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Finsler space connected by angle in two dimensions.
Regular case

By G. S. ASANOV (Moscow)

Abstract. We show that the metrical connection can be introduced in the two-
dimensional Finsler space such that entailed parallel transports along curves joining
points of the underlying manifold keep the two-vector angle as well as the length of
the tangent vector, thereby realizing isometries of tangent spaces under the parallel
transports. The curvature tensor is found. In case of the Finsleroid-regular space, con-
structions possess the C°°-regular status globally regarding the dependence on tangent
vectors. Many involved and important relations are explicitly derived.

1. Motivation and description

During all the history of development of the Finsler geometry the notion of
connection was attracted sincere and great attention of investigators devoted to
general theory as well as to specialized applications. The methods of construction
of connection are founded upon setting forth a convenient system of axioms.
Various standpoints were taken to get deeper insights into the notion
(see [1]-[5]).

The general idea underlining the present work is to set forth the requirement
that the connection be compatible with the preservation of the two-vector angle
under the parallel transports of vectors.

The notion of angle is of key significance in geometry. In the field of two-
dimensional Finsler spaces the angle between two vectors of a given tangent space
can naturally be measured by the area of the domain bounded by the vectors
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and the indicatrix arc. The theorem can be proved which states that a diffeo-
morphism between two Finsler spaces is an isometry iff it keeps the angles thus
appeared. This fundamental TAMASSY’s theorem [6], which explains us that the
angle structure fixes the metric structure in the Finsler space, gives rise to the
following important question: Does the angle structure also generate the connec-
tion? The present work proposes a positive and explicit answer, confining the
Finslerian consideration to the two-dimensional case.

Let M be a C°°-differentiable 2-dimensional manifold, T, M denote the tan-
gent space supported by the point € M, and y € T, M'\0 mean tangent vectors.
Given a Finsler metric function ' = F(z,y), we obtain the two-dimensional
Finsler space Fy = (M, F).

We shall use the standard Finslerian notation for local components (¥ =
y*/F, y, = FOF/0y* = grny™, gij = Oyi/Oy’ of the unit vector, the covari-
ant tangent vector, and the Finsler metric tensor, respectively. The covariant
components I, = ggnl™ can be obtained from I, = dF/dy*. By means of the
contravariant components g% the Cartan tensor Cyjr = (1/2)dgi;/0y* can be
contracted to yield the vector Cy = g% Ciji. It is convenient to use the tensor
Aijr = FCyj, and the vector Ay = FCj, = giinjk. The indices 4, 7,... are
specified over the range (1,2). The square root V stands always in the positive
sense. It is often convenient to apply the expansion A;j;, = I'm;m;my, in terms of
the m; obtainable from g¢;; = l;1; + mym;, where I thus appeared is the so-called
main scalar. Our consideration will be of local nature, unless otherwise is stated
explicitly.

To each point x € M, the Finsler space F» associates the tangent Riemannian
space, to be denoted by Ry, := {T, M, gij(x,y)}, in which x is treated fixed and
y € T M is variable. In the Riemannian space the R(,} reduces to the tangent
Euclidean space. The remarkable and well-known property of the Riemannian
Levi Civita connection is that the entailed parallel transports along curves drawn
on the underlined manifold keep the length of the tangent vectors and produce
the isometric mapping of the tangent Euclidean spaces.

We show that these two fundamental Riemannian properties can successfully
be extended to operate in the Finsler space F5. Namely, if sufficient smoothness
holds then it proves possible to introduce the respective connection coefficients
{NF(z,y), D*;n(z,y)} in a simple and explicit way. The coefficients NF(z,y) are
required to construct the conventional operator d,, = O;» + N,]f(yc,y)ayk7 where
Opn = 0/02™ and Oym = 0/0y™. In modern geometrical language, the local
covariant vector fields d;» + N (x,y)d,. are the horizontal lifts of the ordinary
gradient fields 0, to the tangent bundle T'M. The keeping of the Finsler length
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of the tangent vectors means d,F = 0. Let us attract also the angle function
0 = 0(z,y) (to measure the length ds of infinitesimal arc on the indicatrix by
df) and raise forth the requirement that d,f = k, with a covariant vector field
kn = kn(x). If this is fulfilled, then for pairs {61 = 0(x,y1),02 = 0(x,y2)} we
obtain the nullification d,,(62 — 01) = 0 which tells us that the preservation of the
two-vector angle 82 — 61 holds true under the parallel transports initiated by the
coefficients N¥(x,y).

