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Curvature of the contact distribution

By AUREL BEJANCU (Kuwait) and HANI REDA FARRAN (Kuwait)

Abstract. We define and study both the sectional and ¢-sectional curvatures of
the contact distribution D on a K-contact manifold M. We prove that 3-dimensional K-
contact manifolds of constant curvature are the only ones who carry contact distributions
of constant curvature. Also, we prove that D is of constant -sectional curvature if and
only if M is a Sasakian space form.

Introduction

A contact metric manifold carries a non-integrable distribution, which is
called the contact distribution. Thus such a manifold belongs to the class of
non-holonomic manifolds which have been introduced as a need for a geomet-
ric interpretation of non-holonomic mechanical systems (cf. VRANCEANU [10],
NEIMARK—FUFAEV [7]).

The geometry of manifolds endowed with non-integrable distributions have
been intensively studied from many different points of view. We mention here
some directions in which such research has been carried out.

First, we refer to the studies on contact manifolds by using associate Rie-
mannian metrics (cf. BLAIR [2]). As a result of these studies, two important classes
of contact manifolds have been investigated: Sasakain and 3-Sasakian manifolds.
Then, there are tight relations between C'R-manifolds (cf. GREENFIELD [3]) and
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contact manifolds. A great role in such studies was played by the canonical con-
nection on a C'R-manifold introduced by TANAKA [9].

Finally, we point out that from the studies on manifolds endowed with non-
integrable distributions has emerged a new branch of differential geometry which
is known as subriemannian geometry (cf. MONTGOMERY [6]). This geometry is
mainly based on the study of those geodesics of the manifold which remain tangent
to the horizontal distribution. Also, we find here the notion of curvature of a
distribution, which is a 2-form that measures its nonintegrability.

Our approach in this paper is different. We introduce and study a curvature
tensor field for a contact distribution. This enables us to define and study the
sectional curvature and the (-sectional curvature of a contact distribution on a
K-contact manifold. The whole theory is developed by using both the Levi-
Civita connection and the Vranceanu connection. The latter one was specially
introduced for studying non-holonomic manifolds.

Now, we outline the content of the paper. First we present the results and
formulas on the theory of contact metric manifolds which we need in our study.
Then we introduce an adapted frame field on a contact metric manifold and
express both the Levi—Civita and Vranceanu connections with respect to this
frame field. In particular, we show that Vranceanu connection defines two types
of covariant derivatives. In Section 4 we show that the restriction of the cur-
vature tensor field of Vranceanu connection to the contact distribution has the
same nice properties as the Levi-Civita connection on a Riemannian manifold
(cf. Theorem 4.3), provided the manifold is K-contact. This enables us to define
a sectional curvature for the contact distribution on a K-contact manifold. Then
we prove a Schur Theorem type for dimensions greater than 3 (cf. Theorem 4.5)
and obtain an explicit formula for the curvature tensor field of a contact distri-
bution of constant sectional curvature (see (4.15)). We also prove that contact
distributions of constant curvature live on 3-dimensional K-contact manifolds of
constant curvature but they do not exist on manifolds of higher dimensions (cf.
Theorems 4.7 and 4.9). Finally, in the last section we define the p-sectional
curvature of the contact distribution and prove that Sasakian space forms carry
contact distributions of constant ¢-sectional curvature (cf. Theorem 5.1). Also,
we obtain a formula for the curvature tensor field of a contact distribution of
constant -sectional curvature (see 5.2a).
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1. Preliminaries

Let M be a (2m + 1)-dimensional manifold and 7 a differential 1-form on M
such that n A (dn)™ # 0 everywhere on M. Then M is called a contact manifold
and 7 a contact form on M. It is well known that a contact manifold admits a
contact metric structure (¢, &, 1, g), where @ is a tensor field of type (1,1), { is a
vector field, and ¢ is a Riemannian metric satisfying (cf. BLAIR [2], p. 36)

(a) @*=-T+n®¢, (b) n(¢) =1,
(¢) 9(pX,9Y)=g(X,Y)—n(X)n(Y), (d) dn(X,Y)=g(X,¢Y), (L.1)

for any X, Y € T'(TM). We denote by M(¢,&,n,¢g) the contact metric manifold
M with the contact metric structure (@, £, 7, g). The equations in (1.1) imply that

(a) @€=0, (b) g(X,9Y) +g(Y,9pX) =0,
() mow=0, (d) dn(&X)=0, () n(X)=g(X,8), (1.2)

for any X,Y € T'(T'M).

