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Almost bounded variation of double sequences
and some four dimensional summability matrices

By MOHAMMAD MURSALEEN (Aligarh) and S. A. MOHIUDDINE (Aligarh)

Abstract. In 1937, MEARS [Ann. Math., 38 (1937), 594-601] studied absolutely
regular matrices for single sequences. In this paper, we define the absolutely almost
conservative and absolutely almost regular matrices for double sequences and establish
the necessary and sufficient conditions to characterize them.

1. Introduction and preliminaries

A double sequence & = (z,1) of real or complex numbers is said to be bounded
if ||| = sup, s, |z;x| < co. The space of all bounded double sequences is denoted
by M,,.

A double sequence x = (1) is said to converge to the limit L in Pringsheim’s
sense (shortly, p-convergent to L) [12] if for every € > 0 there exists an integer
N such that |z, — L| < € whenever j,k > N. In this case L is called the p-limit
of z. If in addition = € M,, then x is said to be boundedly convergent to L in
Pringsheim’s sense (shortly, bp-convergent to L).

A double sequence z = (z;;) is said to converge regularly to L (shortly, r-
convergent to L) if z € Cp and the limits x; := limy, 25 (j € N) and 2* := lim; x5,
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(k € N) exist. Note that in this case the limits lim; limy x;, and limy lim; i
exist and are equal to the p-limit of x.

In general, for any notion of convergence v, the space of all v-convergent
double sequences will be denoted by C,, the space of all v-convergent to 0 double
sequences by C,o and the limit of a v-convergent double sequence x by v -lim; ,, x i,
where v € {p,bp,r}.

Let  denote the vector space of all double sequences with the vector space
operations defined coordinatewise. Vector subspaces of ) are called double se-
quence spaces. In addition to above-mentioned double sequence spaces we con-
sider the double sequence space

Lo = {33 e llzll =3 Jasl < oo}
Jsk
of all absolutely summable double sequences.
All considered double sequence spaces are supposed to contain

d := span {e—'k |4,k € N},
where
il —

ok _ {1§ if (4, k) = (4,4),

0; otherwise.

We denote the pointwise sums >, ek, > e (k eN),and 3, ik (j €N)
by e, e* and e;j respectively.

Let E be the space of double sequences converging with respect to a conver-
gence notion v, F' be a double sequence space, and A = (@mnji) be a 4-dimensional
matrix of scalars. Define the set

FX/) = {:U € Q| [Az]mn ::u—z Uk, exists and Az = ([AZ]mn)mn € F}
.k

Then we say that A maps the space E into the space F if E C FX/) and
denote by (E, F') the set of all 4-dimensional matrices A which map FE into F'.

We say that a 4-dimensional matrix A is C,-conservative if C, C CS;,), and
C,-regular if in addition

v-lim Az := v-lim[Az]|n, = v-lim 2., (z € C,).

For more details on double sequences and 4-dimensional matrices, we refer
to [3], [4], [8}-[11], and [13].
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The idea of almost convergence for single sequences was introduced by LoO-
RENTZ [5] and for double sequences by MORICZ and RHOADES [7].

A double sequence x = (z;;) of real numbers is said to be almost convergent
to a limit L if

1 m+p—1 n+q—1
p-,m e | DG J;n ,; Tk~ b =0
In this case L is called the fs-limit of x and we shall denote by fs the space of all
almost convergent double sequences.

Note that a convergent double sequence need not be almost convergent. How-
ever every bounded convergent double sequence is almost convergent and every
almost convergent double sequence is bounded.

The space BY of double sequences « = (z;;) of bounded variation was defined
by ALTAY and BASAR [1] as follows.

BY = {3;‘ = (xjk)’ Z ‘xjk —Tj-1,k — Tjk—1+ CL‘j,Lk,1| < OO}
gk

which is a Banach space normed by

l2llsy =Y |2k — 251k — Tjn-1 + T 1 k-1l
ok

Recently in [14] authors have characterized almost C,-conservative matrices,
i.e. those 4-dimensional matrices A = (amnjk) which map the double sequence
space C, into the space fo where v € {bp,r,p}. In this paper we introduce the
notion of almost bounded variation for double sequences and use to define the
absolutely almost conservative and absolutely almost regular four dimensional
matrices and determine conditions to characterize them.

