
Publ. Math. Debrecen

75/3-4 (2009), 365–374

On the weighted ℓ
p
−space of a discrete group

By FATEMEH ABTAHI (Isfahan), RASOUL NASR-ISFAHANI (Isfahan)
and ALI REJALI (Isfahan)

Abstract. Let G be a locally compact group and 1 < p < ∞. The Lp-conjecture

asserts that Lp(G) is closed under the convolution if and only if G is compact. For

2 < p < ∞, we have recently shown that f ∗ g exists and belongs to L∞(G) for all

f, g ∈ Lp(G) if and only if G is compact. Here, we consider the weighted case of this

result for a discrete group G and a weight function ω on G; we prove that f ∗ g exists

and belongs to ℓ∞(G, 1/eω) for all f, g ∈ ℓp(G, ω) if and only if ℓp(G, ω) ⊆ ℓq(G, 1/eω),

the dual of ℓp(G, eω).

1. Introduction

Let G be a locally compact group with a fixed left Haar measure λ. For

1 ≤ p < ∞ and a measurable function α : G → (0,∞), we denote by Lp(G, α) the

space of all measurable complex-valued functions f on G such that f α ∈ Lp(G),

the usual Lebesgue space on G with respect to λ; see [7] for more details. Then

Lp(G, α) with the norm ‖.‖p,α defined by

‖f‖p,α := ‖f α‖p

for all f ∈ Lp(G, α) is a Banach space. Let us remark that when G is discrete,

Lp(G, α) is the space ℓp(G, α) of all complex-valued functions f on G such that
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f α ∈ ℓp(G), the space of all complex-valued functions g on G with

‖g‖p :=

(
∑

x∈G

|g(x)|p
)1/p

< ∞.

We also denote by L∞(G, 1/α) the space of all measurable complex valued func-

tions f on G such that f/α ∈ L∞(G), the space as defined in [7]. Then L∞(G, 1/α)

with the norm ‖.‖∞,1/α defined by

‖f‖∞,1/α := ‖f/α‖∞

for all f ∈ L∞(G, 1/α). Furthermore, for 1 ≤ p < ∞, the continuous dual of

Lp(G, α) coincides with Lq(G, 1/α), where q is the conjugate number p/(p − 1)

of p; that is, 1 < q < ∞ and p + q = pq. In fact, the mapping τ from Lq(G, 1/α)

to Lp(G, α)∗ defined by

〈τ(f), ϕ〉 =

∫

G

f(x) ϕ(x) dλ(x) (1)

is an isometric isomorphism. For measurable functions f and g on G, the convo-

lution multiplication

(f ∗ g)(x) =

∫

G

f(y) g(y−1x) dλ(y).

is defined at each point x ∈ G for which this makes sense; i.e. the function

y 7→ f(y) g(y−1x) is λ-integrable. Then f ∗ g is said to exist if (f ∗ g)(x) exists

for almost all x ∈ G.

For 1 < p < ∞, the Lp-conjecture states that Lp(G) is closed under the

convolution if and only if G is compact. The first result related to this conjecture

is due to Zelazko [21] and Urbanik [20] in 1961; they proved that the conjecture

is true for all locally compact abelian groups. However, this conjecture was first

formulated for a locally compact group G by Rajagopalan in his Ph.D. thesis

in 1963.

The truth of the conjecture has been established for p > 2 by Zelazko [22]

and Rajagopalan [14] independently; see also Rajagopalan’s works [13] for

the case where p ≥ 2 and G is discrete, [14] for the case where p = 2 and G is

totally disconnected, and [15] for the case where p > 1 and G is either nilpotent

or a semidirect product of two locally compact groups. In the joint work [16],

they showed that the conjecture is true for p > 1 and amenable groups; this
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result can be also found in Greenleaf’s book [6]. Rickert [18] confirmed the

conjecture for p = 2. For related results on the subject see also Crombez [2] and

[3], Gaudet and Gamlen [5], Johnson [8], Kunze and Stein [9], Lohoue [11],

Milnes [12], Rickert [17], and Zelazko [23]. Finally, in 1990, Saeki [19] gave

an affirmative answer to the conjecture by a completely self-contained proof; see

also Kuznetsova [10] and El Kinani and Benazzouz [4] for some results on

the weighted Lp−spaces of locally compact groups.