There arise the coefficients D¥;,(z,y) = —N¥;,(z,y) with N¥;,(2,y) =
ONF(z,y)/0y™. A careful analysis has shown that a simple and attractive pro-
posal of the coefficients Nf(x,y) (namely, (2.6) of Section 2) can be made such
that nullifications d; F' = 0 and d;0 — k; = 0 are simultaneously satisfied, and also
the vanishing [z N*,,,,; = 0 holds fine because of the representation FN¥,,,; =
—AF,id, In |I] entailed (see (2.14)), where N*,,,.; = ONF*,,,,/0y’, so that the ac-
tion of the arisen covariant derivative on the involved Finsler metric tensor yields
just the zero. The coefficients D¥;,, are not symmetric in the subscripts 4, n.

Having realized this program, we feel sure that the arisen mappings of the
space R,y under the respective parallel transports along the curves running on M
are isometries.

The coefficients {NF(x,y), D*;n(x,y)} obtained in this way are not con-
structed from the Finsler metric tensor and derivatives of the tensor. This cir-
cumstance may be estimated to be a cardinal distinction of the Finsler connec-
tion induced by the angle structure from the conventional Riemannian precursor
which exploits the Riemannian Christoffel symbols to be the coefficients D¥,.
The structure of the coefficients N¥ involves the derivative 90/0x™ on the equal
footing with the derivative OF/0z™ (see (2.6)).

The involved vector field k; = k;(x) may be taken arbitrary. However, the
field can be specified if the Riemannian limit of the connection proposed is at-
tentively considered. Indeed, in the Riemannian limit the connection coefficients
D¥ 1. (x, ) reduce to the coefficients L*,;, = —L*,, = L*,;(z) which are not
symmetric with respect to the subscripts (see (4.6)). If we want to obtain the
torsionless coefficients, like to the Riemannian geometry proper, we must make
the choice k,, = —nhvn}}h in accordance with (4.16), where V,, is the Riemann-
ian covariant derivative taken with the Christoffel symbols a*,,;,. The Eh = Zh (z)
is a vector field chosen to fulfill 6(z,b(z)) = 0, and the pair n;, b; is orthonor-
mal. With the choice we obtain L*,; = a¥,, thereby completely specifying the
coefficients {NF, D¥,,,}.

It is appropriate to construct the osculating Riemannian metric tensor along
the vector field b = Zz(a;) and introduce the 0-associated Riemannian space to
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compare the Finsler properties of the space F» with the properties of the Rie-
mannian precursor.

In Section 2 the required coefficients N are proposed and nearest implica-
tions are indicated. By the help of the identities Om* /9y™ = —(Im* +1¥)m,,,/F
and Om,, /0y’ = (Imy, — L, )m;/F, the validity of the vanishing I, N*,,,,; = 0 can
readily be verified. The angle function # introduced does measure the length of
the indicatrix arc according to ds = df (see (2.23)). We derive also the equal-
ity 3 (y 40y = (1/2)(02 — 61), where the left-hand side is the area of the sector
bounded by the vectors y1, y» and the indicatrix arc (see (2.27)). The equality
demonstrates clearly that, in context of the two-dimensional theory to which our
treatment is restricted, the method of introduction of the angle by the help of the
function 6 is equivalent to the method founded in [6] on the notion of area. We are
entitled therefore to raise the thesis that, in such a context, the angle-preserving
connection is tantamount to the area-preserving connection.

In Section 3 we show how the curvature tensor p,";; of the space Fy can be
explicated from the commutator of the covariant derivative arisen, yielding the
astonishingly simple representation (3.14).

In Section 4 we outline Riemannian counterparts. It appears that the tensor
Prnij = GnmPy"ij is factorable, in accordance with (4.19).

In Conclusions several ideas are emphasized.

The possibility of global realization of the angle-preserving connection im-
plies high regularity properties of the Finsler metric function and the angle func-
tion. Such a lucky possibility occurs in the Finsleroid-regular space F' RéD;CD (in-
troduced and studied in [7]-[10]). The Finsler metric function K = K(z,y) of
the space F' R;? involves a Riemannian metric tensor a,,, and the vector field
b"™ = b™(x) which represents the distribution of axis of indicatrix. We have two
scalars, namely the characteristic scalar g = g(x) and the norm ¢ = ¢(z) = ||b|| =
Vammb,,b, of the 1-form b = b;(z)y’. The metric function K is not absolute
homogeneous.

