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Discussion on “A fixed point theorem of Banach—Caccioppoli
type on a class of generalized metric spaces” by A. Branciari

By BESSEM SAMET (Tunis)

Abstract. The aim of this discussion is to expose incorrect property of the gen-
eralized metric space introduced by A. BRANCIARI in previous Publ. Math. Debrecen
article.

1. Preliminaries

Recently BRANCIARI [1] introduced the concept of a generalized metric space
where the triangular inequality of a metric space has been replaced by a more
general inequality involving four points instead of three. More precisely, Let X
be a non-empty set and d : X x X — [0,400) be a mapping such that for all
z,y € X and for all distinct point £, € X, each of them different from x and y,
one has

(i) dlz,y) =0z =y
(i) d(z,y) = d(y,z)
(iii) d(z,y) < d(x, &) +d(&,n) + d(n, y).
Then, (X, d) is called a generalized metric space, (shortly a g.m.s.).

In [1], BRANCIARI said that the fnuction d is continuous in each coordinates.
More precisely, if x,,, a, b are distinct points in X (n € N) and if lim;,, 00 2, = a
then we have

|d(2,b) —d(a,b)] = 0 as n — 4oo. (1)
The aim of this paper is to show that (1) is not true in general.A counter-example
is given in the next section.
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2. Counter-example

Let (zn)nen be a sequence in Q and a,b € R\Q, a # b. We put the set
X ={z1,22,-+ ,&n, -+ } U{a,b} and we consider d : X x X — R defined by

d(z,z) =0, Vo e X,

(
d(z,y) =d(y,x), Vax,y € X,
d(xp, 2m) = 1, Vn,m e N* n#m,
(

dznb) = S, Ynen,
n
1

d(xp,a) = —, Vn e N*,
n

d(a,b) =

Tt is not difficult to show that (X,d) is a g.m.s. Here, we have lim,,_ 1o, 2, = a
because d(zp,a) = 1 — 0 as n — +oo. But

1
|d(zp,b) —d(a,b) =1——=—1 as n — +oc.
n

Then, we show that (1) is false in this case. This error can be explained as follows.
To obtain (1), the author used that if (z,) is a convergent sequence in X then
(@, Tm) — 0 as n,m — +oo. In the other manner, the author used that every
convergent sequence is a Cauchy sequence. This result is true in the case of a
metric space, but in the case of a g.m.s it is false in general as it is shown in the
given counter-example.
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