Motivated by the Lp-conjecture, in [1], we have considered only the property

that f ∗ g exists for all f, g ∈ Lp(G) and proved the following result which was

indeed our purpose of that work.

Theorem 1.1. Let G be a locally compact group and 2 < p < ∞. If f ∗ g

exists for all f, g ∈ Lp(G), then G is compact.

On the other hand, it is well-known from [13] that for 2 < p < ∞, Lp(G) ⊆
Lq(G) if and only if G is compact. As a consequence of these observations, we

have the following result.

Theorem 1.2. Let G be a locally compact group and 2 < p < ∞. Then the

following assertions are equivalent.

(a) Lp(G) ⊆ Lq(G).

(b) f ∗ g exists and belongs to L∞(G) for all f, g ∈ Lp(G).

In the case where G is discrete and 1 ≤ p ≤ 2 we have ℓp(G) ⊆ ℓ2(G),

and hence f ∗ g exists and belongs to ℓ∞(G) for all f, g ∈ ℓp(G) by the Holder

inequality; moreover, p ≤ q, and so ℓp(G) ⊆ ℓq(G). These facts together with 1.2

led us to the following result.

Corollary 1.1. Let G be a discrete group and 1 ≤ p < ∞. Then the

following assertions are equivalent.

(a) ℓp(G) ⊆ ℓq(G).

(b) f ∗ g exists and belongs to ℓ∞(G) for all f, g ∈ ℓp(G).

In fact, this result gives a necessary and sufficient condition for that

ℓp(G) ∗ ℓp(G) ⊆ ℓ∞(G).

It states that the assertions (a) and (b) are always true if 1 < p ≤ 2, and that

they are equivalent to finiteness of G if 2 < p < ∞.

In this paper, we investigate this equivalence in the weighted case and prove

an analogue of that result in terms of a weight function ω on G. We also observe

that ω plays a significant role in this respect; in fact, we show that there is an

infinite group for which the weighted forms of these equivalent assertions hold.
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2. The results

Throughout this section, let G be a discrete group and ω be a weight function

on G; that is, a measurable function with ω(x) > 0 and ω(xy) ≤ ω(x)ω(y) for

all x, y ∈ G. Also, let ω̃ be the weight function defined by ω̃(x) = ω(x−1) for all

x ∈ G. We commence with the following lemma.

Lemma 2.1. Let G be a discrete group, ω be a weight function on G and

1 ≤ p < ∞. If f∗g ∈ ℓ∞(G, 1/ω̃) for all f, g ∈ ℓp(G, ω), then the map (f, g) 7→ f∗g
from ℓp(G, ω) × ℓp(G, ω) into ℓ∞(G, 1/ω̃) is separately continuous.

Proof. Fix a positive function g ∈ ℓp(G, ω), and suppose on the contrary

that the map f 7→ f ∗ g from ℓp(G, ω) into ℓ∞(G, 1/ω̃) is not continuous. Then

there exists a sequence (fn) ⊆ ℓp(G, ω) of positive functions with ‖fn‖p,ω ≤ 1

such that

‖fn ∗ g‖∞,1/eω ≥ n3

for all n ∈ N. So, if we put

f :=

∞∑

n=1

fn

n2
,

then f ∈ ℓp(G, ω); indeed,

‖f‖p,ω ≤
∞∑

n=1

‖fn‖p,ω

n2
≤

∞∑

n=1

1

n2
.

For each n ∈ N we have f ≥ n−2fn and thus f ∗ g ≥ n−2fn ∗ g. Therefore

‖f ∗ g‖∞,1/eω ≥ n−2 ‖fn ∗ g‖∞,1/eω ≥ n;

in particular, f∗g 6∈ ℓ∞(G, 1/ω̃), a contradiction. It follows that the map f 7→ f∗g
from ℓp(G, ω) into ℓ∞(G, 1/ω̃) is continuous. Similarly, the map f 7→ g ∗ f from

ℓp(G, ω) into ℓ∞(G, 1/ω̃) is continuous. �

Now, we are ready to state and prove the main result of the paper which

gives a necessary and sufficient condition for ℓp(G, ω) ∗ ℓp(G, ω) ⊆ ℓ∞(G, 1/ω̃).

