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Almost periodic solutions in impulsive competitive
systems with infinite delays

By GANI TR. STAMOV (Sofia)

Abstract. A general impulsive nonautonomous Lotka—Volterra system of integro-
differential equations with infinite delay is considered. The impulses are realized at fixed
moments of time. By means of piecewise continuous functions Lyapunov’s functions we
give new sufficient conditions for the global exponential stability of the unique positive
almost periodic solutions.

1. Introduction

During the last two decades, traditional Lotka—Volterra competition system
has been studied extensively [1], [2], [5], [6], [8], [10], [11], [16]-[18]. The model
can be expressed as follow

i (t) = ug(t) [ri(t) - Zaij(t)uj(t)} 1<i<N. (1.1)

Many results concerned with the permanence, global asymptotic stability
and the existence of positive periodic solutions of (1.1) are obtained.

It is well know that the time delay is quite a common for a natural population.
GoPALSAMY [5] studied the existence of periodic solutions of the equation

ul(t) = uz(t) ’I"i(t) - ai(t)ui(t) — Z/_ k‘i(t, S)h” (t)uj (S) ds 5 (1.2)

Mathematics Subject Classification: 34C27, 34D05, 34A37.
Key words and phrases: almost periodic solution, impulsive N-dimensional competitive systems,
infinite delay.
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1 <4 < N, when the delay kernel k;(t,s) = k;(t — s) is of convolution type.

Many popolation systems are subject to short-term perturbations during
their evolution. Adequate mathematical models of such processes are the im-
pulsive differntial equations which natural generalization of ordinary differential
equations. The duration of the perturbations is negligible in comparison with the
duration of the process considered,and can thought of momentary.

In recent years impulsive differential equations have been intensively re-
searched (see the monographs of SAMOILENKO and PERESTYUK [12] and LAKSH-
MIKANTHAM et al. [9]). Recently, some qualitative properties (oscillation, asymp-
totic behavior and stability) are investigated by several authors (see [3], [7]).

On the most important parts of qualitative theory of the differential equations
is the theory of almost periodic solutions. The main results related to the study
of the existence of almost periodic solutions for impulsive dynamical systems are
studied in [12], [13]-[15].

In this paper we shall investigate the existence of almost periodic solutions of
more general equation from (1.2) with impulsive perturbations of the population
density at fixed moments of time. Impulses can be considered as a control. The
investigations in this paper are carried out by means of piecewise continuous
functions which are modifications of classical Lyapunov’s functions.

2. Preliminaries and basic results

Let R®Y be the N-dimensional Euclidean space with norm |ju|| = Zfi1 g,
Rt =10, 00).

B={{m}:m €R, 7 < Tpt1, k € Z} — the set of all sequences unbounded
and strictly increasing with distance p({T,El)}, {7']52)}).

POR,RN] = {¢ : R — RN, ¢ is piecewise continuous function with points

of discontinuity of the first kind 73, {7} € B at which ¢(7, ) and ¢(7;") exist,

and @(7;7) = @ (7k)}-

PCYR,RY] = {¢ : R — R, ¢ is continuously differentiable everywhere
except the poins 7, {7} € B at which ¢(7, ) and ¢(7;7) exist, and ¢(r, ) =
(m)}.

Consider the impulsive nonautonomous competitive Lotka—Volterra system
of integro-differential equations with infinite delay and fixed moments of impulsive
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perturbations

t

ul(t) = ul(t) ’I"i(t) — ai(t)ui(t) —Z/ kii(t, S)h” (t,uj(s)) dS 5 t 7’5 Tk

i=17

(2.1)
wi(F) = wi(m) + pawui(7h) + i, keZ,
where 1 <i < N, N >2 t€Rand:
(a) The functions 7;(t), a;(t) € CR,RT], 1 < i < N and k;(t,s), hi;j(t,x) €
R x R, 1<, < N;
(b) The constants p; € R, ¢c; € RT, 1 <i< N, {1} €B, k€ Z.
Let uto : (—o0,t9] — RV, uto = col(u’,uy, ..., u'9) is a continuous function.
We denote by u(t) = u(t; to, u'®) = col(uy (t; to, u'®), us(t; to, u'), ..., un(t; to, u'))
the solution of system (2.1) satisfying the initial conditions

{u(s;to,uto) =u'(s), se€(—o0,to, (2.2)

u(tdto, ut*) = u(ty).

Note that the solution u(t) = u(t; tg, u'°) of problem (2.1), (2.2) is a piecewise
continuous with points of discontinuity of the first kind at 7,k € Z at which it
is left continuous, i.e. the following relations are satisfied:

ui(7y; ) = ui(7k),
ui(T]:'):ui(Tk)erikui(Tk)Jrci, kGZ, 1<¢<N.