2. Almost bounded variation of double sequences

Motivated by the idea of absolute almost convergence for single sequences
[2], we define here the notion of almost bounded variation for double sequences.
Let

Ppgst () = Tpgst (T) — Tp—1,4,5,t(T) = Tpg—1,5,6(¥) + Tp—1,g-1,5,£(¥), and
q

1 P
Tpast (T) = CERICEE) Z Z Tonts,ntt-

m=0 n=0
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Thus
1 P 1 p—1 gq
(b st(x) xm+s,n+t $m+s n—+t
P (p+1)(q+1)mz::m;) plg+1) m:@nz:%
— Lm+s,n+t + — Tm4-s,n+t
(p + 1)q m=0 n=0 pq m=0 n=0
1 & [ 1< 15~ ]
- Z Z Tm4sn+t — — Z Tm4s,n+t
(q + 1) n=0 (p+ 1) m=0 m=0
-1
S o2 ]
— - Tnts,n+t Z Tmts,n+t
e lp+1

S|

1< 1
== (q+1) Z[p(p—Fl Z m mers nt+t — Tm—1+s, n+t):|
1

n=0 m=
S
— = —_— m xm—i—s n+t — Tm—1+s n+t):|
q = lplp+1) =
Lol sy 5>
= m Ym+tsntt — ym+s,n+t}
p(p+1) m=1 (q+1 n=0 n:O

where Ypmtsntt = (Tmtsntt — Tm—1+sn+t). Simplifying further, we get

P q
1
¢pqst($ p T 1 Z m[ (q T 1 g ym+s n+t — Ym+s,n— 1+t):|

m:l

1 p q
= T D e D) 2 2 st = Pt

m=1ln

- xm+s,n71+t + xmflJrs,nflth]'

Now we write

p q
Z Z mn[xm+s,n+t — Tm—1+s,n+t
p(p+ 1)qlg+ 1) 4= —

¢pqst(x) = (2.1)

_$m+sq’n71+t + mmflJrs,nflth]; P, q Z 1
zst; p=0or ¢ =0 or both p,q =0.

Definition 2.1. A double sequence z = (z;,) € M, is said to be of al-
most bounded variation if

(1) 2op20 2geo [Bpgst ()] converges uniformly in s, ¢; and



Almost bounded variation of double sequences. . . 499

(ii) limy g— oo Tpgst (), which must exist, should take the same value for all s, ¢.

By BV, we denote the space of all double sequences which are of almost bounded
variation.

Throughout the paper lim stands for bp-lim and > for bp->_.

Theorem 2.1. BV is a Banach space normed by

=] = SUP Z Z |Opgst (2 (2.2)

’quO

PROOF. By uniform convergence, there exist P and @ such that

Z Z |¢pqst ‘ < 1

p=P+1 ¢=Q+1

for all s, t and for fixed P and @,

P Q
Z Z |Ppgst(2)

p=0 ¢=0

is bounded because z € BY and BY ¢ M,,. Hence |z| is defined.

As in case of BV in [1], it can be easily shown that BV is also a normed linear
space.

Now, let (2°) be a Cauchy sequence in BY. Then for each j, k, (0y) is a
Cauchy sequence in C. Therefore, :z:?k — i (say). Letting x = (z;1), given
€ > 0 there exists an integer N such that for b, d > N = N(¢) and for each s, ¢

Z Z ‘prqst - md)| < €,

p=0 ¢=0

and thus

|qust(xb - xd)| <e.

Taking limit d — oo, we have for b > N = N(¢) and for each s, ¢

>

p=U q

Mg

|¢pqst —z)|<e (2.3)

I
<

and
[Tpgst (2” — @)| < €. (2.3)
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Now, let € > 0 be given. There exists a b such that (2.3) holds for all s, ¢.
Since #¥ € BV, we can choose po, go such that

Z Z |¢pqst($b)| <e foralls, t.

P=po 9=4o0

Tt follows from (2.3) that

Z Z |Ppgst (2) — pgst(x)| < € for all s, ¢.

P=Po 94=4qo

Hence

D7 Iépgst(@)] < 26 for all s, t. (2.4)

P=Po 4=4qo

Thus, starting with any €, we have determined py, g such that (2.4) holds. Hence
the condition (i) of Definition 2.1 holds.

Now, for given e, let (2.3)" hold for fixed chosen b and for all s, t. Since
z¥ € BV, we have for all p > po, ¢ > qo

Tpgst (2 — Le)| < e for all s, t.
It follows from (2.3), that
[Tpqst (£) — Tpgst (2)] < € for all s, t.

