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A common fixed point theorem of Gregus type
for compatible mappings and its applications

By H. K. PATHAK (Bhilai) and R. GEORGE (Bhilai)

Abstract. Let T and I be two compatible self maps of a closed, convex bounded
subset C of a Normed space X such that I(C) 2 (1—k)-I(C)+k-T(C) where 0 < k < 1
is fixed and ||Tx — Ty||? < a- | Iz — Iy||P + (1 — a) - max [||Tz — Iz||P, || Ty — Iy||P] for
all z,y € C, where 0 < a < 1 and p > 0. If for some 2o € C, the sequence (xy)
defined by Izn4+1 = (1 — k) - [xy, + k- Txy, for all n > 0, converges to a point z in C
and if I is continuous at z then T and I have a unique common fixed point. Further
if I is continuous at Tz then T and I have a unique common fixed point at which T
is continuous. We have also applied this result to obtain iterative solution of certain
variational inequalities.

Let T" and I be two mappings of a metric space (X, d) into itself. SESSA
[11] defined T" and I to be weakly commuting if d(T 1z, [Tz) < d(Tz, Ix)
for any x € X. Clearly two commuting mappings weakly commute, but
two weakly commuting mappings in general do not commute. Refer to Ex-
ample 1 in DIVICCARO et al. [5]. GERALD JUNGCK [10] defined 7" and I to
be compatible mappings, if d(T'z, Ix)—0 implies d(T'Ix, ITxz)—0. Clearly,
two weakly commuting mappings are compatible, but two compatible map-
pings are in general not weakly commuting. For example refer to JUNGCK
[10].

Recently DIVICCARO et al. [5], established the following result.

Theorem A. Let T and I two weakly commuting mappings of a

closed, convex subset C' of a Banach space X into itself satisfying the
inequality

[Te = Tyl|” < a-[[Iz = Ty||” + (1 — a) - max [[[ Tz — Lz]|”, [Ty — Ty|[*]
for all z,y in C, where 0 < a < 1/2P~! and p > 1. If I is linear, nonexpan-

sive in C' and such that I(C') contains T(C), then T and I have a unique
common fixed point at which T is continuous.
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The object of the present paper is to replace linearity and nonexpan-
siveness, of the map I, and proof of Theorem A is made under consid-
erably weaker conditions of mappings, i.e. replacing weakly commuting
pair of maps (7', I) with compatible maps, and using the iteration method
of Mann type. Also the range of p has been extended to the case when
0 < p < 1. The technique used in the proof of our theorem is different
from that of DIVICCARO et al [5]. Further we have used our main theorem
to obtain iterative solution of certain variational inequalities.

Main results

Theorem. Let T and I be two compatible self maps of a closed convex
bounded subset C' of a Normed space X satisfying the following

(1) [[Te=Ty||” < a- [[Tz=Ty|[P+(1 = a) - max [|[Te—Lz||”, [ Ty—Ty|"]
(2) H(C)2 (1 —Fk)-1(C)+k-T(C)

Vx,y € C where0 < a < 1, p > 0 and for some fixed k such that 0 < k < 1.
If for some xy € C, the sequence (x,,) defined by

(3) Iz, =01—-k) Iz, +k-Tx,, Yn>0

converges to a point z of C' and if I is continuous at z then T' and I have
a unique common fixed point. Further if I is continuous at T'z then T and
I have a unique commom fixed point at which T' is continuous.

Proor. First we are going to prove that Tz = [z. We have,
(4) Iz —=Tz||P =||Iz — Ixps1 + [xpy1 — Tz||P <
< Mz = Tzpqall + Han — T2)7.

Now, from (3) we have
(5) zpi1 —Tz|P = ||(1 — k)Iz, + KTz, —Tz||P =

=1 =k)Izy, —Tz)+ k(Tx, —T2)||P <

<[(1 =Kz, —Tz| + k| Tz, — T2|]" =

= [ = B)lan = T2 + k- (T2, - T27) 7"

From (1) we have

|\ Tz, —Tz||P <a-|Iz,—I1z||P+(1—a) max[|Tz, — [z,||P,||Tz — 1z||?].

