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On almost conservative matrix methods
for double sequence spaces

By M. ZELTSER (Tallinn), M. MURSALEEN (Aligarh) and S. A. MOHIUDDINE (Aligarh)

Abstract. In this paper, we use the idea of almost convergence of double se-
quences to define and characterize the almost C,-conservative matrices, that is, those
4-dimensional matrices which transform v-convergent double sequences into the almost
convergent double sequences; where v stands for p-, bp-, and r-convergence.

1. Introduction and preliminaries

Here we give notions and notation for double sequence spaces. For other
notations we refer the reader to [1].

A double sequence x = (xj) of real or complex numbers is said to be
bounded if

[lz]|co = sup |z;x| < 0.
.k

The space of all bounded double sequences is denoted by M,,.
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A double sequence x = (z,) is said to converge to the limit L in Pringsheim’s
sense (shortly, p-convergent to L) [9] if for every € > 0 there exists an integer N
such that |zj;, — L| < ¢ whenever j,k > N. In this case L is called the p-limit
of z. If in addition = € M,, then x is said to be boundedly convergent to L in
Pringsheim’s sense (shortly, bp-convergent to L).

A double sequence = = (z,i) is said to converge regularly to L (shortly, r-
convergent to L) if z € Cp and the limits x; := limy, 25 (j € N) and 2¥ := lim; x5,
(k € N) exist. Note that in this case the limits lim; limy ;5 and limy lim; ;5
exist and are equal to the p-limit of x.

In general, for any notion of convergence v, the space of all v-convergent
double sequences will be denoted by C,, the space of all v-convergent to 0 double
sequences by C,¢ and the limit of a v-convergent double sequence x by v-lim; j, x,
where v € {p,bp,r}.

Let © denote the vector space of all double sequences with the vector space
operations defined coordinatewise. Vector subspaces of ) are called double se-
quence spaces. In addition to above-mentioned double sequence spaces we con-
sider the double sequence space

Lo = {x e =3 laul < oo}
3.k
of all absolutely summable double sequences.
All considered double sequence spaces are supposed to contain

® := span{e’® | j, k € N},
where
L if (4, k) = (i,4),
0, otherwise.
We denote the pointwise sums >, ek, > e (ke N),and ), &¥ (j €N)
by e, e¥ and e; respectively.
Let E be the space of double sequences converging with respect to a conver-

gence notion v, F' be a double sequence space, and A = (amnjx) be a 4-dimensional
matrix of scalars. Define the set

FIE‘V) ::{x €Q| [Az)mn =V — Z AmnjkZik exists and Az := ([Az]pmn)mn € F}
.k

Then we say that A maps the space E into the space F if £ C FIE‘V) and denote
by (E, F) the set of all 4-dimensional matrices A which map E into F.
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For more details on double sequences and 4-dimensional matrices, we refer
to [5], [11], [12].

The idea of almost convergence for single sequences was introduced by Lo-
RENTZ [4] and for double sequences by MORICZ and RHOADES [6].

A double sequence x = (x;1) of real numbers is said to be almost convergent
to a limit L if

m+p—1 n+qg—1

p- lim  sup 1 Z Z i, — L| = 0.
k=n

—00
p,q m,n>0 | Pq j=m

In this case L is called the fs-limit of x and we shall denote by fs the space of all
almost convergent double sequences.

Note that a convergent double sequence need not be almost convergent. How-
ever every bounded convergent double sequence is almost convergent and every
almost convergent double sequence is bounded.

4-dimensional matrices mapping every almost convergent double sequence
into a bp-convergent double sequence with the same limit were considered by
MO6RICZ and RHOADES in [6]. 4-dimensional matrices mapping every almost
convergent double sequence into an almost convergent double sequence with the
same limit were characterized by MURSALEEN [8]).

In this paper, we characterize almost C,-conservative matrices, i.e. those 4-
dimensional matrices A = (@pn; %) which map the double sequence space C, into
the space fy where v € {bp,r,p}.

To derive them we apply characterizations of 4-dimensional matrices from
the class (C,,Cpp) for v € {bp,r, p}.

2. The class of matrices (C,, Cpp)

The conditions for a 4-dimensional matrix to map the spaces Cyy, C,, Cp, into
the space Cpp, are well known (see for example [2]).