Theorem 2.1. Let G be a discrete group, ω a weight function on G and

1 ≤ p < ∞. Then the following assertions are equivalent.

(a) ℓp(G, ω) ⊆ ℓq(G, 1/ω̃).

(b) f ∗ g exists and belongs to ℓ∞(G, 1/ω̃) for all f, g ∈ ℓp(G, ω).
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Proof. Suppose that (a) holds and let f, g ∈ ℓp(G, ω) and x ∈ G. Define

the function Rxg on G by Rxg(y) = g(yx) for all y ∈ G and note that

‖Rxg‖p,ω =

(
∑

y∈G

|g(yx)|pω(y)p

)1/p

=

(
∑

y∈G

|g(y)|pω(yx−1)p

)1/p

≤ ω̃(x)‖g‖p,ω.

We therefore have Rxg ∈ ℓp(G, ω) and thus R̃xg/ω ∈ ℓq(G) by (a). Since ω f ∈
ℓp(G), the Holder inequality implies that f R̃xg ∈ ℓ1(G) and thus

‖f R̃xg‖1 ≤ ‖f‖p,ω ‖R̃xg‖q,1/ω = ‖f‖p,ω ‖Rxg‖q,1/eω.

Since
|(f ∗ Rxg)(e)|

ω̃(e)
≤ |(f ∗ Rxg)(e)| =

∣∣∣∣∣
∑

y∈G

f(y) R̃xg(y)

∣∣∣∣∣,

it follows that
|(f ∗ Rxg)(e)|

ω̃(e)
≤ ‖f‖p,ω ‖Rxg‖q,1/eω.

This together with

‖Rxg‖q,1/eω =

(
∑

y∈G

|g(yx)|q
ω̃(y)q

)1/q

=

(
∑

y∈G

|g(y)|q
ω̃(yx−1)q

)1/q

≤ ω̃(x) ‖g‖q,1/eω
yield that

|(f ∗ g)(x)| = |
∑

x∈G

f(y) g(y−1x)| = |
∑

x∈G

f(y) R̃xg(y)| = |(f ∗ Rxg)(e)|

≤ ω(e) ‖f‖p,ω ‖Rxg‖q,1/eω ≤ ω(e) ω̃(x) ‖f‖p,ω ‖g‖q,1/eω.

Hence

‖f ∗ g‖∞,1/eω ≤ ω(e) ‖g‖p,ω ‖f‖q,1/eω.

Therefore f ∗ g exists and belongs to ℓ∞(G, 1/ω̃).

Conversely, suppose that (b) holds, and let f ∈ ℓp(G, ω). We show that

f ∈ ℓq(G, 1/ω̃). Lemma 2.1 implies that the map

ℓp(G, ω) × ℓp(G, ω) → ℓ∞(G, 1/ω̃)

with the formula (f, g) 7→ f ∗ g is separately continuous. By the uniform bound-

edness theorem, there exists a constant M > 0 such that

‖f ∗ g‖∞,1/eω ≤ M ‖f‖p,ω ‖g‖p,ω
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for all f, g ∈ ℓp(G, ω). For every g ∈ ℓp(G, ω̃) we have

∑

y∈G

f(y) g(y) =
∑

y∈G

f(y) g̃(y−1) =
∑

y∈G

f(y) g̃(y−1e) = (f ∗ g̃)(e)

≤ ω(e) ‖f ∗ g̃‖∞,1/eω ≤ M ω(e) ‖f‖p,ω ‖g̃‖p,ω

= M ω(e) ‖f‖p,ω ‖g‖p,eω.