Now since [ is continuous at z, from Heine’s definition of continuity
we see that Iz, — Iz as n — oco. Also from (3) we have || Tz, — [z,|| — 0
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as n — oo. Therefore,
(6) Tz, —Tz||P <(1—a)-||Tz—1z||" +c¢,

if n is large enough. Hence from (4) (5) and (6) we have
p
(7) [z —Tz||P < |[ [z —Tz| - [(1—k)+k~(1—a)1/p

which is a cotradiction. Therefore Iz = Tz. Now since T and I are
compatible T1z = ITz. Hence, by using (1)

1722 — T2|? <
<a-|ITz—1z|P+ (1 —a) max [||[T?z — ITz||?, |Tz — Iz||"] =
= a||T%2 - T%|,
whence 7%z = Tz, ie. Tz is a fixed point of T. Now [Tz =TIz =TTz =
T?z =Tz, ie. Tz is also a fixed point of I.

Now, let (y,,) be a sequence of points of C, with limit Tz = z;. Thus,
using condition (1), we have

[Tyn =Tz < a-[Tyn—Iz1[P+(1 = a) - max [[|[ Ty, — Tyn|[”, [Tz —1z1|]"]
Since [ is continuous at Tz = 21, we have,
[Tyn = Tz|]” < (1 —a) - [Tyn — 2] + ¢,
if n is large enough. Again, since [Tz =TIz =TTz = Tz, we have
[Tyn = Tz||” < (1 —a) - [Tyn = Tz|” + ¢,

if n is large enough, i.e. lim ||[T'y, — T'21|| = 0 and this means that T is
n—oo

continuous at T'z. Proof of uniqueness follows from that of DIVICCARO et
al. [5].

Ezample 1. Let X be the reals and C' = [0,2]. Let 7" and I be self
maps of C' such that

28/128 0 <z <1/2'/4 A
x = and [z =2"/8.
/128 1/2Y% <z <2

Clearly I is not linear and |1 — I2|| = 15/8 > ||1 — 2||. Therefore I is

not nonexpansive. For 1/2/* < 2 < 2, ||[Tz — Iz|| — 0 iff z — 0 and

|TIz — ITz| — 0iff z — 0. For 0 < < 1/2Y/4 we see that TIz = ITx.
Therefore T" and I are compatible maps.
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Now, for 0 <z < 1/21/4

T2 — Ty||P = [|l2°/128 — y°/128||" = (1/1287)[|2" — 4|7 =
= (1/1287)[|(z* — y") (" + y")I? < (1/1287) - [la* — [P =
= (1/16") - [fz = Iy||" = a - [Tz — Ty||”

where a = 1/167 € (0,1)
For 1/21/4 <xr<2

1T — Ty|lP = (1/1287) - [l2* — y*||? = (1/167) - [[[z — Iy||P =
=a-|lz—Iy||’ wherea=1/16" € (0,1).

Hence we see that for all « in C' condition (1) is satisfied. Setting k = 1/3,
and for any xg € C, we see that the sequence (z,) of elemants of C, such
that Iz, = (1 — k){z, + ETx, for n > 1, converges to the point 0.
Clearly T0 = 0 is a fixed point of T" and I.

Remark 1. If p = 1 we obtain a result or FISHER and SESSA [8] with
appreciably weaker conditions of the space X.

Assuming I to be the identity map of X we have the following

Corollary 1. Let T be a self map of a closed convex bounded subset
C of a Normed space X satisfying

®) Tz -Tyl" <a-llz—yl"+ 1 —a) max[[[Tz — ||, [Ty — y[|"]

andC O (1—k)-C+k-T(C) for all x,y in C, where 0 < a < 1 and p > 0
and fixed k such that 0 < k < 1. If for some xy € C, the sequence (x,)
defined by zp+1 = (1 — k)z, + kT, Vn > 0 converges to a point z of C
then T' has a unique fixed point at which T is continuous.

Remark 2. DELBOSCO et al. [4], generalizing the result of GREGUS
[9], considered the inequality

@) Tz -Tyl" <a-llz—yl"+b- Tz -z’ +c- [Ty -yl

for all z,y in C, where 0 < a < 1/2P71, p>1,b>0,c¢ > 0and a+b+c = 1.
Due to symmetry, one may suppose b = ¢ and clearly (8) is more general
than (9) and involves wider range of p than that of DIVICCARO et al. [5].

