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Rate of convergence for certain optimal stopping problems

By ANDRIY KLESOV (Kiev)

Dedicated to the 100" anniversary of the birthday of Béla Gyires

Abstract. We prove that the rate of convergence of a solution of the optimal
stopping problem for a Lévy process on an interval [0,7] to that on the interval [0, co)
is exponential as T' — oo.

1. Introduction

The first paper to deal with a stopping time of a Lévy process in the context
we consider below is MORDECKI [3] where an explicit expression is found for an
optimal stopping time for a reward functions of either (X, — K) or (K — X,)".
MOoRDECKI [3] found that the optimal stopping time is of a threshold type.

A new approach appeared in [5] where the Appel polynomials are applied for
optimal stopping problems of the discussed type. An analogue of MORDECKI’s [3]
result had been obtained in [5] for the discrete Markov chains and for the reward
functions g(x) = (z™), n € N. It is proved in [5] that the rate of convergence
of the solution of the optimal stopping problem on a finite interval converges to
that on the infinite interval [0, 00]. We shall concentrate on a generalization of
this result for a broad class of Lévy processes.

A generalization of the result of [5] for general Lévy-type processes and the
reward function g(z) = ()", n € N, can be found in [2]. The most general
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result up to now is obtained in [4]. An explicit form of the optimal stopping
moment for the optimal stopping problem for homogeneous Lévy processes and
the reward function g(z) = (x")+, n > 0, are found in [5]. The optimal stopping
moment is constructed in [5] by using the Appel polynomials. However the rate
of convergence is nor discussed in [5], at all.

In the current paper we find the rate of convergence of a solution of the
optimal stopping problem for a Lévy process on an interval [0,7] to that on the
interval [0, 00) as T' — oo. It turns out that the rate of convergence is exponential.

2. Lévy—Ito6 decomposition

For convenience, we recall the well known Lévy—It6 decomposition for Lévy
processes.

Theorem 2.1 (Lévy-It6 decomposition). Let X; be a Lévy process. Then
there exists a triplet of stochastic processes Xt(l), Xt(z), and Xt(g) such that

X=X+ X7+ X7, (2.1)

where Xt(l) is a Brownian motion with drift, Xt(2) a compound Poisson process,
Xt(g) a square integrable pure jump martingale.

) in 2.1 is usually constructed from a

The compound Poisson process Xt(2
simple Poisson process. We will assume that the intensity A(t) of the simple

Poisson process is such that

> /\(22:) < 0. (2.2)

m=1

Another useful assumption we use below for the process Xt(?’) of 2.1 is that

~ E ‘Xt(?’)‘
/ < oo (2.3)
1

for some n > 0 and ¢ > 1.
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3. Main result

Theorem 3.1 (Main result). Fix n > 0 and ¢ > 1. Let (X;,t > 0) be a
Lévy process such that
E(X;")" < o0

and that X; admits the Lévy—It6 decomposition (2.1) without drift. Let Xy = x.
Assume that the square integrable pure jump process Xt(3) in representa-
tion (2.1) satisfies condition (2.3).
We further assume that the compound Poisson process Xt(2

tion (2.1) is such that
X7 =36 (3.1)
k<N

)

in representa-

where the random variables &, k > 1, are nonnegative, independent, identically
distributed, and such that

E¢Y < 0o for some 1 > 0.

The symbol Ny in representation (3.1) stands for a simple Poisson process with
intensity A(t) such that the process Ny and the sequence {{;} are independent.
Moreover we assume that the intensity A satisfies condition (2.2).

Let T > 0 and let M and My denote the sets of all stopping times T € [0, 0]
and 7 € [0,T], respectively. Let g(z) denote the function ()" and let

V(Z‘) = sup E(e_ng(X‘r)I{‘r<oo})aV(va) = Ssup E(e_ng(X‘r))'
TEM TEMT

Then there exist a number Ty > 0, an universal constant ¢ > 0, and, for a given
real number x, there exists a constant C(z) such that

0<V(z)—V(x,T) < C(x)e T (3.2)
for all T > Ty.

Remark 1. Theorem 3.1 is a generalization of Theorem 3 of the paper [5].

4. Auxiliary results

The proof of Theorem 3.1 is based on several auxiliary results.

Lemma 1. Let (X;,t > 0) be a process such that it can be decomposed into
asum X; = P+ Q¢+ R;. Let n, q, g(x), V(x), and V(x,T) be defined as in
Theorem 3.1.
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Then the conclusion of Theorem 3.1 holds if

P i s n R, n
E(sup|0|) < 00, E(sup|Q|) < 00, E(sup| ) < 00.

s>t S s>t 50 s>t 56

for some 0 > 0 and all t > 0.

