP + TP Psty;.

s

PROOF. As TP%);, and TP ; are defined by

dTP? + TP + TPl = qu|kwk + TP "t (6)
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differentiating and using the structure equations one deduces

dT" + T*wE) AWl + (dTP" + TPSWh) Awf + TIQF + TP QY
s t s t s s
= (dT" ), — T?9)wp) A" + (dTP9; — TP ,w]) Aw™ (7)
Recall that Q; has the following form

. 1. .
i i k l i k n+l
Qj—QRjklw ANw' + Pjwt Aw™

Hence as F is Landsberg by taking the components of w® A w™ and w® A w’
we get

TP g = TPy = TP + TP P (8)

EXY

O

Lemma 3.2. Let (M, F) be a Berwald space. If F' is Einstein of non-zero
Ricci scalar then it is Riemannian.

PROOF. Let (M, F) be an Einstein Berwald metric of the non-zero Ricci
scalar A(x), then for its geodesic spray we have

G’ =T (z)y'y".

Applying (1) we obtain

o qoermo arm - | |
Ric = 2 = {2525 9%k 1 arg g, —angrt, bt = (o

As F has a non-zero Ricci scalar \(z) for any direction y € T,,M, nﬁ\’zg)yj y* is
always positive regardless of the sign of A(z). Thus

nik(®)
F = | 2 giyk
M) Yy,

which means (M, F') is Riemannian.

PrROOF OF THEOREM 1.1. First we prove

(a) Ii=0,

(b) Cijrp = 0.
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Let compute I,,, Ri*I*. For a positively homogeneous function f: TM\{0}— R,
one has
df = f‘zwz + f'iwn—i_i.

By the equation (13-3) in [18] we have

1 1 , S
This yields the following Ricci identities

S = fuk = fiRiy. (10)
fiig = Fj1i = —FeLl (11)

Now we show that I,,, R* = 0, for Finsler metrics of SCR type. According to [18]
we have
Rjiki + Rijri + 2Cijm Ry = 0, (12)

contracting with ¢ and g yields
2Ry = —2R 7,0 (13)
By contracted Bianchi identity and being of SCR type we have
0=R;'; = Ro'ij = Ri'jo.
This gives
I,Ry = 0. (14)

Now we use Lemma 3.1 by taking 7%¢ = gP? we deduce that ¥ ;; = P%;;+ P,

contracting by y* after some calculation ([7]) we get

9" jo = 0. (15)

The task is now to show I’ 4™ = 0 and then I = 0. For a compact manifold M

|m.i
we have

(7.0) = ~3 (b, R), (16)

where (,) denotes the global products over S(M), this product is introduced
in [1], R = R,, as before and

F72F =21 ; + F72(¥ L + 4 I%)) + LIF + g7 (6" — F~ 2y y)I,.,..  (17)
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The best reference here is [3].
Now we show that
KgTsIs.r =0, (18)

where K = ﬁRmm, using (16) and F' being Landsberg metric. Taking f = 7
as distortion function defined in [18] and using (11) we get
1 _ !
TkNY = T kY -

As F is Landsberg noting the equation (13)-(20) in [18],we obtain 7, = S4.
Moreover we have
S.k”yl - S‘k =0.

As Syt — S = —L(2RP,, + R™ ) (by [18]) we have

2Ry, = — Ry (19)

m.k*

Since F is Einstein this means that I*R%; ; = 0.
Using (14) we have
IR = (I"R') i — I"R'y; = 0.

Combining this equation with (16) and (17) yields (18).
If K # 0 by (15) we have

0= (grSIs.r)hnym = (Ir.r - Isgrs_r)|0 = Ir.r|0 - Is(grs_ﬂo) = Ir.r|0-

Now in the same way as in Lemma 3.1, we can prove that I” ;;57 = I?|; ;47 when
(M, F) is Landsberg. Hence

0= Ir‘r\mym = grslr.s|mym = gTSIr|m.sym = Ir\m.rym~

By (5) we get
By integrating we have fS(M) [Z;;]1*dV = 0 and hence I;;; = 0. This completes

the proof of (a). In order to prove (b), first we consider the equation (1-4) of
Chapter 5 in [1], i.e.