Theorem 2.1. (a) The matrix A = (@mn;k) is in (Cr,Cyp) if and only if the
following conditions hold:
(1) Supm,n Zj,k |amnjk| < 00,
(ii) the limit bp-limy, ,, mnjk = Gk exists (j,k € N),
(iii) the limit bp-lim,, , Zj’k Amnjk = U €Xists,
)

(iv) the limit bp-lim,, , Zj Umnjke = uko exists (ko € N),
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(v) the limit bp-limy, », Y ) Gmnjok = vj, exists (jo € N).
In this case, a = (a;i) € Ly, (u¥),(vj) € ¢ and

bp- hm [Az]., Zajkx]k + Z(UJ Zajk> x; + Z(uk - Zajk)xk
k k J
+ (’U + Zajk — Zvj — Zuk>r—lirr711xmn (z €Cp).
gk J k

(b) The matrix A = (amn;k) Is in (Cr, Cpp) and bp-lim Az = r-limy, , Tmn ( € Cy)
if and only if the conditions (i)—(v) hold with aj;, = u* = v; =0 (j,k € N) and
v=1.

Theorem 2.2. (a) The matrix A = (Gmnjk) 15 in (Cyp,Cpp) if and only if it
satisfies the conditions (i), (ii), and (iii) of Theorem 2.1 and

(vi) bp-limy, , Zj |amnjk0 — ajk0| =0 (ko €N),

(vil) bp-limp, n >k [@Gmnjok — o] = 0 (Jo € N).
In this case, a = (a;) € L, and

bp- hm [Az], Z ajrxjk + (v — Z ajk> bp- lranrll Tmn (T € Chp).
Jik 7
(b) The matrix A = (amnjx) IS In (Cpp,Cop) and bp-lim Ax = bp-lim,, ,, Tpmn
(x € Cyp) if and only if the conditions (i), (ii), (ili) of Theorem 2.1 and (vi) and
(vii) hold with a;, =0 (j,k € N) and v = 1.
Theorem 2.3. (a) The matrix A = (@mn;k) is in (Cp, Cyp) if and only if the
conditions (i)—(iii) of Theorem 2.1 hold and
(viii) for every j € N, there exists K € N such that am,r = 0 for k > K
(m,n € N),
(ix) for every k € N, there exists J € N such that am,jr = 0 for j > J
(m,n € N),
In this case, a = (aji) € Lu, (@jky)j, (@jor)k € @ (jo, ko € N) and

bp- hm[Aa: mon = Za]kx]k + Z(’U — Z%k)p hm Tmn (T € Cp).
7k J Jk
(b) The matrix A = (amn;jk) is in (Cp, Cpp) and bp-lim Az = p-lim,, », Tpmn ( € Cp)
if and only if the conditions (ii), (iii) of Theorem 2.1 and (viii)—(xiii) hold with
a;r =0 (j,k € N) and v = 1.
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3. Almost C,-conservative matrices

In this section, we define and characterize almost C,-conservative and almost
C,-regular matrices.

Definition 3.1. A four dimensional matrix A = (@mn;k) is said to be almost
C,-conservative if it transforms every v-convergent double sequence x = () into
the almost convergent double sequence, where v € {p, bp, r}; that is, A € (C,, f2).

Definition 3.2. A four dimensional matrix A = (Gyn, k) is said to be almost
C,-regqular if it is almost C,-conservative and fo-lim Az = v-lim z for every x € C,.

Comparing this definition with the definition of almost regular 4-dimensional
matrix by MURSALEEN and SAVAS ([7]) we see that the authors in fact considered
almost Cpp,-regular matrices.

Almost conservative and almost regular matrices for single sequences were
characterized by KING [3].

Theorem 3.1. (a) A matrix A = (amn;jx) is almost Cpp-conservative if and

only if the following conditions hold:

(i) sup,, Z]k |@mnji| = M < oo,

(ii) the limit bp-lim, , (4, k,p, q, s,t) = a;x exists (j,k € N) uniformly in s,t €
N,

(iif) the limit bp-lim, o>, ) a(j, k. p,q,s,t) = u exists uniformly in s,t € N,

(iv) the limit bp-limy ¢ >, |a(j, k,p, q, s,t) — a;i| = 0 exists (j € N) uniformly in
s, t e N,

(v) the limit bp-lim,, , Zj la(j, k,p,q,8,t) — aji| = 0 exists (k € N) uniformly in
s,t e N,

where
s+p—1littqg—1

) 1
a(],k,p,q,s,t) = — Z Z Gmnjk-
rq m=s n=t
In this case, a = (a;i) € Ly, and
fo-lim Az = Zajkxjk + (U - Zajk) bp—lirlrlxil7 (1)
ik gk "
that is,

bp—limZa(j, k,p,q, s, t)xj, = Zajkxjk + (u - Z%k)bp-lil}ll"il

P.q
Jik Jik Jik
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uniformly in s,t € N.