Proor. Note that V(z) > V(z,T), since My C M. Now let 7* be a
positive root of the Appel polynomial constructed from the random variable
M, 4 = supg<;., X, where 7 is a random variable such that P {r >t} = e "%
Then

V(z,T) = sup E(e™""g(X:)) = E(g(Xmin(re,ry)e 1)
TEM

> E(g(Xmin(T* ,T))eiqT*I{T* gT}) )

since 7* AT € Mr.
Thus
Viz) = V(x,T) < E(g(XT*)e_qT I{T<T*<oo})-

Since the function e~%%s%" is decreasing on the semiaxis being far enough of the
origin,

@+@+mq

e’

V(z)=V(x,T) < E(g(XT*)e—‘IT*I{T<T*<OO}) <E [sup
s>T

P,|" |7 |7
< 92 (E [sup| és| }—!—E[sup Q| ]—i—E[sup || ])

s>T €9 s>T €9° s>T €9°

P,|" on S| on R,|" on
:22"(E[sup| | 3 ]—l—E[sup'QaJ 2 }—I—E[sup' | 2 })

s> $91 s s>T 8 eds s> 91 eds

Tén Ps n s n Rs n
§22q-c’~€qT<E[sup9|] —l—E{suonq +E[sup|9] )

s>T S s>T S s>T S

Thus (3.2) holds for an arbitrary ¢ < g, sufficiently large Tp, and appropriate C(x).
([l

Lemma 2 (Wiener process). Let n > 0 and let Xt(l) =W, t >0, be a
Wiener process. If 6 > % and T > 0, then

W, n
E(sup| ;) < 00.
>1
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PRrROOF. It is known that if X is a nonnegative random variable, then
o0
EX" = 77/ " IP(X > x) da.
0

Without loss of generality assume that T'= 1. Using the latter formula we get

W‘ n
E(sup| 95|> = x" 1P( J:) dx
s>1 S s>1

/oo - 00 P( |[Ws| S )d
n T E sup — =X T
0 2m < g<2mt1 80

m=0

o o]
<7 Z /0 m"_1P< sup |Ws| > x2m9) dx.
m=0

2mS5§2m+1

IN

For any y > 0,

P( sup  |Ws| > y) < P( sup |Wg| > y) = 2P(|[Wom+1| > y).

2mSSS2m+1 S§2m+l

W
E (sup | 7 |)
s>1 S

Thus

2" P (|[Wamer | > 22™0) dx

dy
Smé

(%) PUWanes| 2 )

>
[

0o 1 o
= 27’ Z omén /0 y” 1P(|W2m+1| > y) dy
m=0

(oo}
1
= 27] Z WE|W2m+1 |7]. (41)
m=0
Since W; is a Gaussian random variable with zero mean and variance ¢, we have
2 tn/2 o0 2
EW":7/ x| P dy = z|"e 2 dx = kt"/?
| t| \/ﬁ e | | \/% ‘ | )
where

2 > —a?/2 1 _1
K=1/— e 2 dx =2""2772T(n)
T Jo

and where I" is the gamma function. Thus

x o(m+1)/2
_ /2 m —0
Z 2m9nE|W2m+1| =K Z mon = g2" Z 2 n( ) < 00,

m=0 m=0

since 6 > 5. This completes the proof. ([l
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Remark 2. The method used in the proof of Lemma 2 fits the case of the
Wiener process with a drift O(t?), as well.

Lemma 3 (Simple Poisson process). Let n > 0 and ¢ > 0 and let TI(t) be
the simple Poisson process with intensity A(t). If

/OO e max{\(t), \(t) }dt < oo,

) \"
E(sup ()> < 00
e>T edt

Lemma 3 implies the corresponding result for the difference of two Poisson

then for every T > 0

process, that, in turn, allows one to consider the processes with both positive and
negative jumps.

Corollary 1. Let n > 0 and p > 1/2. Let I1'(¢) and 11?(t) be two Poisson
processes with intensities A1(t) — oo and Ag(t) — 00, respectively. If

/ e M\ (t)dt < 00, i=1,2,
1

then for every T' > 0

E (sup
t>T

g (t)e;n%zf) ’ ) < oo,

In order to prove Lemma 3 we need both upper and lower bounds for moments
of the Poisson distribution. The exact values of such moments can easily be
evaluated for integer 7, however this is not the case for non-integer n and thus we
need to use the following estimates.