In our subsequent analysis, we will consider only initial functions that belong to
a class of bounded continuous functions.

Let BC = BC|[(—o0, ], RY] be the set of all bounded continuous functions
from (—o0,tg] into RN. Let u'*(.) € BC|[(—o0,to], RN]. If u(t) is an RN —valued
function on (—oo, 3), 3 < oo, we define for each t € (—o0, (), u!(.) to be the
restriction of u(s) given by u'(s) = u(t +s), —oo < s < t, and the norm is
defined by

[’ ()| = sup [lu(s)]-
—oo<s<t

It is clear that ||u(t)]] < ||ut(.)|-

Since the solutions of (2.1) are piecewise continuous functions we adopt the
following definitions for almost periodicity.

Let for T, P € B, s(TUP) : B — B is a map such that the set s(TUP) forms a
strictly increasing sequence and if D C ¢ and let for € > 0, 6.(D) = {t+e, t € D},
F.(D)=n{0.(D)}.
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By ¢ = (¢(t),T) we denote the element from the space PC x B, and for
every sequence of real number {a,}, n = 1,2,... with 6,,¢ denote the sets
{p(t+ an), T —an} C PC xB, where T — o, = {1 —apn, kE€Z, n=1,2,... }.

Definition 2.1 ([12]). The set of sequences {7}.}, 7} = Th41 — Tk, kK € Z, L € Z
is said to be wuniformly almost periodic if for any e > 0 there exists a relatively
dense set in R of e-almost periods common for all the sequence {7} }.

Lemma 2.1 ([12]). The set of sequences {r}} is uniformly almost periodic,
if and only if from each infinite sequences of shifts {T, —a,}, k € Z,n=1,2,...,
o, € R we can choose a subsequence, convergent in B.

Definition 2.2. The sequence {@,}, ¢n = (pn(t),T,) € PC x B is convergent
to ¢, ¢ = (¢(t),T), (p(t), T) € PC x B if and only if for any ¢ > 0 there exists
ng > 0 such that for n > ng it follows that

P(T,Tn) < e llea(t) =)l <€
hold uniformly for t € R\ Fe(s(T,, UT)).

Definition 2.3. The function ¢ € PC(R,RY) is said to be almost periodic
piecewise continuous function with points of discontinuity of the first kind from
the set T if for every sequence of real numbers {&/,,, } it follows that there exists
a subsequence {a, }, an, = aj, such that 0,, ¢ is compact in PC' x B.

Definition 2.4 ([4]). The system (2.1) is said to be globally exponentially
stable if for all ¢ > 0, there exists v = v(c¢) > 0, [[u’® — v'| < ¢, then for all
t> t07

luts to, u™) = v(tsto, v") || < y([lu' —v™|]) expl[—c(t — to)].

Definition 2.5. Suppose u(t) = (u1(t),uz(t),. .., un(t)) is any one solution of
system (2.1) then u(t) is said to be a strictly positive solution, if for 1 <i < N,

0 < inf u;(t) < supu,(t) < oo.
teR teR
We will use piecewise continuous auxiliary functions which are analogues of
the classical Lyapunov’s functions and then consider the following sets:

Gk:{[Tk_l,Tk)X%N, kGZ}; G:UEO: Gk;

—00

Vo = {V € C[G,R*], there exist the limits V(7 ,uo), V(7 , uo), uo € RV,
V is locally Lipschitz for u € RV}.
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Let V € Vp. For any (t,u) € [rr_1,7%) x RV the right-hand derivative
DTV (t,u(t)) along the solution u(t;tg,up) of (2.1) is defined by

DYV (t) = DTV (t,u(t)) = 511%1+ inf 6V (t + 6, u(t +8)) — V(t,u(t))}.
Given a continuous function g(¢) which is defined on R, we set
= =i f .
gu =supg(t), g inf g(t)

Introduce the following assumptions:

H1. The functions r;(t), a;(t), 1 < ¢ < N are almost periodic and r;;, > 0,
a;r, > 0.

H2. The functions k;(t,s) > 0,4 =1,2,..., N are uniformly continuous, almost
periodic with respect to t on %, integrable with respect to s on (—o0,to] and
there exist positive numbers p; such that

t
/ ki(t,s)ds < p; < o0
forallte R, and 1 <i < N.

H3. The functions h;;(t,z) are almost periodic with respect to ¢ on ®, non-
decreasing with respect to € R and and there exist positive almost periodic
continuous functions L;;(t), 1 <i < N, 1 < j < N such that

|hij(t, ) — hij(t,y)| < Lij(H)|z —yl, x,yeR.