Here and in the sequel, I'(T'M) stands for the module of smooth vector
fields on M. The same notation we use for the module of smooth sections of any
distribution on M. Also, we should note that we use dn given by

dn(X,Y) = % {X(n(Y)) =Y (n(X)) = (X, Y]}

A contact metric manifold M(p,&,n,g) for which the characteristic vector
field ¢ is a Killing vector field is called a K-contact manifold. It is known that M
is a K-contact manifold if and only if

Vxé=—pX, VX el (TM), (1.3)

where V is the Levi-Civita connection on M with respect to g given by (cf. YANO—
Kon [11], p. 29)

29(VxY, 2) = X(g(Y, 2)) + Y (9(Z, X)) — Z(9(X,Y))
+ 9([X,Y], Z2) — g([Y, Z], X) + 9([Z, X],Y), (1.4)
for any X,Y € T(TM).

Finally, we recall that the curvature tensor field R of a Sasakian space form
M of constant p-sectional curvature c is expressed as follows (cf. BLAIR [2], p. 113)

R Y)Z = 2 g(v, 2)X — (X, 2)Y)
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+ %{n(X)n(Z)Y —n(Y)n(Z2)X + g(X, Z)n(Y)€ = g(Y, Z)n(X)¢
+P(Z,Y)pX —®(Z, X)pY +20(X,Y)pZ}, (1.5)

for any X,Y,Z € T'(TM), where ® is the fundamental 2-form of the contact
metric structure given by

®(X,Y) =g(X,pY), VX,Y eT(TM). (1.6)

2. The Levi—Civita connection on a contact metric manifold

Let D be the contact distribution on the contact metric manifold M (¢, &, 7, g),
that is we have

D, = {X, € T,M :(X,) =0}, Vae M.

It follows from (1.1d) that D is not an integrable distribution. Also, we consider
on M the foliation determined by £, whose transversal distribution is D. Thus
we have the orthogonal decomposition

TM =D @®D*, where Dt = span{¢}. (2.1)

This enables us to choose an adapted local coordinate system {U;x°, 2%}, i €
{1,...,2m}, such that & = 9/02° on U. Then the contact form 7 is locally
expressed as follows

- 0
n = dz® 4 n;dx’, where m:n(a i).
x

Now, we consider the vector fields

6 _ 9 9
szt ozt a0

ie{1,...,2m}), (2.2)

which form a basis in T'(D). Thus {0/92°,§/dz'} is a frame field on M adapted
to the decomposition (2.1).
Next, we examine the Lie brackets of the vector fields from the above frame
field. First, from (1.2d) we deduce that
{ 6 0
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On the other hand, by direct calculations using (2.2) we obtain
{ j 0 } _On 0

oat 9x0] — a0 da0”

Thus we have
0 0 o .
(a) {5:1:1 ; 89:0] =0 and (b) 900 — 0, Vie{l,...,2m}. (2.3)
Also, by using (2.2) and (2.3) we infer that

581 (om on) o
[&ci ’ 6xj] B <6xj 895") 00" (24)

Now we note that the matrix of the Riemannian metric g with respect to the
frame field {9/02°,6/6x%} is

1 0
l9] = ; (2.5)
0 gij
where we put
j 0
913 =9 (&ﬁ 6mﬂ) (2:6)
The inverse matrix of [g;;] is denoted by [¢%/]. Also, we express ¢ and @ locally,
as follows
0 _— j 0
=pl;— i = -y —— | = @g; k'. .
(a) ¢ <6xz) ¥ U S (b) ®j; =@ (5x7, §xj> gik® j (2.7)
Then, by using (1.1d), (2.4) and (2.7), we obtain
) 0
)| = —2(bz ~ A 2.
{63@1 53:7} 7 0a0 (28)

Now we can state the following.

