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A new Hilbert-type operator and applications

By BICHENG YANG (Guangzhou)

Abstract. By using the way of weight coefficient and the theory of operators, we
define a new Hilbert-type operator with the non-decreasing homogeneous kernel and
obtain its norm. As applications, an extended theorem on Hilbert-type inequalities
with the homogeneous kernel of —A—degree is established, and some particular cases
are considered.

1. Introduction

In 1908, H. WEYL published the well known Hilbert’s inequality as: If
{an}22,, {bn}52, are real sequences, 0 < Y7 a2 <ocand 0 < Y 7, b2 < oo,
then (cf. [1])

oo 00 b 0o o] 2
ZZ Gmn 7 ZaibeL , (1)
n=1m=1 m+n n=1 n=1

where the constant factor 7 is the best possible.

In 1925, G. H. HARDY gave a best extension of (1) by introducing one pair
of conjugate exponents (p,q) (% —|—% =1) as (cf. [2]): If p > 1, ap,b, > 0,
0<> > ab <ooand 0 <Y 7 bl < oo, then

oo oo a b T o] % o] q
min o a? be | (2)
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We named of (2) Hardy—Hilbert’s inequality. In 1934, HARDY et al. [3] gave a
basic theorem with the general kernel as follows (see [3], Theorem 318):

Theorem A. Suppose that p > 1, %—l—% = 1,k(z,y) is a homogeneous
function of —1—degree, and k = fooo k(u,1)u='Pdu is a positive number. If
both k(u,1)u=/? and k(1,u)u~'/? are strictly decreasing functions for u > 0,
b 2 0,0 < [lall, = (S35, a2)b < 00,0 < [}, = (55, b1)¥ < oo, then we
have the following equivalent inequalities:

D D7 Kl m)ambn < Klally bl )

n=1m=1
oo 00 p
Z <Z kE(m,n am> < KkP|lall, (4)
n=1 m=1

where the constant factors k and kP are the best possible.

Note. In particular, we find some classical Hilbert-type inequalities as:

(i) For k(x,y) = ﬁ, since k = m/sin(7), (3) reduces (2);
(ii) for k(x,y) = max%x e lnif/yy)7 (3) reduces to (see [3], Theorem 341, Theo-
rem 342)
1 1
P o0 q
<pgq ay b%) ; (5)
£ 5 e <m(£) (2

~—

£ gmen = T(50) (50)

n=1 n=1
Hardy also gave a multiple extension of (3) (see [3], Theorem 322).

In 2001, YANG [4] gave an extension of (1) as: For 0 < A < 4,

1
3 AV (S22 S e ) ;
SN et (22>(z i3 ) @

where the constant factor B(%,%) is the best possible (B(u,v) is the Beta func-
tion). And YANG [5] also gave an extension of (2) as:

Z Z m>\ + n/\ )\Sln { Zn(p DE=Y }p{ io: n(ql)(l)\)b%}q’ (8)

n=1
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where the constant factor iy (0 < A < 2) is the best possible.
P
In 2004, YANG [6] published the dual form of (2) as follows

DD D € (Zn” ) (E_jn 2b%> , )

where the constant factor 7/ sin (%) is the best possible. For p = ¢ = 2, both

(9) and (2) reduce to (1). It means that there are more than two different best
extensions of (1). For united expressing (2) and (9), in 2005, YANG [7] gave an
extension of (7)—(9) with two pairs of conjugate exponents (p, q), (r,s) (p,r > 1)
and two parameters a, A > 0 (X < min{r, s}) as

oo

= = (1—2a2)—1 R (1—22)—1 ‘
Z mo‘—l—no‘ kw\(r){nz_:lnp aﬁ} {an bq} (10)

n=1 m:l n=1

where the constant factor ko (r) = B(f g) is the best possible. Setting some
particular parameters in (10), it reduces to (2) and (7)—(9). T. K. POGANY [§]
also considered a best extension of (2) with the general kernel as m(u, Ams
pn > 0).