H4. The sequences {p;r} are almost periodic and —1 < pj < 0,1 < i < N
k€ Z.
H5. The set {7}}, 7} = Tk+1 — Tk, k € Z, | € Z is uniformly almost periodic.
H6. M < oo, ¢ > 0, where ¢™ = max{c¢;} and ¢& = min{¢;} for 1 <i < N.
Let the assumptions H1-H6 be fulfilled and let {c,,'} be arbitrary sequence
of real numbers. Then there exists a subsequence {ay}, an = aup,’ such that
the sequences {r;(t + o)}, {a:(t + an)}, {ki(t + an,s)}, {hi;(t + o, 2)}, con-
vergent uniformly on 1 < ¢,5 < N, to the functions {ri*(t)}, {ad(t)}, {k3(t, )},
{h¢;(t,x)}, and the set of sequences {7 —a, }, k € Z is convergent to the sequence

)

75 uniformly with respect to k € Z as n — oo.
Be {k;, } we denote the sequence of integers such that the subsequence {7, }
convergent to the sequence 7 uniformly with respect to k € Z as i — oo. From
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H4 it follows that there exists a subsequence of the sequence {k,,} such that the
sequences {Pikni }, convergent uniformly to the limits denoted by p,.
Then for every sequence {a/,} the system (2.1) moving to the system

at) = ui(®) [rw) o (Bui(t)

N t
- Z/ K (t, $)he (t, ug(s)) ds |, ¢ # 78, (2:3)
=17
ui(T,‘j“') = u; (1) + pSwi(Te) + ¢, kecZ.

In the proofs of the main theorems we will use the following comparison
results.

Lemma 2.2 ([3]). Let the following conditions hold:
1. The hypotheses H1-H6 hold.
2. There exist functions P;,Q; € PC([ty,0),R] such that P;(tf) < ul°(s) <
Qz(tg), s < to, to € x.
Then we have
Pilt) < uilt) < Qilt) (2.4)
forallt >ty and 1 <i<N.
Lemma 2.3 ([3]). Let the following conditions hold:
1. The hypotheses H1-H6 hold.
2. u;(t) = ui(t; to, ul®) is a solution of (2.1), (2.2) such that
ui(s) = ul®(s) >0, supul®(s) <oo, wul®>0,1<i<N. (2.5)
3. Foreach1 <i< N and k € Z, 1+ p;; > 0.
Then:
1. ui(t) >0, 1<i< N, t>tp.
2. There exist positive constants o; and [3; such that
o < ui(t) < B,
for allt >ty and 1 < ¢ < N and if in addition
0<l+pk<1 and —ppo; <c;<-—gubi
then

forallte Rand1 <i<N.
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3. Main results

For the proof of the main results we consider system (2.3) and then discuss
the almost periodic solutions of the system (2.1).
Lemma 3.1. Let the following conditions hold:
1. The conditions H1-H6 are satisfied.
2. {aw'} be arbitrary sequence of real numbers.
3. For the systems (2.3) there exist strictly positive solutions.

Then the system (2.1) has a unique strictly positive almost periodic solution.

PROOF. For simplification, we write (2.1) in the form

{u:F(ﬁ,u)7 t # T,

u(T,j) = u(tg) + Pru(ty), k€ Z. (3.1)

In (3.1) from H1-H3 it follows that F(¢,u) is an almost periodic function
with respect to t € R and u € S,,, Py is almost periodic sequence with respect to
k € Z. Let ¢(t) is a strictly positive solution of (3.1) and let the sequences of real
numbers o’ and (3 are such that for they common subsequence a C o, 5 C &,
we have 0,43F (t,u) = 0,05F (t,u).

Let 0o+59(t), 0,03¢(t) exist uniformly on compact set Rx B and are solutions
of the following equation

i = Foto(t ), t# ot

w(reTPY) = u(r2 ) + PETPu(r Py, ke

Therefore, Oo15¢(t) = 0,0356(t), and thus according to Lemma 2, [16], it
follows that ¢(t) is an almost periodic solution of system (3.1).
The proof is complete. (Il

Let u;(t;to, u') and v;(t;t, v'), 1 < i < N, (tg,u'®), (to,v") € R x BC be
any two solutions of (2.1) such that

ui(s) = ulo(s) >0, supul®(s)) < oo, ul(ty) > 0.

7 -

vi(s) =vl°(s) >0, supw®(s)) < oo, vi°(ty) > 0.

?

Define a Lyapunov function

N N

V(t, u(t)7v(t>) = Z Vz(t) = Z

i=1 i=1

In () ’ . (3.2)
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By Mean Value Theorem it follows that for any closed interval contained in
t € (Tp—1,7k|, k € Z there exist positive numbers r and R such that for 1 <i < N,
r <w;(t), v;(t) < R and

1 1
—ui(t) —v; ()] < |Inw;(t) — Inw ()] < —|ui(t) — vi(t)]. (3.3)
R r
Theorem 3.1. Assume that:

1. The conditions H1-HG6 are satisfied.

2. There exist nonnegative continuous functions 6;(t) such that

N
rai(t) — RZ,UiLij (t) > 51'(25), t 7é Tk, ke Z. (34)
j=1
Then:
1. For the system (2.1) there exists a unique strictly positive almost periodic
solution.
2. If

t
/ 5(s)ds = et — o),

to
where 6(t) = min(d1(¢), d2(t),...,dn(t)), then the almost periodic solution is
globally exponentially stable.