Theorem 2.1. Let M(p,&,7,9) be a contact metric manifold. Then the
Levi—Civita connection V on M is completely determined by the following equal-

ities
-6 5 B
— N L
(a) VM ot v Sk 920’
(B) Voo 57 =V g0 = Ligem
(c) ﬁai—o, (2.9)
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where we set

1 . . g
(a) Fik’ _ 7gk;h {69117, + 6ghj _ 691] } :

T2 dxi  dxt bzl
1 dgi; k ki
(b) Lij=55 525 (o) L% =g"Ly (2.10)
ProoF. Take X = -,V = % and Z = &%h in (1.4) and by using (2.6),

(2.8) and (2.9a) we deduce that F;¥; must be given by (2.10a). Similarly, if we
take in (1.4) the same X and Y, but Z = % we obtain (2.10b) via (2.3a),
(2.8) and (2.9a). Next, the first equality in (2.9b) follows from (2.3a) since V is
torsion-free. The coefficients L*; from (2.9b) are obtained by similar calculations
in (1.4) as we explained for F;*; and L;;. Finally, (2.9c) represents a well-known
property of the characteristic vector field ¢ = 9/9z°. (]

3. The Vranceanu connection on a contact metric manifold

Let M(p,&,n,9g) be a contact metric manifold. Then the Vranceanu connec-
tion V defined by the Levi—Civita connection V is given by

VxY = PVpxPY + QVoxQY + P[QX, PY]+Q[PX,QY],  (3.1)

for any X, Y € I'(T'M), where P and @ are the projection morphisms of TM on D
and D+ with respect to the decomposition (2.1). Tanus [4] has given the formula
(3.1) for manifolds endowed with almost product structures. The study of the
geometry of foliations via Vranceanu connection was developed by the authors
in a recent book (cf. BEJANCU-FARRAN [1]). The present paper shows that this
approach can be very useful and effective in studying the geometry of some classes
of contact metric manifolds.
First we state the following.

Theorem 3.1. The Vranceanu connection on the contact metric manifold
M (p,&,1m,9) is completely determined by the functions Fi*; given by (2.10a).

PRrROOF. Indeed, by using (3.1), (2.9) and (2.3a) we obtain

5 .6 5
@) Vi gm =B e ) Vorga =0
9] 0

which proves the assertion of the theorem. (|
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Next, let T and R be the torsion and curvature tensor fields of V given by
(cf. YANO-KON [11], p. 25)

T(X,Y)=VxY -VyX — [X,Y], (3.3)
and
R(X,Y)Z =VxVyZ —-VyVxZ— Vix.y14, (3.4)

respectively. Then, by direct calculations using (3.2), (3.3), (3.4), (2.3a) and
(2.8), we deduce that

) 0 0 )
(@) T <M’ M) =205 55> (b) T (83:0’6:103') =0, (3.5)

and

0z bdxi ) dxt C IO sk
) 9] 9 9 9]
@ #5555 ) 3o = " (5507 ) 7w =0 (36)
where we set
SEh;  SFh
(a) R = ij - &Ujk + F' R — FY R,
OF;";
(b) Ri"jo= axoj : (3.7)

Next, we consider an F (M) — (r + t)-multilinear mapping
S :T(D*)" x (D)t — F(M),

where F(M) is the algebra of smooth functions on M and D* is the dual vector
bundle of D. Then we call S a D-tensor field of type (r,t). We should remark that
D-tensor fields are particular cases of adapted tensor fields on foliated manifolds
(see Section 2.2 of BEJANCU-FARRAN [1]). The local components of S with
respect to the frame fields {n,dz'} and {9/02°,6/5x%} are defined as follows:

Si»l“'“:S<dx“7...,dxir, 6. y e 0 )

J1---Jt Sxit o Sxit

The Vranceanu connection induces two covariant derivatives of such tensor fields.
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First, it is the contact covariant derivative of S with respect to the Vranceanu
connection, which is defined by

55”1 t
1.ty ]t i1...ho gy i % h
Sl Jt‘k +ZSI Jt Fp' —ZS];..h...jtF k- (38)
y=1

Then the structural covariant derivative of S with respect to the Vranceanu con-
nection is given by

J1...3d0 oz0 :

It is noteworthy that both covariant derivatives defined above produce adapted
tensor fields on M. As an example, by using (3.8) and (2.10a) we deduce that

09ij
Gijlk = ﬁ — gnj Fi"r — ginF;" = 0. (3.10)

However, by (3.9) we have
9gij

Giflo = o (3.11)

which says that the Vranceanu connection is not a metric connection.
Finally, by (3.2a) and (2.10a), we deduce that on the contact distribution D
the Levi-Civita and Vranceanu connections are related as follows

~ 1) 1) 0
Ve sa = Vs b g

(3.12)

4. The sectional curvature of the contact distribution

In the present section we suppose that M (¢, £, n, g) is a K-contact manifold.
Then, by using (1.3), (2.7a) and (2.9b), we deduce that M is K-contact if and
only if we have

L'y = —¢';. (4.1)

This enables us to state a new characterization of K-contact manifolds by means
of the Vranceanu connection.