Thus the functional τ(f) : g 7→ ∑
y∈G f(y) g(y) is bounded on ℓp(G, ω̃). Since

ℓp(G, ω̃)∗ = ℓq(G, 1/ω̃), it follows that f ∈ ℓq(G, 1/ω̃). �

Corollary 2.1. Let G be a discrete group and ω be a weight function such

that ω ≥ 1, ω = ω̃ and 1 ∈ ℓq(G, 1/ω), and 1 ≤ p < ∞. Then f ∗ g exists and

belongs to ℓ∞(G, 1/ω̃) for all f, g ∈ ℓp(G, ω).

Proof. If f ∈ ℓp(G, ω), then fω ∈ ℓp(G). Since 1/ω ∈ ℓq(G),

f = (fω)(1/ω) ∈ ℓ1(G). Since G is discrete and ω ≥ 1,

ℓ1(G) ⊆ ℓq(G) ⊆ ℓq(G, 1/ω).

Thus f ∈ ℓq(G, 1/ω) and therefore ℓp(G, ω) ⊆ ℓq(G, 1/ω). Now, we only need to

invoke Theorem 2.1. �

Corollary 2.2. Let G be a discrete group, ω be a weight function on G and

1 ≤ p ≤ 2. Then f ∗ g exists and belongs to ℓ∞(G, 1/ω̃) for all f, g ∈ ℓp(G, ω).

Proof. Since ωω̃ ≥ 1, it follows that ℓq(G, ω) ⊆ ℓq(G, 1/ω̃); also p ≤ q,

and so ℓp(G, ω) ⊆ ℓq(G, ω). Consequently, ℓp(G, ω) ⊆ ℓq(G, 1/ω̃). Now the result

follows from Lemma 2.1 and Theorem 2.1. �

Our next result introduces a large class of weight functions ω on an infinite

group G for which f ∗ g exists and belongs to ℓ∞(G, 1/ω̃) for all f, g ∈ ℓp(G, ω).

In particular, this shows that Corollary 2.2 is not true for 2 < p < ∞.

Proposition 2.1. Let 2 < p < ∞, Z be the additive group of integer

numbers and ωα(n) = (1 + |n|)α for all n ∈ Z, where 0 < α < ∞. Then

(1) ℓp(Z, ωα) * ℓq(Z, 1/ω̃α) for all 0 < α < 1

2
− 1

p .

(2) ℓp(Z, ωα) ⊆ ℓq(Z, 1/ω̃α) for all 1 − 1

p < α < ∞.

0
1

2
− 1

p

1

2
1 − 1

p
1 ∞

...........................................................................-
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Proof. (1). Suppose that 0 < α < 1

2
− 1

p . Then α + 1

p < 1

q − α and

consequently there exists a real number β such that

α +
1

p
< β <

1

q
− α

We therefore have pβ − pα > 1 and qβ + qα < 1. Now, let f be the function on Z
defined by

f(n) = (1 + |n|)−β (n ∈ Z).

It follows that

‖f‖p
p,ω =

∞∑

n=−∞

f(n)pωα(n)p = 1 + 2

∞∑

n=1

(1 + |n|)−pβ(1 + |n|)pα

= 1 + 2

∞∑

n=1

1

(1 + |n|)pβ−pα

whence ‖f‖p
p,ωα

< ∞, and so f ∈ ℓp(Z, ωα). But

‖f‖q
q,1/ω = 1 + 2

∞∑

n=1

f(n)q

ωα(n)q
= 1 + 2

∞∑

n=1

(1 + |n|)−qβ(1 + |n|)−qα

= 1 + 2

∞∑

n=1

(1 + |n|)−qα−qβ

whence ‖f‖q
q,1/ωalpha

= ∞ and therefore ℓp(Z, ωα) * ℓq(Z, 1/ω̃α).

(2). Suppose that 1 − 1

p < α < ∞. Then ωα ≥ 1, ωα = ω̃α and

1 ∈ ℓq(G, 1/ωα). It follows from the proof of Corollary 2.1 that ℓp(G, ωα) ⊆
ℓq(G, 1/ωα). �

A combination of Theorems 1.1 and 2.1 imply that G is finite if ℓp(G) ⊆
ℓq(G). As an immediate consequence of Proposition 2.1, we have the following

result which shows that this result is not valid in the weighted case.