In 2006-2008, some authors also considered the operator expressing of (3)—
(4). Suppose that k(x y)(> 0) is a symmetric function with k(y,z) = k(z,y),
and ko(p fo ( )%dy(r =p,q;x > 0) is a positive number independent
of z. Deﬁne an operator T AT = 1" (r=p,q) as: for apy > 0,a = {an}50_, € P,
there exists only T'a = ¢ = {¢, }22, € [P, satisfying

oo

(Ta)(n) = ¢n = »_ k(m,n)am (n€N). (11)

m=1

Then we may define the formal inner product of T'a and b as

(Ta,b) Z k(m,n)am,b,. (12)
n=1m=1
14e
In 2007, YANG [9] proved that if for £ > 0 small enough, k(z, y)(%) 7 is strictly
14e
decreasing for y > 0, the integral fooo k(m,y)(i) " dy = k<(p) is also a positive
number independent of x > 0, k.(p) = ko(p) + o(1)(e — 0T), and

14e

) 1
> i [ k) (F) T @t =00E =0T =pa), (13
m=1
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then ||T']|, = ko(p); in this case, if a,, by, >0, a = {an}o0_, € P, b={b,}7, €l9,
llallp, |bllg > 0, then we have two equivalent inequalities as:

(Ta,b) <[ Tllpllallpllollg; 1 Tall, < ITlpllallp, (14)

where the constant ||T||, is the best possible. In particular, for k(z,y) being
—1 — degree homogeneous, inequalities (14) reduce to (3)—(4) (in the symmetric
kernel, cf. [10]). YANG et al. [11] also considered (14) in [?>. On the integral
analogues of (14), ARPAD BENYI et al. [12], [13], [14], [15] and [16] gave some
new results.

In this paper, by using the way of weight coefficient and the theory of op-
erators as [9], we define a new Hilbert-type operator with the non-decreasing
homogeneous kernel and obtain its norm. As applications, an extended theo-
rem on Hilbert-type inequality with the non-decreasing homogeneous kernel of
—A—degree is established, and some particular cases are considered.

2. A new Hilbert-type operator and its norm

If k) (z,y) is a measurable function, satisfying for A\, u,z,y > 0, kj(uz,uy) =
u™ kx(x,y), then we call ky(x,%y) the homogeneous function of -A-degree.

Lemma 1. If r > 1, 2 + 1 =1, X > 0,kx(z,y)(> 0) is a homogeneous
function of —A-degree, and kx(r) = [J° k(u, 1)u~>~'du is a positive number,
then, (i) [~ k(1 u)us"Ydu = kx(r); (i) for z,y € (0,00), setting

wa(r,y) = /000 kx(z,y) Y

A
=%

A

o' JT%
dwv w,\(s,x) = / k)\(xay)idya (15)
0 Yy os

then we have wy(r,y) = wa(s,z) = ka(r) .

A

PROOF. (i) Setting v =1, by the assumption, we obtain fOOOkA(L w)us ~tdu=
fooo ka(v, l)v%_ldv = kx(r).

(ii) Setting = yu in the integrals wy(r,y) and wx(s,z), in view of (i), we
still find that wy(r,y) = wa(s,z) = ka(r). The lemma is proved.

For p > 1, %Jr% =1, we set ¢(z) = zP1=D)=1 y(z) = 270-)~1 and
PP~ (z) = 21, 2 € (0,00). Define the space of real sequences as: 1= {a=
{an}lisllallpe == {> 00, ¢(n)|an|”}% < oo}. We may still define [j, and Iy, .
Define the weight coefficient Wy (r,n) and Wy (s,m) (m,n € N) as

00 A 00
ns  —~
Wi(r,n) = Z kx(m, n)——, Wi(s,m) = Z kx(m,n)
m=1 m " n=1

A
mr

1—-2°

(16)
O

n
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Lemma 2. As the assumption of Lemma 1, for ap, >0, a = {am }or_y €15,
setting ¢, = Yoy kx(m,n)am, if

Wi(r,n) < k‘,\(r),W)\(s,m) < kx(r) (m,neN), (17)
then ¢ = {cp,}32, € lzpl b

PrOOF. By Holder’s inequality [17] and (16)—(17), we obtain

6
m=2)/q n=2)/p1)"
p =

n { Z fa(m, ) [ =2/ ] [m(l—m/J

(1—*)p/q
Z Ex(m,n)
[Z kx(m,n)

m1=2)p/a

A
<K 1"2@ "