Theorem 4.1. Let M(p,&,n,g) be a contact metric manifold. Then M is a
K -contact manifold if and only if the Vranceanu connection is a metric connection.



Curvature of the contact distribution 9

PROOF. By using (2.10c), (2.10b) and (2.7b) into (4.1) we deduce that M is
K-contact if and only if

591‘;‘
020

=0, Vi,je{l,...,2m}. (4.2)

Then the assertion follows by using (3.10), (3.11) and (4.2). O
Also, we obtain the following corollary.
Corollary 4.2. M is a K-contact manifold if and only if

8(,0%‘
0x0

=0, Vi,je{l,...,2m}. (4.3)

PROOF. First, by comparing (3.4) and (2.8), we deduce that

@__1<amam>'

Yo\ gzt Oxd

Then, by (2.3b) we see that ®;; are functions of (z!,...,2?™) alone. Thus we

obtain the equivalence of (4.2) and (4.3) via (2.7b). O

Next, by using (3.2), (2.11a) and (4.2), we deduce that the Vranceanu connec-
tion on a K-contact manifold M is completely determined by the local coefficients

1 Ogni | Ognj  0gij
I
Fli=39 {3xj+3:z:ij_3x’j‘ : (44)

which formally look as the local coefficients of a Levi—-Civita connection on a
2m-dimensional manifold. As a consequence of this, from (3.6) and (3.7) we
obtain that the curvature tensor field R of Vranceanu connection is completely
determined by the local components

h 8Fihj 8Fihk

R" 1, = + FY R — Bl B (4.5)

oxk oxI

Moreover, we show here that R has some nice properties as the curvature tensor
field of a Levi—Civita connection. To state this we put

o 9 6 9
Rijkn =g <R ( > ) = gj1Ri’kn. (4.6)

oz’ §xk ) Sai’ S

Now we prove the following.
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Theorem 4.3. Let M be a K-contact manifold. Then the curvature tensor
field of the Vranceanu connection on M satisfies the identities:

(a)  Rijkn + Rijne =0, (b)  Rijkn + Rjikn =0,

(c) Z {Ruijrt =0, (d)  Rijkn = Rinij,
(4,5,k)

(e) Z {Rtsij\k} = Oa (47)
(1,4,k)

“‘ 2

where Z(i, k) denotes the cyclic sum with respect to (i, j, k) and represents

the contact covariant derivative with respect to Vranceanu connection.

PROOF. First, (4.7a) is a property of the curvature tensor field of any linear
connection on M. Then, taking into account that V is a metric connection and
by using (4.6), (3.4), (2.8), (3.2b) and (4.2) we obtain

6 6 6 ¢

Rijin = g (VVMM> =9 (Vvax)
1) ) 1) 1)

= 5 (9 (ngk 53;690)) —9 (Vaxv (sx>

1) 6 0 1) 1)

m(f’(V&%))*g(VMVax)

5.V5V56—V5V56.)

6xt’  sah soF dxd 5oF 5ok Oxd

I

|

Q
7N

1) 1)
+ { ] (9ij) = —Rjirh — 2®ne 5 = —Rjikn-

o’ Sk

Next, from the first Bianchi identity of a linear connection (cf. KOBAYASHI-
Nowmizu [5], p. 135), we deduce that

o 0 6 9 1)
2. {(ngiT) (wm) +T(T (ww)m)

(4,3,k)
6 0 )
R (M , M_) o } —0. (48)

By using (3.5) and taking into account that both distributions D and D+ are

parallel with respect to V we deduce that

6 0 )
T(T<W’m>’5xk>_0’
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(VﬁT) ({;{;k) e I(DL).