Corollary 2.3. For each 1 ≤ p < ∞, there exist an infinite countable discrete

group G and a weight function ω on G with ℓp(G, ω) ⊆ ℓq(G, 1/ω̃).

Let us point out that if there is a bounded or multiplicative weight function ω

on G with ℓp(G, ω) ⊆ ℓq(G, 1/ω̃), then G is finite. Our next result gives an

analogue of this fact without the hypothesis that ω is bounded or multiplicative.

Proposition 2.2. Let G be a discrete group and 2 < p < ∞. If there is a

weight function ω on G with ℓp(G, ω) ⊆ ℓq(G, 1/ω̃), then G is countable.
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Proof. It suffices to show that the set {x ∈ G : ω(x) ω(x−1) ≤ k} is finite

for all k ≥ 2. To that end, suppose on the contrary that there exist k0 ≥ 1 and

a sequence (xn) of distinct elements of G with ω(xn) ω(x−1

n ) ≤ k0 for all n ≥ 1.

Define the function f : G → R by

f(xn) =
1

ω(xn)
√

n
and f(x−1

n ) =
1

ω(x−1
n )

√
n

for all n ≥ 1 and f(x) = 0 otherwise. Clearly f ∈ ℓp(G, ω) and we have

(f ∗ f)(e) =

∞∑

n=1

f(xn) f(x−1

n ) =

∞∑

n=1

1

ω(xn) ω(x−1
n )n

≥ 1

k0

∞∑

n=1

1

n
.

It follows that f ∗ f does not exist. This contradicts Theorem 2.1 together with

the assumption that ℓp(G, ω) ⊆ ℓq(G, 1/ω̃). �

Let us present some examples illustrating our observations.

Example 1. (a) Let R be the additive group of real numbers and 2<p<∞.

Then there is no weight functions ω on R with ℓp(R, ω) ⊆ ℓq(R, 1/ω̃) by Proposi-

tion 2.2. In particular, ℓp(R, ωα) * ℓq(R, 1/ω̃α), where ωα(x) = (1 + |x|)α for all

x ∈ R, and α > 0. So, there exist f, g ∈ ℓp(R, ωα) such that f ∗ g does not belong

to ℓ∞(R, 1/ω̃α).

(b) Let Z be the additive group of integer numbers, α > 0 and ωα(n) =

(1 + |n|)α for all n ∈ Z. Then ℓ3(Z, ωα) ⊆ ℓ3/2(Z, 1/ω̃α) for all α > 2/3 and

ℓ3(Z, ωα) * ℓ3/2(Z, 1/ω̃α) for all 0 < α < 1/6.

(c) Let Z be the additive group of integer numbers, 2 < p < ∞ and ω(n) =

exp (|n|) for all n ∈ Z. Then ω is a weight function on Z such that ω ≥ 1, ω = ω̃

and 1/ω ∈ ℓq(G). Then ℓp(Z, ω) ⊆ ℓq(Z, 1/ω̃).

(d) Let Z be the additive group of integer numbers, 2 < p < ∞ and ω(n) =

exp (n) for all n ∈ Z. Then ω is a multiplicative weight function on Z, and thus

ℓp(Z, ω) * ℓq(Z, 1/ω̃).

We end this work by some questions which arises from our results.

Question 1. Does Theorem 2.1 remains valid for all locally compact groups G?

In fact, for a measurable weight function ω on G, is the following assertions equiv-

alent?

(a) Lp(G, ω) ⊆ Lq(G, 1/ω̃).

(b) f ∗ g exists and belongs to L∞(G, 1/ω̃) for all f, g ∈ Lp(G, ω).

Question 2. In Proposition 2.1, what happens when 1/2−1/p ≤ α ≤ 1−1/p?

In fact, does the inclusion ℓp(Z, ωα) ⊆ ℓq(Z, 1/ω̃α) hold for all such α?
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Question 3. Is the converse of Proposition 2.2 true? In fact, if G is an infinite

countable discrete group and 2 < p < ∞, is there a weight function ω on G with

ℓp(G, ω) ⊆ ℓq(G, 1/ω̃)?
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