(1—>q/p] -t

el

(1_7)p/q -1

5 [eS) [eS) p %
el s p—{zn”ﬁ } :{zn’?llzmm,mam] }
n=1 m=1

n=1m=1 n °
1 o o m% »
= k; (r){ > [Zwm,n)nl ]mp(l_r)_lafn}
m=1 Ln=1

kf(r){st,m)mPH“afn} < ka(r)lallp,- (18)

Therefore ¢ = {¢, }22; € lw1 »- The lemma is proved.

For ay, > 0, a = {anm }7_; € I}, define a Hilbert-type operator T : I} — lil i
as: Ta = ¢, satisfying ¢ = {cn}n 1

(Ta)(n Z kx(m,n)a, (neN). (19)

In view of Lemma 2, ¢ € lwl_p and the operator T exists. If there exists M > 0,
such that for any a € I}, || T'all, y1-» < M|[al|p,q, then

|7l = supyqy, ,=1 ITallpp1-» < M. Hence by (18), we find || T[] < kx(r) and T
is bounded.
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Theorem 1. As the assumption of Lemma 2, if for any r > 1,

kx(r) — O (miw) < W,\(s,m) (A(r) >0; meN),

(20)
then we have ||T|| = kx(r).

PROOF. For am,by, > 0, a = {am}p—y €1, b={bu}72; €1, |lallys >0,
16ll4,» > 0, by Holder’s inequality [?], we find

(Ta,b) = [nk; Z kA(mm)am] [n_sk+5bn]
n=1 m=1
1
oo p}\il o0 P
< { > on DY ka(m, n)am}”} 0]l g,1- (21)
n=1 m=1
Then by (18), we have
(Ta,b) < kx(r)llallp,el0llg,y- (22)

For 0 < ¢ < min{%,%}, setting @ = {@,}2%,, b = {bn}°2, as G, =
A_e_1 7
nrr

, b = n* a1, for n € N, if there exists a constant 0 < k < ky(r), such
that (22) is still valid when we replace k) (r) by k, then,

(Ta,0) = > > k(m, n)amby < ke

~ 1
\bllq,w =k Z m? (23)

n=1

(Ta,b) =

. (24)
n=1
Setting (r/,s') as %

q% > 0, then % + L
Hence by (20),

L =1 with ' > 1.

1
- )—1 _ / n o
—~ _W)\(S7m) Zk)\(T) O<m>\(TI)) )
and then by (23) and (24), it follows
kiiﬂm'z})—iiw (s’ m)>i LI (r'y -0 !
Ll )= L mle AT = L mlte A )

_nimllﬁm(r’)_zlo< L )
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() - (i nf) > 120 (o) ];

I
\gk

m1+6 m=1 m=1
o) -1 oo
ExinG) - (Y ] S 0 () (") > 0)
A — mlte — mlte m/\(r’) :

Since by Watou’s Lemma,

lim ky(r') > /000 Hm k(u, 1ur ~du = ka(r),

e—0t+ e—0+

then k > kx(r)(e — 0T), and k = kx(r) is the best value of (22). We conform that
kx(r) is the best value of (18). Otherwise we can get a contradiction by (21) that
the constant factor in (22) is not the best possible. It follows that ||T'|| = kx(r).
The theorem is proved. (|

3. Some applications

Lemma 3. As the assumption of Lemma 1, if k(u, 1)u> 1 and kx(1, u)u* !
are decreasing in (0,00) and strictly decreasing in a subinterval of (0,00), and
kx(1,u) = o(:%)(u— 07; 0 < < 2), then both (17) and (20) are valid.

PROOF. By the assumption and Lemma 1, we find

kA(T)—/OﬁLk)\(l wput 1du_/1 b(LL) (2 )7_1 d (L) < Wals,m)
SE X E) (3 < [Th (L) (%)éild(%)
— o (s, %) = k(7).