Lemma 4 (upper bound). Let IT € Po(A), A > 0 and > 0. Then there
exists a constant ¢ > 0, that does not depend on A, such that

E(I7) < e\
if A>1, and
E(II7) < cA
ifO< A<,
Lemma 5 (lower bound). Let II € Po(A), A > 0 and nn > 0.Then there exists
a constant ¢ > 0, that does not depend on A, such that

E(I7) > e\
if A>1, and

E(II7) > eA
if0< A<l
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Although the constants in Lemmas 4 and 5 are denoted by the same symbol ¢,
they are different, in fact.

First we show that Lemma 3 follows from Lemmas 4 and 5 and then prove
Lemmas 4 and 5 themselves.

ProOF OF LEMMA 3. Without loss of generality assume that T = 1. We

E (supng?)" < iE( sup H(t)y

t>1 € r<t<kt1 €9

have

e TE(TI(k 4 1)) < ¢4 f: e TE(TT (k).
k=1

M

>
Il
_

Lemma 4 implies that

E (sup Hg?) < cef Z e max {\(k), \(k)} .

t>1 € k=1
Since
oo n k+1 n
max {A(t), A( dt Z/ max {A(t), A"(¢t)} it
1 edqtn eqtn
g max {A(k), \7(k)}
Lemma 3 is proved. O
PROOF OF LEMMA 4. Set py = e*’\/l\c—l;, k =0,1,.... First let us consider
the case 0 < A < 1:
=3 kp, < 3 kI, = BV 4 1) (4.2)
= k=1

Let f denote the moment generating function of the Poisson distribution with
parameter A and let f(*) denote its derivative of order i. Then f(t) = e**=1) =
e~ e, Thus fO(t) = X - f(t), whence f()(1) = A, i > 1. Since the moment
of any order j is a linear combination of derivatives f’(1 ) (), ..., f9(1), the
expectation E(H["]“) is a linear combination of X\, A%,..., A1, Using the tri-
angular inequality, we get E(H[”]+1) < ¢ for some constant ¢ > 0 if A < 1, that,
taking into account (4.2) proves the second part of Lemma 4.
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Now let A > 1. As before, set m = [\]. If 0 < n < 1, then

anpk— S oK+ > Kpr<mt+ > prt Y Kk

1<k<m k>m 1<k<m k>m
pk—l m>
=mtt > et > >
+ Dr + o = Pk + —— oy e Pr—1
1<k<m k>m 1<k<m k>m

:m)‘< Z pE + Z pk>:m’\(1+P(H:m))<2m". (4.3)

1<k<m k>m—1

Since m < A, the first part of Lemma 4 is proved for all 0 <n < 1. If n > 1,
then

oo (o) o o
M= K =AY KT =AY (k1) pe <277 KTy
k=1 k=1 k=0 k=0
Continuing these estimations, we obtain
E(I17) < dAl Z E=lp, oy d =20 DHm=2)++ =)
k=0

If n € N, then this inequality coincides with the statement of the first part of
Lemma 4. If n € N/, we use lemma 4 for the case of 0 < n < 1 and get

E(II7) < dA . oxn=0)

which completes the proof of Lemma 4. Thus Lemma 4 is proved. O
PROOF OF LEMMA 5. Set py = e”‘%, k=0,1,.... First consider the case
of 0 < A< 1t
= A
EI") =) k'pp>pr=e > ",
(1) ’;) Pr > p1=¢€ =

that proves the second part of Lemma 5. Now let A > 1. Set m = [A]. Starting
from the case 0 < n < 1:

E(H”):kz:0 K= >0 Koot 3o KTme=2 3 S Y K

1<k<m k>m 1<k<m k>m

mf\n Zpk 1+m"2pk— I\,n Z pk+m"2pk

1<k<m k>m 0<k<m—1 k>m
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Zm”( > o+ Zpk> =m"(1 — Pl =m))
0<k<m-—1 k>m

> 27\1(1 — P(II = m)). (4.4)

We show that there exists a constant ¢ > 0 such that

1-PIl=m)>c (4.5)
it A>1.
Using Stirling’s formula:
Am A
PIl=m)=e*"—=¢? ,
IL=m) = = Jamm - mm - e=mtom
where 0 < 6, < 13- Since
(2) < (") —a+dymce ermmimsy
m m m
we have
P=m)< —— < —— <1, m>2
T V2mm T VAn ’