Thus (4.7¢) follows from (4.8) via (4.6), (4.7a) and (4.7b). Now, following O’NEILL
[8], p- 75, by a combinatorial exercise using (4.7a), (4.7b) and (4.7c), we obtain
(4.7d). Finally, the second Bianchi identity for V implies

6 0 6 0 1) 1)
2 {(VéziR) <5x5xk> +R<T<5x~m>w)}axt:0

(4,4,k)

and

Then, by (3.5a) and (3.6¢), we infer that

1) 1) )
R@(&w)m)“

Thus, the above identity becomes
Z {R" 11} =0,
(4,3,k)
which implies (4.7e) via (4.6) and (3.10). O

The above theorem has a crucial role in our attempt to define and study a
sectional curvature of the contact distribution. First, we consider a 2-dimensional
subspace W, of D,, which we call a D-plane at the point x € M. Next, we take
a basis {X,Y} of W, and define

A(X,Y) = g(X, X)g(Y,Y) - g(X,Y)*.
Then, by using (2.6), we obtain
A(X,Y) = (gigsn — gingjn) X X"Y'YF, (4.9)

where (X7) and (Y*) are the local components of X and Y with respect to the
basis {%} of D,. Now, we define the number

Rijin X XYY"

K(X.Y) = A(X,Y)

(4.10)

Next, by using (4.7a) and (4.7b), it is easy to check that K(X,Y") is inde-
pendent of the basis {X,Y} in W,. Then we define the sectional curvature of
the contact distribution D as a real-valued function on the set of all D-planes
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given by (4.10). By this definition, the curvature tensor field R determines the
sectional curvature K of D. To show the converse of this we consider a D-tensor
F at © € M of type (0,4) whose local components Fj;,, with respect to the
frame field {6/d2} satisfy the identities (4.7a), (4.7b) and (4.7c). We call such
an F' a curvature-like D-tensor. Then, following the same reason as in the proof
of Proposition 4.1 of O’NEILL [8], p. 78, we conclude that F vanishes whenever
F(X,Y,X,Y) =0, for any {X,Y} spanning a D-plane in D,. As a consequence,
we obtain the following lemma showing that K determines R.

Lemma 4.4. Let I' be a curvature-like D-tensor at x € M such that

Fimn X0 XhYiy*
KXY == 5y

whenever {X,Y} spans a D-plane. Then we have
Rijkn = Fijen, atx e M.

If the sectional curvature of D is a constant for all D-planes W, and for all points
x € M, then D is called a contact distribution of constant curvature. A Schur
Theorem type is stated now for D.

Theorem 4.5. Let M(p,£,n,g) be a K-contact connected manifold of di-
mension 2m + 1, with m > 1. If the sectional curvature of D does not depend on
the D-planes, then D is of constant curvature.

PRrOOF. Since K does not depend on D-planes, there exists a function K (x)
on M such that K(X,Y) = K(x), for any two linearly independent vector fields
X,Y € T'(D). Then we consider the functions

Fijen = K(z)(9ikgjn — 9ingjk), (4.11)

which clearly define a D-tensor field of type (0,4) on M. Moreover, it is easy to
verify that Fjjrn satisfy (4.7a), (4.7b) and (4.7c) at any € M. Thus Fjjxp, define
a curvature-like tensor field F' on M and whenever {X,Y} spans a D-plane, we
have

Fijn XIXhYy'iy*

K(XY) = K(r) = =40

Thus, by Lemma 4.4, we obtain

Rijin = K(x)(9ikgin — gingijr)- (4.12)
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Taking into account (4.4)-(4.6), we conclude that R;;x, are functions of
(x',...,2%™) alone. Then, by using (4.2) and (4.12), we deduce that

0K

Now we take the contact covariant derivative in (4.12) with respect to Vranceanu
connection and by using (3.10) we obtain

oK
Rijknie = ot (9ik Gin — Gin Gjk)- (4.14)
T
Next, (4.7¢) and (4.14) imply

0K 0K oK
@(gik 9ih — 9in 9ik) + W(gih 9jt — Git 9in) + w(git 9ik — 9ik gjt) = 0.