Since u®kx(1,u) — 0 (u — 0T), there exists a constant § € (0, 1), such that for
€ (0,8), u®kx(1,u) < 1. Since in [§, 1], kx(1,u) < kx(1,6) < L (L > 1), then

ka(1,u) < X, u € (0,1]. Hence, setting A(r) = 2 — a > 0, it follows

1
™ L 1
< 1 —1 <L )\(’r‘)—l - = -
0 / kx(1,u)u du /0 u du NOAC G

and (20) is valid. By the same way, it follows W (r,n) < kx(r), and then we have
(17). The lemma is proved. O
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Theorem 2. Suppose that p,r > 1, %—Fé =1, %—F% =1, A >0, kx(z,y)
(> 0) is a homogeneous function of —\-degree, kx(r) = fooo/l\fj(u, Dur>"Ydu is a
positive number, and the weight coefficients W (r,n) and Wy(s, m) satisfy in-
equalities (17) and (20). If an, b, > 0, a = {an}52y € 15, b = {bu}52y € I,
llallp,é, 116]lq,0 > 0, then we have the following equivalent inequalities:

oo o0

(Ta,b) =Y > ka(m,n)ambn < ka(r)llallp.s |bllq.s: (25)

n=1m=1

o fe%e) p
pA_
ITall} oy = Zn 21 < Z k)\(m,n)am> <kX(r)llall} 4 (26)
n=1 m=1

where the constant factors ky(r) and kX (r) are the best possible.

Replacing the conditions (17) and (20) by (a) kx(u, 1)u~ 1 and kx(1, u)us !
are decreasing in (0,00) and strictly decreasing in a subinterval of (0,00); (b)
ka(Lu)us "t = o(:L) (u— 0%;0 < a < 2), we still have (25) and (26).

PRrROOF. In view of (22) and (18), we have (25) and (26). Base on the proof
of Theorem 1, it follows that the both the constant factors in (25) and (26) are
the best possible.

If (26) is valid, then by (21), we have (25). Suppose that (25) is valid.
By (18), [[Tall} i-p < oo. If [Tal} .-, = 0, then (26) is naturally valid; if
HTa||;w1,p > 0, setting b, = n%_l(zzzl kx(m,n)a,)P~1, then we find 0 <

16115, = [ITall? ;i < o0o. By (25), we obtain

182, = I Tal?, ., = (Ta,b) < kx()llallp.0

|b||q7¢§
-1
o127 = 1Tallpyr-» < kx(r)llallp,e:

and we have (26). Hence (25) and (26) are equivalent.
By (a), (b) and Lemma 3, we still have (25)—(26). The theorem is proved. O

Remark. (i) For A=1, s =p, r = ¢, (25) and (26) reduce respectively to (6)
and (7). It is obvious that Theorem 2 is an extension of Theorem 1.

(ii) If we reserve (b) and replace the condition (a) by (a)’ for 0 < A <
min{r, s}, kx(u,1) and kx(1,u) are decreasing in (0,00) and strictly decreasing
in a subinterval of (0,00), then (25)—(26) are still valid. Hence in particular, for
Eax(2,9) = —atax (0, X > 0,0\ < min{r, s}) in (25), we find

- (wa+ya)>\

0o aX _q 0o A1
u r 1 vr 1 A )\
= B —— = — _ = —B(-.—
Eax(r) /0 (ua+1)/\du a/o (v+1)/\dv " (r’s)’
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0 < kox(1,u) < 1, and then it deduces to (10); for ky(z,y) = m (0 <
A < min{r, s}) in (25), we find
e 1 A rs
k = — —  ur ==
A7) /0 (max{u, 1})>‘u TN

0 <kx(1,u) < 1(u € (0,1]) and it deduces to the best extension of (5) as
i i _ amba < EHG\
(max{m,n})* = A

for kx(z,y) = 2% (0 < A < min{r, s}) in (25), we find (cf. [3])

A —y

.10l g3 (27)

2

Ex(lLu) =o(%) (u—0%0<a< %) and (

ue

best extension of (6) as

Inu )/, then it deduces to the

ur—1

2
& In(m/n)amby T
b||g.ap- 2
2 T < | sy | el (28)
n=1 m=1 T
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