If 1 <X <2, then
Pll=m)=P(MI=1)=e <1

This implies (4.5). Inequality (4.5) proves Lemma 5 for 0 < n < 1. In order to
complete the proof of Lemma 5, consider the case of n > 1:

Sl et )\kfl
B(I) = D K'py = Ak e
k=1 k=1 ’

=AY (k+1)7 et =AY K et = AR,
k=0 k=0
Continuing with these estimates, we obtain

(7] ~ 27 A
E(IT") > A1y~ o=l e
k=0

This inequality coincides with the second part of Lemma 5 if n € A/. For n € N,
we use Lemma 5 for n < 1:

E(I7) > A exn=tl,

Note that constant c is the same as in the case of 0 < 1 < 1, that is, it does not
depend on 7. Thus, Lemma 5 is proved. ([l
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Lemma 6 (compound Poisson process). Let Xt(Q) be a compound Poisson
process represented in the form of (3.1) where N, is a simple Poisson process
whose intensity satisfies (2.2). We also assume that the random variables &y,
k > 1, are independent, identically distributed, and such that

Egnvl

for some n > 0. We further assume that the process N; and the sequence &,
k > 1, are independent. Then

for all t > 0.

PROOF. We provide the proof for the case of n = 1. Other cases are proved
similarly. Put = E&;. Then

(sup > &) :/ P(Sup > & >x) dx

t>1 t>1

k<N =
- n >
> /0 n;) (2m<stligm+l t kSZNt c = ;L') x
oo ©O© 1
S/O ZP(W Z fk>x)dm
m=0 E<Nym+1
0o OO0 0O
:/ ZZP Nomir =1)P ( Z§k>x>
0 m=0 [=0 =
= Z ZP(NQM+1 _l < ng > x)
m k<l
= i iP(szﬂ = l)E[;nSl]
m=0 [=0
-H Z ZP(N2W+1 = l)2im
m=0 [=0
= Z Qim ZlP(Ngm+1 =) =u Z %EN?”_H
. =0 m=0
= U i )\(ZLMEszJA _ 2,LL Z (zm) . _

m=0 m=1
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Lemma 7 (martingale). Let Y; be a stochastic process such that |Y;| is a
right continuous submartingale. Let ¢ > 0,7 > 1, T > 0. If (2.3) holds, then

for all T > 0.

Remark 8. Our assumption that |Y;| is a right continuous submartingale is
weaker than the assumption that Y; is a right continuous submartingale and,
moreover, that Y; is a martingale.

The following two properties are well known for submartingales. Namely, if
Y is submartingale and E|Y;|" < oo for some n > 1, then

E|Y;|" is nondecreasing in t. (4.6)

Lemma 8 ([1], p. 140, Theorem 6.2.16). Let Y;, t > 0, be a right continuous
submartingale. Let A be a certain subset of real numbers and let Y*(w) =
sup;c 4 Yi(w). If p> 1, then Y* € L, if and only if

sup [|Y[ly, < oo.
tecA

In particular, if % =1- %, then

1V* ]y, < rsup Vil -
teA

In fact, we only need the following particular case of Lemma 8 corresponding
to the case of A = [k, k + 1] and for ‘Xt(g)‘ instead of Y;:

7 -
E( sup |X§3)|> §<1—1) Elx)|". (4.7)
k<t<k+1 n

PROOF OF LEMMA 7. Without loss of generality we assume that T'= 1. It
follows from (4.7) that

i\ _ < Vi _ o= ok !
E sup —= SZE sup — SZ@ g sup Y3
k=1

= \k<t<ks1 €7 k<t<k+1

1\ TS
1-— ) > e HNE |V |
k=1

IR =
<[(1-2 e2an e~ k)R Y |"
(1-3) emyeermm

k=1
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" NS Al
1——) my” / BT
Ui E edtn
k=1

1\ 7" C E|Y]"
= (1—) 62‘”’/ ﬂdt<oo. O
n 1 eqtn

Remark 4. Lemma 7 can also be proved for the case of n = 1. However the

IN

condition for this case is as follows

/°° E |Yi|In" V3]
1

dt < 0o
edt

where InT z = In(1 + 2) for z > 0. The idea of the proof remains the same, but
another Doob’s inequality applies.

5. Proof of Theorem 3.1

First we write down the Lévy-It6 decomposition (2.1). Then we put Ps =
Xs(l)7 Qs = Xs(z), and Rg = Xs(?’). The assumptions of Lemma 1 hold for Ps, Qs,
and Rs by Lemmas 2, 6, and 7, respectively. Therefore Theorem 3.1 follows from
Lemma 1.
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