VoVoCi + CrmRo'vo + ViR’ yy'y' = 0.

As F' is Landsberg by equation (3.5.4) in [6] we have V;nRjiklyj:R};l'ym'yj Y7 =0,
hence
CrnR', =0. (20)
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By (12) we have
Rijro + Rjiro = 0. (21)
The following equation can be found in Chapter 5 of [1]
IFCijrnll® = | Tepl*—(n—2)CY:sCF RT —2F2C 1, CI™* R, ;;+Div on S(M). (22)

Using I); = 0 we need to show that second and third sentences in the right side
of (22) are equal to zero. As before Cy;RL = 0 then C! R, = Cj;sR. = 0.

Now we prove that C’lisC’j”Rrijl =0.
Applying (12) and changing the indices k and [ yield

0= C".C7"*(Riji + Rjirt) = CT*CV ;Cijm R™ ua. (23)
Now we show that C7% _C' R' = 0. By (20) and (23) we have
OjksclisRi[,k; _ Ojks(clisRil).k _ C«jkscliSkRil
——

0
= —CI* R {g"Cpsi — C,.C',} = —CT**Cyis . RY,

and
CjisclsiRkl.k = Cjis(clsisz).k — CjisClsikRkl
~——

0
= 7CjiSRkl{glpCpsi.k - Clpkcpsi} = *Cjisclsi.kRkl = *Cjksclsi.kRiL

Comparing the two above equations and by (19) one sees immediately that
OOl Ry, = Na)CTC iy = 0. (24)
We prove that C7*C', R', , = 0 and then by (24) we show that CjsC' ,R’,, = 0.
CjksclsiRik.l = Cjks(clsiRik)-l — ¢t Rik = _Clsi.k CjksRik =0.
—— ——

0 0

si.l

Now we show that
ciksct RE =0.

stV kl T
As F' is Landsberg we have
CjksclsiR;’kl - CjksClSiRikz.j = (C7"C Ry 5 — (C7*Clsi) jRYy,
—— ——
0
- (C]ksclsi)-lekl = (Ojlscksi)-lekl = _Q(Cﬂsgksi)dekl
—2(C7 g**) i iR +2(C7 g% Ry,

A B
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In the following we show that A = B = 0.

A= (lesgks).i.jRikl — (Ojlk).i.jRikl _ (lekRikl)i-j _ lekle

Tkl
jlk i jlk i jlk i
= (Y lel)‘i-j_(cj Rékz).j_cj ‘iR;kl
0 0
=g'gkicd R —20".CI* R. —2C%,CY R
Pg-r” "Ikl 1 P Ikl v q~ Tkl
N———
0
— _orlp ik pi lp ~kj pi
= 20", ¢7% R: +2C",C% R:  =0.

And

B = (les.igks) JRikl = (glpgqukscpqs.i) JRikl = _2Cpq5~iRilelpq9ks

D
_QCpqsiRikllqglpgks _QCpqS-iRiklcksqglq _glpgqukscpqsi.jRikl’

E F H

and we show that D+ FF = F = H = 0.
E = _QCpqs.iRiklglpngIq — _QCpqs.iRiklglsgkaq — QCpqs.iRiklglpgkslq — —E,
it means that £ = 0.

D+ F = —20,5 R}, 0"1g" — 20,45 ;R'},C"1g"" = 20,5 ;R* |, C*P gl
+20)4s. R, O gk = 20,5 iR, CF*9g"P 4+ 20,5 R, CP1g" = —(D + F),

then D + F = 0. Now we show that H = 0.

H = *29lpgqukscpqs.i.jRikl = QQkpgqulSCpqs.i.jRikl
= 299" Cpys.ijR'yy = —H,

thus H = 0.
Now we can rewrite (22) as ||[FC;jx||* = Div on S(M). By integration we
get Cjjry = 0. F is Landsberg metric, then 0 = FC’;kIl = P}kl = —Fag;{’“, this

means that F' is Berwald. Now Lemma 3.2. completes the proof of theorem. O

Corollary 3.1 (Extension of Numata Theorem). Let (M, F') be Landsberg
metric of SCR type on a compact manifold M of dimension > 3. Suppose that F
is Einstein metric with non-zero Ricci scalar. Then F' is Riemannian.
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Corollary 3.2. Every negatively curved Finsler space of SCR type is Rie-
mannian.