@5

By contracting this equality by ¢?"g
infer that

and taking into account that m > 1, we
K 0K
Foxt Tt ok

Finally, for any ¢t € {1,...,2m} we take s = k # t and obtain

=0.

oK
aut O

which together with (4.13) completes the proof of the theorem. (|
From the proof of the above theorem we deduce the following corollary.

Corollary 4.6. The contact distribution on a K-contact manifold is of con-
stant curvature c if and only if the curvature tensor field of Vranceanu connection
is expressed as follows

Rijin = c(9ikgin — ginjk)- (4.15)

In order to study the existence of contact distributions of constant curvature
we need to relate the curvature tensor fields R and R of Levi-Civita connection
V and Vrinceanu connection V, respectively. First, by using (4.2), (2.10b) and
(2.10c), we deduce that

Lij = 7(1)1']' and ij = 7(,0kj,
provided M is K-contact. Thus (2.9) becomes

0 0

= d
T30k TP a0

[ — k
(a) Vi ozt Ei
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~ 0 ~ 0

b Vit 507 = Vit un

Then, by direct calculations using (4.16), (2.7b) and (2.8), we obtain

- -~ 5 & SFt .
(VT ) = oo { T BN B - wat

~ 6 0
g <V[ > = 2(I>ijq)kh-

B) ~ 0
= —%»’fﬁ, (©) V.o o5=0. (4.16)

and
5 5w bt Sad
Finally, by using (3.4) for both R and R, we infer that
Eijkh = Rijin — Pi®jn + ®ipn P — 29, Ppp,.
In a coordinate-free setting the above formula becomes
R(X,Y,Z,U)=R(X,Y,Z,U) — ®(X,U)®(Y, Z)
+O(X,2)0(Y,U) +22(X,Y)P(Z,U), (4.17)
for any X,Y, Z,U € I'(D), where we set
R(X,Y, Z,U) = Ryjzn X"Y*U7 Z* and R(X,Y, Z,U) = Ryjun X"Y*U7 Z°,

Thus, in particular, from (4.17) we deduce that the sectional curvatures K and
K of M and D respectively, are related by
= (P(X,Y))?
KX)Y)=K(X,Y)-3 —(————.
( ) ) ( ) ) A(X, Y)

This formula enables us to state that contact distributions of constant curvature

(4.18)

exist only on K-contact manifolds of constant curvature k£ = 1. First, we prove
the following.

Theorem 4.7. Let M be a 3-dimensional K-contact manifold. Then M is
of constant curvature k = 1 if and only if its contact distribution is of constant
curvature ¢ = 4.

PROOF. Since M is a K-contact manifold we have
K(X,8) =1,

for any unit vector field X € I'(D). As the fibers of D are 2-dimensional, we
take {X,pX} as orthonormal basis in I'(D). Then, taking into account that
(X, pX) = —1, from (4.18) we obtain

K(X,(pX) = K<X590X> _3a

which proves the assertion of the theorem. (|



Curvature of the contact distribution 15

As the standard contact structure on any unit odd sphere is K-contact we
deduce the following corollary on the existence of contact distributions of constant
curvature.

Corollary 4.8. The contact distribution of the unit sphere S is of constant
curvature c = 4.

The next result shows a striking difference between dimensions 3 and higher
than 3.

Theorem 4.9. Let M be a K-contact manifold of dimension 2m + 1, with
m > 1, and of constant curvature k = 1. Then its contact distribution is never of
constant curvature.

PrOOF. We choose {E1,...,En,pFE1,...,0E,} as orthonormal basis in
(D). Then we have

Thus, by using (4.19) into (4.18), we deduce that
K(Ei,Ej) = 1, fOI‘Z;é.] and K(E“()OEZ) =4.

Therefore K cannot be a constant on M. O

Corollary 4.10. The contact distribution of any unit sphere S*™*1, with
m > 1, is not of constant curvature.

Finally, we note that D is an almost complex distribution with the almost
complex structure . Thus, as in the case of complex manifolds, it is more appro-
priate to consider the concept of ¢-sectional curvature on D rather than sectional
curvature. This is done in the next section.