PRrROOF. From construction of the system (2.3) it follows that the conditions
H1-H6 are hold for the functions and sequences in the right hand. If u®(¢) is
solution of (2.3) then from Lemma 2.3 we have

0 < inf uf(t) <supuf(t) <oo, 1<i<N. (3.5)
t=2to t>to

Suppose that the system (2.3) has two arbitrary strictly positive solutions
u® = (uf‘(t)mg‘(t), s ’ug(t))7 v = (v?(t)vvg(t)v R vg(t))

Consider the Lyapunov function

In

uf (1) ’

N N
VD) = VL0, 000) = 3V = D ]
i=1 1 ?

1=

Then for 1 <I< N, te R, t #77, k € Z and hypotheses H1 — H6 we have

DV (1) = (“l“) - “(”) sen(un(t) — (1)) < [—a?(tnuz(t» )]

uy (t) ’Ul(t)

N t
+ 30 [ R s (s) — 105 ds} |
j=1) e
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From hypotheses H1-H6, we obtain
N ot
DV < |~af ()~ ] + 3 [ K 0L Oluy(6) ~ vyl s
j=17 =0

N
< [a?(t)W(t) —u(t) + Z/t k7 (&, )L7; () |uj(s) — v;(s)] dS}
j=17 -
Thus in view of hypothesis (3.4) we obtain
DYV (t,u’(t),v7(t)) < =67 (t)m? (t), (3.6)
where t € R, ¢ # 77,
N
=3 Ju7 —ofl, 67 (t) = min(d7 (£), 55 (1) .., % (1),
i=1

On the other hand for ¢ = 77 we have

N N
7t (14 pir)ui (1) + €5
Vo(rgt) = 1 1
(Tk ) ; n———-—_—— 1 ; n 1+plk (k)+Ci
N N
(1+pi)R—piR R
1 S 2
X; : (1 + pik)r — pikr ; -
N R N
= 71 — | = ’< (i : :
; nr‘ 2 Z‘ =Vo(r7) (3.7)

From (3.6) and (3.7) it follows that for ¢ < 0

/50 (t)dt < V(1) — Vo (0)
and
0
[ ) - e s)ias < .

and then uf (t) —v?(t) — 0 ast — —oo. From (3.8) and (3.9) it follows that for
t<0

/ e (Ome (Ot < Vo () — Vo(0)
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and

0
| s = v (lds < .
then uf(t) —vf(t) — 0ast — —occ.
Let pu7 = tlngg{uf (t),v{(t), 1 <i< N}. From H1-H6 and definition of V' we
€

have

N N 1
Vo(t) = ZV{’(U <D (1) = (0]

Hence V(t) — 0, t — —c0.
We have that V(¢) is non increasing nonnegative function on # and conse-
quently
Vo@t)=0, t#7, teR (3.8)

From (3.6), (3.7) and (3.8) it follows that u” = v° forallt € Rand 1 <4 < N.
Then every equation from (2.3) has a unique strictly positive solution.

From Lemma 3.1 analogously it follows that system (2.1) has unique strictly
positive almost periodic solution.

Let for the system (2.1) there exists another bounded strictly positive solution
vi(t;to, ), 1 <i < N, (tg,v) € R x BC.

Now consider again the Lyapunov function V(t) = V (¢, u(t),v(t)) and from
(3.3) we obtain

Vg, utot, vtot) = ; In Z;gz; < %Huto _— (3.9)
Then
DYV (tu(t),v(t)) < =8(t)m(t) < —5(t)RV (t,u(t),v(t)), (3.10)
fort € R, t # 7.
On the other hand for t € R, t =73, k € Z
V(ri +0) < V(rk). (3.11)

From (3.9), (3.10) and (3.11) it follows

V(t,u(t),v(t) < V(t$, uo,vo) exp{ - R 5(s)ds}. (3.12)

to



Almost periodic solutions in impulsive competitive systems with infinite delays 99

Therefore, from (3.11), (3.12) and (3.12) we deduce the inequality

N

E lui () —vi(t)| < EHUO _ Uonefrc(tfto)’
r
=1

t > to.

(1]

2

3

(4]
(5]

[6]

7

8

9

[10]
[11]
[12]
[13]
[14]
[15]

[16]

This shows that the system (E) is globally exponentially stable.
The proof of Theorem 3.1. is complete. (]
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