(b) A = (@mnjk) is almost Cyp-regular if and only if the conditions (i)—(v)
hold with a;, =0 (j,k € N) and u = 1.

PROOF. (a) Necessity. Let A € (Cpp, f2). The condition (i) follows, since
(Cop, f2) C (Cpp, M) (see [2], §5, 5). Since e and e are in Cyp, the conditions
(ii) and (iii) follow respectively.

It is obvious that if A € (Cyp, f2), then the matrix B* := (b5 1 )p.q5k =

(a4, kD, q,5,t))p,q.5,k 15 in (Cpp, Cpp) for every s,t € N. In particular, the double

sequence b*" = (b%}) with b% := bp-limy, , b5! . = aj is in £, and

bp-Tim > (b3, = b3kl = bp-Tim > [a(j, b p, ¢, 5,t) — ae| =0
Tk Tk

for every s,t € N.
To verify the conditions (iv) and (v), we need to prove that these limits are
uniform in s,t € N. Suppose on contrary that for given jo € N

bp- limsutpz la(jo, ks p, g, 8,t) — ajok| # 0.
k

P9 s,
Then there exists € > 0 and index sequences (p;), (g;) such that

SUPZ|a(jO7kapi7Qias>t) 7ajok| > € (Z GN)
st

So for every i € N, we can choose s;,t; € N such that

Z la(jo, ks piy @iy iy ti) — agor| > € (i € N).
k
Since
Z |O((j0, kapia qi, Slvtz)‘ S SUPZ Iamnjk| < 00,
& mn
Js

(ajr) € L, and by (ii) going to a subsequence of (p;, ¢;, S;, t;) on need we may
find an index sequence (k;) such that

=

i

Z |Oé(j0, kvp’h qiy Sis tz) - aj[)k" S
k=1
o0 [e%s)

. £ .
> laGo.k.pigosat) + D larl < g GEN).
k=kit1+1 k=kit1+1

| ™
Q
=}
o,
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So

kit1

. e .
Z l(jo, k, pis Gis iy ti) — @jor| > T (i € N).
k=ki+1

We define the double sequence = = (z,1) by

(=1)'sgn(a(jo, &, pi, Gis 8is ti) — ajor) for ki <k <k (1 €N), j=jo
Tjk = . .

0 for j # jo-
Then x € Cypo with ||z]e < 1, but for i even we have

sitpi—1ti+qi—1

Z Z (AZ)mn Z%k%k—z (Jos K, iy @iy Siy i) Tjok

Piqi

m=s;
kit1
- Zaggkl’yok 2 Z a(jo, K, pi, @iy sis ti) — @jok)Tjok
k=hki+1

k?i o0
= > lalo, k. pirgirsinti) — ajorl = Y lalio, ks pi, s 56, )]

k=1 k=kit1+1

> i e .3 e ¢

= > ikl = > 1aloskypi s siti) — ajor] — 3 :271 1" 7%

k=kit1+1 k=k;+1

Analogously for ¢ odd we get

si+pi—1ti+q;—1

Z Z (Az)m, Zajkxjk < —3
3k

DPid;

m=s;

1 ~thg—1 . :
Hence _- Sl ST (A2) i does not converge as p,g — oo uniformly in

s,t € N, that is, Az € fo, giving the contradiction. Hence (iv) holds. In the same
way we get that (v) holds.