Remark 3. For p = 1, the result of Corollary 1 was established by
FISHER [7].

The condition that 7" and I are compatible maps is necessary in our
theorem as shown in the following
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Ezample 2. Let X be the reals and C' = [0,2]. Let T and I be two
self maps of C such that, Tz = (z+1)/4, and Iz = z/2 for all x in C. We
have

[Tz —Ty|P = (1/47) - [l = yl|” = 1/2" - [[[z = Ty||” = a - Lz — Ty||”

where @ = 1/2P and for all z,y in C. Hence condition (1) of our theorem is
satisfied. We see that T and I are not compatible maps since ||Tx — [ z||—0
when x — 1 but ||T1x — ITz|| does not tend to zero when z — 1.

On the other hand, T" and I do not have common fixed points.

Remark 4. It is not known whether the condition I(C') contains T'(C')
of DIVICCARO et al. [5] is necessary in our Theorem.

Remark 5. The proof of inequality (7) can also be obtained by using
the technique of binomial expansion as follows. If p is a positive integer,

112 = Tz||P < |12 = Izpa||P +PC1|T2 = Tzp i |P7H [ T2n 41 — Tz]|+
+ ot Mg — TP
Also
Hzn1 —T2||P < (1 = k)P Lz, — T=[|P+
+PCy - (1 — k)P~ Yz, — T2||P k- (| T2, — T2|P) P+
+PCy - (1 — k)P~ 2T, — T2||P2k2 - (| Tz — T2|P)?P + -+
+kP|| T, — TP

Hence using (1) and the fact that ||Tz,, — [z,|| — 0 as n — oo, we get (7).
If p is a positive fraction then

Iz — Iz, P
@ e TeP S Y~ TP |1

[{2n41 — Tz||
But using (3) we get

Loy = T2||P = |1 = k) - (Izn —=T2) + k- (Tzy —T2)|” <
k- (1Tzy —TZII”)l/pr
(L =Fk) - Man = T2|| |
As in the proof of our main theorem we see that
(c) [Txn —Tz|]P < (1 —a)- [Tz — Iz]|” +¢,

if n is large enough.

Also using the continuity of I, we see that expression in the parenthesis
of (a) tends to 1 as n — oc.

Hence using (a), (b) and (c) we get (7).

(b) <(1—=kP |z, —Tz|P - {1 +

We conclude exhibiting the following
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Corollary 2. Let T and I be two compatible self maps of a closed,
convex bounded subset C' of a Normed space X satisfying I(C) 2 (1 —k)-
I(C)+k-T(C) and

(9A) Tz =Tyl < a-[Iz—Ty[+1/2-(1-a) max[| Tz — Tyl | Ty — L]

for all x,y in C, where 0 < a < 1 and fixed k such that 0 < k < 1.
For an arbitrary zo € C, consider the sequence (x,) such that Iz, =
(1—k)Iz, + kTx,, Yn > 0. If (x,) converges to a point z of C and if I is
continuous at z then T" and I have a unique common fixed point. Further
if I is continuous at Tz then T and I have a unique common fixed point
at which T is continuous.

PRrROOF. The proof follows from Corollary 2 of DIVICCARO et al. [5]
and our main theorem for p = 1.

Applications

Drawing inspiration from a recent work of BELBAS et al. [1], we apply
our theorem to prove the existence of solutions of variational inequalities.

Variational inequalities arise in optimal stochastic control [2], as well
as in other problems in mathematical physics, e.g. deformation of elastic
bodies stretched over solid obstacles, elasto-plastic torsion, etc. [6]. The
iterative methods for solution of discrete V.I’s are very suitable for im-
plementation on parallel computers with single instruction, multiple-data
architecture, particularly on massively parallel processors.

The variational inequality problem is to find a function u such that

(10) max{Lu — fiu—¢} =0 onQ:u=0 on 0N

where 2 is a bounded, open subset of R™, L is an elliptic operator defined
on Q by L = —a;;(2)9%/0x;0x; + b;(x)0/dz; + c(x) - I where summation
with respect to repeated indices is implied; ¢(z) > 0, [a;;(z)] is a strictly
positive definition matrix, uniformly in z, for x € Q; f and ¢ are smooth
functions defined in © and ¢ satisfies the condition ¢(x) > 0 for = € .