5. @-Sectional curvature of the contact distribution

Let M(p,&,1,9) be a K-contact manifold and D be its contact distribution.
In the previous section we defined the sectional curvature of D with respect to
the D-planes of D. Taking into account that (D, ¢) is an almost complex vector
bundle over M, it is interesting to consider D-planes that are invariant with
respect to . Such a plane at € M is spanned by an orthonormal basis { X, p X },
where X € D,, and it is called a @-section. The sectional curvature K (X, ¢X)
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is denoted by H(X) and it is called the @-sectional curvature of D at the point
x € M determined by X. If H(X) is independent of both the vector X and the
point x € M, we say that D is of constant p-sectional curvature.

Now, in order to get more information about this special type of sectional
curvature, we use the general theory of sectional curvature of D that we developed
in the previous section. First, from (4.18) we deduce that

H(X)=H(X) -3, (5.1)

where H(X) is the @-sectional curvature of M with respect to X. Next, we
recall that there exists a well developed theory of Sasakian space forms, which
are Sasakian manifolds of constant p-sectional curvature. Then, from (5.1), we
obtain the following.

Theorem 5.1. Let M be a Sasakian manifold and D be its contact distri-
bution. Then M is a Sasakian space form of constant p-sectional curvature c if
and only if D is of constant p-sectional curvature c + 3.

Taking into account the standard examples of Sasakian space forms: R?m+1,
52m+1 and B™ x R are of constant (-sectional curvatures ¢ = —3, ¢ = % -3,
a > 0and 8 — 3, 8 < 0, respectively (cf. BLAIR [2], p. 114), we can state the
following.

Corollary 5.2. The contact distributions of R?™+1 §2m+1 and B™ xR are
of constant p-sectional curvatures 0, % and 3, respectively.

Finally, we can prove the following interesting theorem.

Theorem 5.3. If the ¢-sectional curvature of the contact distribution D at
any point of the Sasakian manifold M of dimension 2m+1, m > 1, is independent
of p-section at that point, then it is a constant k on the manifold and the curvature
tensor field of Vranceanu connection is given by

(1) R(X,Y)Z = "{g(¥,2)X — g(X. 2)Y + 4(Z,pY)oX
—9(Z, e X)pY +29(X, Y )pZ},
(b) R(X,Y)E = R(X.6)Z = R(X,6)€ =0, (52)
for any X,Y, Z € (D).

PROOF. First, by (5.1) we deduce that the p-sectional curvature of M is in-
dependent of the choice of ¢-section. Then applying Theorem 7.14 from BLAIR [2],
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p- 113, we deduce that M is a Sasakian space form of constant ¢-sectional curva-
ture ¢. Thus, by Theorem 5.1, D is of constant ¢-sectional curvature k = ¢ + 3.
Moreover, by using (1.6) into (4.17), we deduce that

R(X,Y)Z = R(X,Y)Z 4+ g(Z,oX)pY — g(Z, Y )pX —29(X, oY )pZ,
VX,Y,Z eT(D). (5.3)

Then, by using (1.5) in (5.3), we obtain (5.2a). Finally, the equalities in (5.2b)
are direct consequences of (3.6b), (3.6¢) and (3.7b), since F;"; are functions of
2m)

(x',...,2%™) alone. O

In the following examples we present explicitly the Vranceanu connection
on R? and S3.

Ezample 1. Let M = R® endowed with the contact form n = 3 (dz — ydz)
and the Riemannian metric g = n @ n + 1 {(dz)? + (dy)?} (cf. BLAIR [2], p. 48).
Then £ =2 % and the contact distribution D is spanned by the orthonormal basis
{x = 2% ypX = 2(8% +y %)}. By direct calculations using (1.4) we deduce

that the Levi-Civita connection V on (R3, g) satisfies:

VxX =0, VxpX = ¢, Vox X = —€, VoxpX =0, Veé = 0. (5.4)
Also we have

[, X] =[5, eX] =0, [X oX]=2¢
Then, by using (3.1), we deduce that the Vrinceanu connection on (R3,g) is
given by
VxX :07 VX(PX == 0, waX == 0, wa(pX = 0, ng = O,
V§X = 0, fo = O, Vg(pX = 0, wag =0.

Thus R(X, ¢X)pX = 0, and therefore the contact distribution of R? is of constant
p-sectional curvature ¢ = 0.