PROOF. Assume that F' is negatively curved at a point z € M. Since the
vector I, is orthogonal to y with respect to g,, it follows from R, (I,) = 0 that
gy(Ry(I),I) = 0 but F is negatively curved at the point « therefore I, = 0 for
any y € T,,M\{0}. By Deicke’s theorem, F' is Riemannian.

In [14], it has been proved that some Einstein («, 3)-metrics such as Matsumoto
and Kropina metrics with s; = 0 and r;; = 0 must be Riemannian or Ricci flat.
This results are exactly the same as Theorem 1.1 when F being the above («, 3)-
metrics.

Now we give an example of Einstein Landsberg metric. (I

Ezample 2 ([17]). Let F = F(x,y,u,v) be a Finsler metric on an open subset
U C R? in the form
F? = e2P(@9)2 exp (QaE) ,
v

where a is a constant. The mean Cartan torsion of F' satisfies
I? = 4.
The spray coefficients G = G and G? = H by F are given by

1
G = —apyuv+ S (ps — apy)v?,

1
H= —ﬁaprQ.

Thus F' is a Berwald metric. Its Ricci scalar is
R = pmvz.

As F is Einstein if and only if (%)k = 0, this yields p ., = 0 or a = 0. These
are equivalent to F' being Riemannian or Ricci flat.

PROOF OF THEOREM 1.2. Let (M, F) be a 3-dimensional Einstein Finsler
space of SCR type with Ricci scalar A(z). The Riemann curvature in a direction
y € T, M is a linear transformation R, : T, M — T, M and the Ricci curvature is
defined as the trace of the Riemann curvature. In the other hand, for an arbitrary
basis {b;}3_; for T, M it can be expressed as

3
Ric(y) = > Ri(y).
i=1
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Assume that {b;}?_; is an orthonormal basis with respect to g, such that

Let
Pi :Span{biay}a Z:17273

1
K(P;,y) = FT(y)gy(Ry(bi),bz‘)-
Using Ry (y) = 0 and (14) we have
Ric(y) = F*(y) K (P1,y)-
As I is Einstein then
M) F2(y) = F*(y) K (P1,y) = gy(Ry(br), by).
Thus the flag curvature of the flag P, is a scalar function of x alone. We will
show that the flag curvature of every arbitrary flag P at x containing y depends
only on the section. Let P = span{V,y}, where V is an arbitrary vector in T, M
such that g,(V,V) = 1 and g,(V,y) = 0, put v' = g,(V,b1), v* = g,(V,I) and
v = g,(V,y) = 0. As R, is a linear function
Ry (V) = Ry(v'by + v?by + v®b3) = v' Ry (b1) + v2 Ry (I) + v’ Ry (y) = v' R, (b1).
Hence
9y(Ry(V), V) = gy(ley(b1)7 V)= (”1)29y(Ry(bl)a b1) + ”1vzgy(Ry(b1)a I)
+ vlv3gy(Ry(b1),y) = (U1>29y(Ry(b1)>b1) = (0')*A(x) F>.
Thus
K (P,y) = Mz)(v")*. 0

Theorem 3.1 (Ricci rigidity). Let F' be an Einstein Landsberg metric of
SCR type in dimension 3 on a compact manifold M. Then F is locally Minkowski
if it is Ricci flat.

PROOF. As it is proved in the proof of Theorem 1.2 one concludes that , for
each flag P at x containing y of this Einstein metric, the flag curvature K(P,y)
is a multiple of its Ricci scalar. If F' is Ricci flat then it is of zero flag curvature.
According to AKBAR-ZADEH [2] (every Finsler metric of zero flag curvature is
locally Minkowskian), the proof is completed. (Il

The following question still remains open.
Is there any R-flat Landsberg metric which is not locally Minkowskian?
The above theorem is answered to this question in dimension 3. This states that
if there is R-flat Landsberg metric in dimension 3 which is not locally Minkowski,
it can not be of SCR type.
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