Sufficiency. Let the conditions (i)—(v) hold. Then for any s, ¢ the matrix
Bt = (a(j, k,p,q,5,t))p,q.k 18 0 (Cop,Crp). In particular

bp—hmz (4, k,p,q, s, t)zjp = Zajkxjk + <u — Zajk>bp-hmac,l (s,t € N).
7.k 7.k

To prove that the limit is uniform in s,¢ € N, we consider

Z(Oé(j7 kap7q7 Sat) - ajk)(l’jk - bp— 1?}1‘%1[)
Jik ’
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Let ¢ > 0 and N € N such that

8SM

By (ii), (iv) and (v) we can choose P € N such that for p, ¢ > P and every s, € N
we have

|zjx — bp- 1i1}133il| < for j,k > N.
1,

N—-1N-1 -
|a(jakap7Q787t) a]k‘ > 8||$||
j=1 k=1 oo
N—-1 -
Z |a(j7k7p7Qu87t) a]kl = 8”.]3”
ji=1 k 0
N—-1 oo
Z |a(j, kvpaq,s»t) a]k| =
k=1 j=N 8||»T||<>o
Then
Z(a(jv kapqu S,t) - ajk)(xjk - bp— lll’lIl xil)
Jsk S
N—-1N-1
SQ Z IO& jvkap7Qa57t)_ajk|||.'L'||oo
j=1 k=1
—1
—|—2 Z la(d, k,p,q,8,t) — ajil |2
j=1 k
-1 o
+2Z Z|a ]7kp7q353t) a]kl”‘r”OO
k=1 j=N
0o oo
+ Z Z la (4, k0, q,8,1)| + |ajr]) |xjk — bp—hmle
j=N k=N
3 3 3 3
<—-+-+-+2M— = teN
_4+4+4+ 8M€(s€)
Hence

- 1}}32 (s k., 4, 5,1) = aji) (w5 — bp-limay) =0
] k 3

)

uniformly in s,t, that is

fo- hmz (4, k,p,q,s, )z = Za]kxjk + (u — Zajk)bp—li’rlnxﬂ.

J.k J.k

(b) The sufﬁ(nency follows from (1) and the necessity follows from the inclu-
sion {el*, e| j,k € N} C Cpp. O
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Theorem 3.2. (a) A matrix A = (amnjk) IS almost C,-conservative if and
only if the conditions (i)—(iii) of Theorem 3.1 hold and
(iv) the limit bp-lim;, ¢ >, (4, ko, p, g, 8, ) = u*o exists uniformly in s,t (kg €N),
(v) the limit bp-limy, 4 >, a(jo, k, p, q, s,t) = vj, exists uniformly in s,t (jo € N).
In this case, a = (a;i) € Ly, (u¥),(v;) € £ and

fo-lim Az = Zajkwjk + Z(Uj — Z%’k)ﬁj + Z(uk - Zajk)wk
J.k J k k J
+<u+2ajk—2vj—2uk>r-limx. (2)
3.k J k
(b) A = (@mnjr) is almost C,-regular if and only if the conditions (i)—(iii) of

Theorem 3.1 and (iv), (v) hold with u;;, = u* =v; =0 (j,k € N) and u = 1.

PROOF. (a) Necessity. The condition (i) holds, since (C,, f2) C (Cr, My,).
The conditions (ii), (iii), (iv) and (v) follow, since /%, e, e¥, e; € C, (j,k € N).

Sufficiency. Let the conditions (i)—(v) hold and suppose first that = (z;5) €
C, satisfies x; = 2% = 0 (j,k € N). Then also r-limz = 0.

By Theorem 2.1 the matrix B* := (a(4,k,p, ¢, $,t))p,q.j.k 18 in (Cr,Cyp) for
any s,t € N. In particular

bp- I;rana(m kop s, )ik = > ajpuie (st €N).
TGk d:k

To prove that the limit is uniform in s,¢ € N, we consider

Z(a(ja k7p7 q, S,t) - ajk)xjk~

gk
Let ¢ > 0 and N € N such that

|xjk|gﬁ for j>Nork>N (jkeN).

By (ii) we can choose P € N such that for p,q > P and any s,t € N we have

N-1

2

-1

|Oé ]7kap7Q737t) ajk|

1 = el

ES
I

=1



396 M. Zeltser, M. Mursaleen and S. A. Mohiuddine

Then
N—-1N-1
> (@l kg, 5,t) — ajr)ae| < la(d, k,p g, 8,t) — ajil 2]
g,k Jj=1 k=1
+ >, (la(d, ks psay s, t)|+|ayk\)|ffgk|< +2M7 e (s,teN).

(4,k)EN\[1,N—1]?