Hence
[Tpgst(x) — Le)| < 2e for all s, ¢,

which is condition(ii) of Definition 2.1. Hence the result. O

3. Absolutely almost conservative matrices

The idea of absolutely regular matrices for single sequences was studied by
MEARS [6], i.e. those matrices which transform the space v of the sequences of
bounded variation into v leaving the limit invariant. Here we define the following:

Definition 3.1. A four dimensional infinite matrix A = (@mn;x) is said to be
absolutely almost conservative if and only if Az € BY for all z € BY.
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Definition 3.2. An infinite matrix A = (amn;k) is said to be absolutely al-
most reqular if and only if it is absolutely almost conservative and lim Az = lim x

for all z € BY.

We write
DNo1Tj = Tj — Tj 1,

A105L’jk = Tjk — Tj—1,k;
Anzjk = A10(A01Ijk) = AOl(Aloxjk) =Tjk — Tj—1,k — Tjk—1 1 Tj—1k—1-

Now we find necessary and sufficient conditions for A to be absolutely almost

conservative and absolutely almost regular.
We note that, if Az is defined, then it follows from (2.1) that, for all integers

p,q,5t>0

oo o0

(bpqst Al‘ Z Za paQa.jakasat)xjk
=0 k=0
where
p q
R E—— mnia 5 ik — Qm— 5 1
| (p+1 @D mz:: nz::l [@mts,ntt ik — Gm—1tsntt,jk
a(p,q,j,k,s,t) = _ , 1 >1
Qm+s,n—1+t,j,k + mm71+s,n71+t,],k}7 p, q =

a(m,n, j,k); p or g or both zero.

The notation a(m,n, j, k) denotes the element G, i of the matrix A.

Theorem 3.1. A matrix A = (amnjr) IS absolutely almost conservative if

and only if

(i) there exists a constant K such that for i,r =0,1,2,...;s,t=0,1,2,...
Z Z Z Za(nq,mk,s,t)‘g K;
p=0 ¢=0"j=0 k=0

o0 oo

(i) wjix = > > alp,q,j,k,s,t) uniformly in s, t;
p=0 ¢=0

o0 o0

> > alp,q, 4, k, s,t) uniformly in s, t;

(i) wo
0 ¢=0 j=0

.

(oo}

o0
> 3 alp,q,j,k,s,t) uniformly in s, t;
0 ¢=0 k=0

o0 o0 o0
>3 S alp,q, 4, k, s,t) uniformly in s, t;
0 ¢=0 j=0 k=

112

(iv) wjo

18

(v) u=

[}

p
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(j,k=0,1,2,...) where (iii), (iv) and (v) satisfy that

o0
(iii)’ for each k, ) Gmn;r converges for all m, n;
i=0

o0
(iv)’ for each j, > amnjr converges for all m, n;
o0 o0
(V)" > > amnjk converges for all m, n;
§=0 k=0

respectively. In this case, the bp-lim Az is

oo o0 oo
TE ST SV 3p o
=0 =0 k=0

for every x = (xi) € BV, where

Jj=0

(o] o0
Allxjk7 hk = E Alomjk and fj = E Amxjk.
0 7=0 k=0

NE

>
Il

Theorem 3.2. A matrix A = (amnji) Is absolutely almost regular if and
only if
(i) there exists a constant K such that for i,7 =0,1,2,...;s,t=0,1,2,...

o0 o0
p=0 ¢=0

7 T

> Za(p,q,j,k,s,t)‘é K;

=0 k=0

(i) wj, =0 for each j, k;
(iii) wox = 0 for each k;
(iv) uJO = 0 for each j;
v)

u =

PROOF OF THEOREM 3.1. Let A = (amnjx) be absolutely almost conserva-

tive. Put
o0 o0
QSt Z Z |¢pqst AiC
p=0 ¢=0

It is clear that for fixed m, n and for each j, k

i k
§ E AmnirLir

i=0 r=0
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is a continuous linear functional on BY. We are given that, for all x € BY it
tends to a limit as j,k — oo (for fixed m, n) and hence by Banach—-Steinhaus
theorem, this limit, that is to say (Az)s is also a continuous linear functional
on BY. Hence, for fixed s, ¢t and fixed (finite) p, ¢

P q
Z D [ouest(Aw)] (3.1)
1=0 £=0

is a continuous seminorm on BY. For any given & € BY, (3.1) is bounded in p,
q, s, t. Hence by another application of Banach—Steinhaus theorem, there exists
a constant M > 0 such that

gst(x) < M|z]]. (3-2)
Apply (3.2) with = (z,;) defined by

1, ifj<4, k<r
xjk =
0; otherwise.