A problem related to (10) is the two-obstacle variational inequality.
Given two functions ¢ and p defined on 2, and satisfying ¢ < u in €,
¢ <0< pon 2, the corresponding variational inequality is

(11)  max{min{Lu — f,u — ¢},u — pu} =01in Q: u =0 on 0.

The problem (11) arises in stochastic game theory. In this situation, two
players are trying to control a diffusion process by stopping the process;
the first player is trying to maximize a cost functional, and the second
player is trying to minimize a similar functional. Here, f represents the
continuous rate of cost for both players, ¢ is the stopping cost for the
maximizing player, and p is the stopping cost for the minimizing player.
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Let A be an N x N matrix corresponding to the finite difference
discretizations of the operator L.
We shall make the following assumptions about the matrix A:

(12) Aij =1, Z Az‘j > —1, Aij <0 fori 7é J-
JijFi

These assumption is related to the definition of “M-matrices”; matrices
arising from the finite difference discretization of continuous elliptic oper-
ators will have property (12) under appropriate conditions; see [3, 12].

Let B =1 — A. Then the corresponding property for the B matrix
will be

(13) Bij =0 Bij<1, Bi;>0fori#j.
JujFi
Let ¢ = max ) B;j, and A* be an N x N matrix such that A*;; =1—¢
g
and A*;; = —q, for i # j. B* =1 — A*.

Iterative solution of variational inequalities
Consider the following discrete variational inequality:
(14) max | min [A(x = A" o = Tz|) - f, 2 = A" |}z = Ta| - ¢],
x— A" ||z —Tx| —M] =0
where, T is implicitly defined by
(15) T:E:min[max [Bx+A-(1—B*) ||z —Tz| +
(1= B lle = Tzl +¢],(1 - B*) - llz — Tzl + u).

Then (14) is equivalent to the fixed point problem
(16) x =Tz
Theorem. Under assumptions (12), (13) a solution exists for (16).

Proor. For any x,y and ¢
If (Ty); = [(1 — B*i;)|ly; — Ty;|| + 1], then, since

(Tx); < [(1 = B*j||lxj — Tx;|| + pi] , we have
(Tx); — (Ty)i < (1= B%) - [llzi — Txj|| = ly; — Ty;ll], or
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(17) (Tx); = (Ty)i < (1= B%;) - max [[lx; — T, [ly; — Tyjll]-

If (Ty)i=max [Bijy;+Ai;(1-B%i;)ly; —Ty; || + fi, (1=B*i;)lly; — T+
+¢;] then we introduce the one sided operator

Tz = max [Bx + A(1 — B*)||x — Tz| + f,(1 — B*)||x — Tz| + ¢] .
Then (Ty); = (Ty);. Now since (Tz); < (T'x);, we have
(18) (Ta)i = (Ty)i < (Tx); — (Ty)s.
NOW, if (Tl’)z = Bijl'j + Aij(l — B*ZJ)HIL’] — TI'JH + fz‘, then since (T’y)z Z
Bijyj + Aw(l — B*U)Hy] — Ty]“ + fi, then by using (12), we find that
(19) (Tz); — (Ty); <
< Bijlleg —yill + (1 = Bj) - max {[|a; — Twql| - [lys — Ty,l[] -

If (Ty); = (1 — B*;;)||xi — Txj|| + ¢4, then since (Ty); > (1 — B*;j)|lyi —
Ty;|| + ¢;, we find that
(20)  (T2)i — (Ty)i < (1 = B"y) - max[[lz; — Tall, lly; — Tyl
Hence, from (17), (18), (19) and (20) we have,
(21) (Tx);i — (Ty)i < q-llz =yl + (1 — q) - max [}z — Tz||, [ly — Ty|].
Since x and y are arbitrarily choosen, we have by interchanging x and y
(22) (Ty)i— (Tx)i <q-llz—yl+ (1 —q) max[||z — Tz, |ly — Ty[].
Therefore, from (21) and (22) it follows that

[Tz =Tyl <q-llz—yll+ (1 —q) max[|z —Tx||, |ly —Tyl].

Hence we see that condition (8) is satisfied for p = 1.
Therefore, Corollary 1 ensures the existance of a solution of (16).
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