Ezxample 2. Consider the 3-dimensional unit sphere
§° = {(ah,o?, % at) € R (1) 4 () + () + (a4 = 1}
isometrically immersed in the Euclidean space (R*, <,>). Then

P R R

_ 3 .
{=—w Ozt 0z2 Ox3 ozt’
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is a unit tangent vector field on S3. Take the contact distribution D as the or-
thogonal complementary distribution to the distribution span{£} with respect to
the induced Riemannian metric g on S2. Locally, with respect to a coordinate
system on U = {(z!,2%, 23, 2%) € $3 : 2* > 0} we deduce that D is spanned by

the orthogonal vector fields

0 0 0 0 0 0
Xi =0t P 4y = Xo= Yo + e + .
1 A0 +58x2 T Ozt and X e +a5'x3 +0 oxt’ (56)
where we put
a= 2?2+ (@Y)?, B=—aa? -t ~y=a2a®— zlat.

Then we have:
(a) [X1, Xo]=—2{(«?)*+(2")?}¢,  (b) [X1,€=X2, (¢) [X2,f]=—X1. (5.7)
The matrix of the Riemannian metric g with respect to the orthogonal frame field
{X1, Xo, &} is
a 0 0
[gl=10 a Of. (5.8)

0 0 1
Then, by using (1.4) and (5.5)~(5.8), we deduce that the Levi-Civita connection
V on S? satisfies the following:

Vx, X1 = -V, Xo = —2' Xy 4 2°Xo,

VX1X2 = —.’L‘3X1 — xng — a«f,

Vx,X1 = —23X; — ' Xo + af. (5.9)
Finally, the Vranceanu connection on S follows from (3.1) by using (5.9), (5.7b)
and (5.7¢):
VX1X1 = —VX2X2 = —LE1X1 —|—$3X2, VX1X2 = VX2X1 = —1‘3X1 — l‘ng,

Vx,E=Vx, =0, VeXi = —Xo, VeXo =X
By direct calculations we deduce that the curvature tensor field R of the Vranceanu
connection satisfies the following
R(X1,X2) X2 = 4aX;. (5.10)
The tensor field ¢ is given by
pX1=Xo, pXo=-X1, @{=0.

Also, we have

9(X1, X1) = g(pX1,0X1) = . (5.11)
Thus, by using (5.10) and (5.11), we conclude that D is of constant -sectional
curvature c = 4.
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Conclusions

In the present paper we succeeded to build on the contact distribution of a K-
contact manifold, a Riemannian geometry that formally looks like the Riemannian
geometry of a manifold. The main tool in this theory is the Vranceanu connection
which enabled us to define, for the first time in literature, the curvature tensor field
of the contact distribution. Our results on the contact distribution D of constant
sectional curvature show that, in this case, the restriction of the curvature tensor
field of Vranceanu connection on D (i.e. R(X,Y)Z, for any X,Y, Z € T'(D)) looks
like the curvature tensor field of a real space form (cf. (4.15)). Moreover, if D
is of constant @-sectional curvature then R is given by the same formula as for
the curvature tensor field of a complex space form (cf. (5.2a)). Thus, we are
entitled to call R as the curvature tensor field of the contact distribution D. As a
conclusion we may say that the Vranceanu connection on D plays the same role
as the Levi-Civita connection on M.

Next, we analyze a possible interplay between the well known subriemannian
geometry of the contact distribution and the ideas stemming from our paper.

First, we note that the curvature of D in subriemannian geometry (see MONT-
GOMERY [6], p. 49) is just a 2-form on M whose local components are 2®;;, where
®,; are given by (2.7b).

Apart from this curvature, our approach introduces a new curvature tensor
field R for D, which enables us to study contact distributions of constant sectional
curvature and of constant (-sectional curvature. Also, we recall that the normal
subriemannian geodesics are projections on M of the solutions of a Hamiltonian
system of differential equations on the cotangent bundle of M. But there are
subriemannian geometries which admit minimizing geodesics that do not come
from the solutions of a Hamiltonian system. They are called singular geodesics
and live in subriemannian geometries whose distributions are not contact distri-
butions everywhere (see Chapters 3 and 5 in MONTGOMERY [6]).

On the other hand, the whole theory we developed in the first three sections
can be easily extended to all distributions of codimension one. Thus an inter-
esting question can be raised: is an autoparallel of the Vranceanu connection a
subriemannian geodesic and viceversa? At this moment, we cannot answer this
question.
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