Note that, in this case, ||z| = 2, and hence (i) must hold.

Since efk, e¥, e; and e belong to BV, necessity of (ii), (iii), (iv) and (v) is obvious.
Conversely, let the conditions hold and that x = (z,;) € BY. We have defined

BY as a subspace of M,,. Thus, in order to prove that Az € BV, it is necessary to

prove that Az exists and is bounded. Since the sum in (i) is bounded, it follows

that .
SN i (3.3)

7=0 k=0

is bounded for all 4, r, m, n. Hence by the convergence of (v)’ for fixed m, n the
result follows easily.

Now by (v)’, the series

Y > alpq.dkysit)

§j=0 k=0

converges for all p, ¢, s, t. Hence if we write

B(p.q. 5,k 5,t) =Y (.1, k, 5,1)
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where

o0
’7(p7 q, ik, s, t) = Z O‘(pv q,%,7, 8, t)v
r=k
then B(p,q, j, k, s,t) is defined, also, for fixed p, ¢, s, t we have

’Y(p,q,i,k,s,t) —0as k — o0
6(p7qaj7k757t) — 0 asj—> 0.

Then (iii) gives that

> > 181, 4,0,0,5,1)] (3.5)

p=0 ¢=0

converges uniformly in s, t. Similarly (iii) and (iii)’ yield that, for fixed k

0

Il
=)

M8
M8

a(p,qd,hs,t)’ (3.6)

7
I
=}
=)
Il
o

j
converges uniformly in s, t; and (iv) and (iv)’ yield that, for fixed j

(ool ol Ne o)

> a p,q,j,k,s,t)‘ (3.7)
k=0

IIM

[}

0 g=

converges uniformly in s, ¢. From (ii) for fixed j, k, we have that the series

Z > lalp, g, 5.k, 5,1)| (3.8)
p=0 ¢=0

converges uniformly in s, £. Since

oo 0o [e%s) J—1 o)
Bp.q. 5 k,s,t) = > alp,q,i,r,s,t) = (Z—Z) > alp,qirs,t)

i=j r=k =0 =0
j—1 oo

:(ii Z)ap,q,i,r,s,t)

0 =0 T i=0 “r=0 r=0 =0 r=0
0o k—1 ji—1 oo j—1k—1
- E a(p,q,i,7,8,t) — § a(p,q,i,7,8,t) + § a(p,q,i,r,s,t)
i=0 r=0 i=0 r=0 i=0 r=0
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= B(p,q,0,0,s,t) — [B(p,q,0,0,s,t) — B(p,q,0,k, s,1)]

j—1k-—1
_[B(paq7070757t)_ﬂ(paQ7j7Oasat)]+zza(paQ7iar787t):ﬁ(pvqaoakvsvt)
i=0 r=0
j—1 k-1
+B(p,q,5,0,5,t) — B(p,q.0,0,5,) + > _ > alp,q,i,r,s,1), (3.9)
1=0 r=0
it follows that, for fixed j, k
co oo
D> 1B, q,5,k, 5,1)| (3.10)

p=0 ¢=0

converges uniformly in s, t.

Now
o0 o) o0 o0 o0 o0
¢pqst(‘4'r) Z Za(p7q ]7k S, t x]k:Z Z Z ZOZ(p,Q,i,T,S,t) (Allxjk:)
§j=0 k=0 7=0 k=0l i=j r=k
= Z Zﬁ(ﬁ,%]} ks, )k — Tj-16 — Tjr-1+ Tj—1,k-1] (3.11)
=0 k=0

by (3.4) and the boundedness of z = (x;).
Now (i) and the boundedness of the sum (3.5) show that

S 180, a5k, 5,1)] (3.12)

p=0¢=0

is bounded for all j, k, s, t. We can make

o oo
E E | — Tj—1k — Tj -1 + Tj—1 k1]

Jj=jo+1 k=ko+1

arbitrarily small by choosing jo and k sufficiently large. Therefore, it follows
that, given € > 0 we can choose jo, ko so that, for all s, ¢