Hence
p—l]l)I(I]lZ o(j, k. p,q,s,t) — ajp)zn =0
J.k

uniformly in s, ¢, that is

f2 hmz ]7k paQ757t Tik = Zajkx_]k

7.k

Now let & = (z;1) be any element of C, with £ := r-1lim , then for the double
sequence z := (zjx) with zj; := x;; — 2; — 2% + £ we have limy z;; = 0 (j € N)
and lim; z;;, = 0 (k € N). Hence

f2 hmz j7k P4, S, t)(x_]k? —Z; = +€) f2 hmz ]7k p,q,S, t)Z]k

7]]{5 ’]k

= Zajkzjk = Zajk(xjk —x;— k4 ¢).
J.k J.k
The existence of the limit

f2 hmz jak b, q,s, t x]k} _Za]kzjk+f2 hmz .77k D, q,s, t)( E)

P9k gk

+f2']-li)rglza jakupaqv&t)(x _5) +f2‘lérglza jvkvpv(IvSvt)f

gk Tk
then would follow if the limits on the right side exist.

The third limit
forlim > a(j k,p,g,s, )€ = v
a L

exists by (iii).
We will show that the first limit equals to >, vj(z; — &). For that end let
€ >0 and N € N such that

‘xj_ﬂﬁm for j > N.
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By (v) we can choose P € N such that for p,q > P and any s,t € N we have

N-1

£
7k b,q, S, t Vj S IR
2. )70 S

Jj=1

Then

Z(Za sk, ps s s,t) — vj)(fvj é)‘é 2Nz_:
k j=1

J

> ali b p g, 5,t) = v [2]loo

k

+Z(Zaa7kp,q7st>|+|vj|>scjk< +2M o= (steN).

Jj=N

Hence

fo- hmz (J, k,pyq,s,t)( Zv]

7,k

Analogously

fo- hmz (J, k,p,q, 8, t)( zF — Zu zF —

7,k

Hence the limit
f2' lim Z a(j7 k7p7 q, S, t)aj]k
b,q =
J.k
exists and the formula (2) holds.
(b) The sufficiency follows from (2) and the necessity follows from the inclu-

sion {&¥| e, e¥, e | j,keN} CC,. O

Theorem 3.3. (a) A matrix A = (amnjk) Is almost C,-conservative if and
only if the conditions (i)—(iii) of Theorem 3.1 and (viii), (ix) of Theorm 2.3 hold.
In this case, a = (a;;) € Lu, (ajk,)j, (@jor)k € ¢ (Jo, ko € N) and

f2 lim Az = Za]kx]k + (’LL - Za]k)p hmxlh (3)

J.k J.k

(b) A = (@mnjk) Is almost Cp-regular if and only if the conditions (i)—(iii)
of Theorem 3.1 and (viii), (ix) of Theorem 2.3 hold with aj;, =0 (j,k € N) and
u=1.
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PROOF. (a) Necessity of conditions (i)—(iii) follows in the same way as in
Theorem 3.1. The conditions (viii), (ix) of Theorem 2.3 follow since (Cp, f2) C
(Cp, My,) (see [2], §5, 6).

Sufficiency. First note that the condition (viii) of Theorem 2.3 implies that
a(jo, k,p,q,8,t) = 0 for given jo € N, k > K and any p,q,s,t € N. Hence also
ajor = 0 for £ > K. Now in view of (ii) the condition (iv) of Theorem 3.1 follows.
Analogously the condition (v) of Theorem 3.1 as well as (ajx,); € ¢ (ko € N)
follows from the condition (ix) of Theorem 2.3. So in view of Theorem 3.1 A is
almost Cyp,-conservative.

Now let x € C,. Then there exists N € N such that

sup |xg| < oo.
k>N

We consider z as a decomposition z = y + z where y is an element of Cp, defined
by yx; = xk for k,1 > N and ygy :=0for k< Norl < N and z :=zx —y. So
Ay € fo and

fo-lim Ay = Z LTk + (u—Za]k>p—hmxll
3.k>N 7,k

To prove that Ax € fy we need to verify that Az € f,. For that end let K € N be
such that apjr =0 for k> K, j=1,...,N and any m,n € N. Let also J € N
be such that ay,njr =0 for j > J, k=1,...,N and any m,n € N. Then

K

N N J
Z gkAeik + Z Z ijAejk € fo

j=1 k=1 k=1j=N+1

and

(e}
QjkZjk + E E Ak Zjk-

k=1 j=N+1

kMZ
1]

Hence Ax = Ay + Az € fo and the formula (3) holds.
(b) can be proved in the same way as in Theorem 3.1. O
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