3)3

p=0 ¢=0

oo oo
S0 Bpad ks ) @ik =Tk — Tk + T 1k-1) |[< € (3.13)

j=jo+1 k=ko+1

Now since for each j, k, (3.10) converges uniformly in s, ¢, it follows that once jo,
ko have been chosen we can choose pg, qo so that, for all s, ¢

>y

p=po+1 g=qo+1

Jo ko

ZZﬂpaQ.]akSt)(xjkij 1,k — Ljk— 1+5L'] 1,k— 1)

=0 k=0
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It follows from (3.13) that the same inequality holds when Y7’ ) and Y /% are
replaced by 3272 ) and 30 | respectively; hence for all s, ¢,

> ¥

SN B a,5 s, ) @ik — a1 k= Tih1 T k1) | <26, (3.14)

p=po+1g=qo+1'j=0 k=0
that is
o0 oo
D> [bpgst(Ax)]| < 26
p=po+l g=qo+1
Thus

Z Z |¢pqst (A.Z’)|

p=0 ¢=0
converges uniformly in s, t. Hence Az satisfies condition (i) of Definition 2.1; we
still have to show that it satisfies condition (ii) of Definition 2.1.
If

oo o0

Qqust Ail' Z Za(Paq7j7kas7t)9Cjk7

=0 k=0
then by Abel’s partial sum we have

oo oo [4—1 k-1

¢pq9t AI Z Z Z Za p7Qa]7k S t) A111']k
7=0 k

=0 Li=0 r=0
Using (3.9), we get
Gpgst(Ax) = > " [B(p, ¢,k 5,t) — B(p, 4,0, k, 5, 1)
§=0 k=0

- ﬂ(p7Q7jaO,87t) +ﬁ(p7q70a05 S,t)}Al]_.’I}jk.

Again using Abel’s partial sum to first three summations, we get

0o 0o oo 0o
¢pqst(Aaj) = a(p7 qaj7k S, t m]k Z Za paqaj7k587t)A10$jk
=0 k=0 J=0 k=0
0o 0o 0o 0o
- Z Za(paqaja ka Sat)AOIxjk + Z Za p,q, ja ka sat)Allxjk~
Hence 7j=0 k=0 7j=0 k=0
0o oo 00 00 00 0O
Z¢pq5t(Ax) = a(patbjak75at)xjk
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%>

k=0 p

3

NE
NE
NE
Mg

a(p,q,j,k, s, t) Noxjr— a(p,q,j, k, 5, 1) No1xj

~
I
<
£
Il
<
hS]
I
o
Q

n
M8
WK
[M]8
M -

Il
o

J

a(p,q,j k, s, t) Dz Z Z[

J p

op, 4, ks 5, 8) e — xj_l,wﬂ
>)]

oo
> ap,q 5,k s, 8) (@ — w51
k=0

M8 1M8

o
Za(pa qvja ka svt)l'jk
0 ¢g=0

<
Il
o
B
I
o
S
Il
=]
=)
<]

3
I

Me 10 1
NE
M8

Il
=]

J

K
Mg

- 1
hS]
I
[}
Q
I
[}

’

oo oo
[ Za paQ)jak7Sat)‘| (x]k —Tj—-1,k — Tj k-1 + xj—l,k:—l)
=0

=
Il
o
=)
Il
o

1 [M]8

(=)

“’M

)

oo

oo
E ULk — Uophr — E ’U,j()fj + ub,
k=0 7=0

M?ﬂ“ﬁ

O
O

Jj=

where, for x € BY

oo (oo}
= lm ape = (wje—zjh-1)s  h= lmoaje =) (e - zjo1),
k—o0 j—o0 .
k=0 7=0
o0 oo
{=limx = E E A1z
§=0 k=0

PROOF OF THEOREM 3.2. Suppose that A is absolutely almost regular ma-
trix. Since ei*, ek, e; and e € BV, conditions (ii), (iii), (iv) and (v) hold respec-
tively. Condition (i) follows as in the proof of Theorem 3.1.

Conversely, if a matrix A satisfies the conditions of the theorem, then it is
an absolutely almost conservative matrix. For x € BV, the bp-limit of Az is

>

Jj=0

) )
UjpT i) — Zu()khk — Zu]'()fj + ul

0 k=0 =0

WE

~
Il

which reduces to ¢ by using conditions (ii)—(v). Hence A is an absolutely almost
regular matrix.
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