Attentive calculation presented in Appendix B in [11] has shown that the
partial derivative 9K /Jdz™ obeys the total regularity with respect to the vector
variable y (see (B.59) in [11]). The same regularity is shown by the partial
derivative 96/0z™ of the involved angle function 6§ = 0(x,y) (see (B.83) in [11]).
Therefore, all the ingredients in the coefficients N* of the form proposed by (2.6)
are of this high regularity. Thus we observe the remarkable phenomenon that
the space FR;? possesses the angle-preserving connection of the C°°-regular
status globally regarding the y-dependence. Arbitrary (smooth) dependence on
x in g = g(x), by = b;(z), and a;; = a;;(x) is permitted. Using an appropriate
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regular atlas of charts in the space R,y := {T:M, g;;(x,y)}, it proves possible to
verify that over all the space T, M\0 the function 6§ = (z,y) is smooth of class
C* with respect to y. The entailed two-vector angle 05 — 01 is symmetric and
additive. The 0 is represented by means of integral and is not obtainable through
composition of elementary functions.

Quite similar evaluation can be performed for the Randers metric function
(Appendix C in [11]), yielding again the angle-preserving connection of the C'*°-
regular status globally regarding the y-dependence.

More detail of calculation can be found in [11].

2. Proposal of connection coefficients

It is convenient to proceed with the skew-symmetric tensorial object €;;, =
det(gmn) Yik, where y11 = 22 = 0 and 12 = —7v21 = 1, to construct

The angular metric tensor h;; = ¢;; — l;1; and the Cartan tensor Cj;;, are factor-
ized, and the Finsler metric tensor g;; is expanded, according to
hij =m;m;, Aijk- = Imimjmk., Gij = lzl] + mym;. (22)
It is also convenient to introduce the 8 = 6(x,y) by the help of the equation
00
oy™
assuming that the function 6 is positively homogeneous of degree zero with respect
to the variable y. These formulas are known from Section 6.6 of the book [1]. We
denote the main scalar by I, instead of J used in the book. Our 6 is the ¢ of

= My, (2.3)

Section 6.6 of [1]. The object €;, is a pseudo-tensor, whence m; is a pseudo-vector
and I, 0 are pseudo-scalars. However, we don’t consider the coordinate reflections

and, therefore, we are entitled to refer to these objects as to “the vector m;” and
“the scalars I,0”.
We need the coefficients N¥ = N¥(z,y) to construct the operator
0 iy 0

which generates a covariant vector d,,W when is applied to an arbitrary differen-
tiable scalar W = W (x,y). We shall use also the derivative coefficients

aerf Nk R aNknm

Nknm = a9 ... :
oy™ ay*

(2.5)
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Proposal. Take the coefficients N according to the expansion

oF g
NF = ¥ —Fm*P 2.
with 5
P = 2.
"= oo En, (2.7)

where ky, = ky () is a covariant vector field, such that the equalities
d,F =0, dy0=k,  yNF .=0 (2.8)
be realized.

The vanishing d,, F' = 0 and the equality d,0 = k,, just follow from the choice
(2.6). Considering two values 01 = 0(x,y1) and 0 = 6(x,y2), we have

891 k 8(91 892 k 892
dpnb = — + N (z,y1) —, dpbs = — + N (z,y2) —, 2.9
L= Gom + N, (x ?Jl)ay]f 2= o + N, (x y2)8y§ (2.9)
and from d,0 = k,, we may conclude that the preservation
dn(f2 —61) =0 (2.10)
holds because the vector field k,, is independent of tangent vectors y.
From (2.6) it follows directly that
ol o omk . om
Nb oy =—1F 2 1, mFP, - F——P, —mF—2. 2.11
oz m oy™ oz" ( )
It is convenient to use the identities
k
F% = —lpgMoy, + Impy,my, ng% = —ImFm,, — "m,, (2.12)

(they are tantamount to the identities written in formula (6.22) of chapter 6 in [1]),
together with their immediate implication FO(m*m,)/0y™ = —(l,m*m,, +

lkmnmm). Short evaluations show that
1 ol - oI
N¥ i = =mFmp, | F=—P,, — m;—— | . 2.13
e ( oyt i Bx”) (2.13)

Indeed, from (2.11) it follows straightforwardly that

1 1 1 o
Nknmi = _Fhfanlm - lkan (Fhmz> - Fhmzmkpn
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o 1
+ (I mFm; + lkmi>Pn — l,ymFo, <le)

oI o 1 ¥ o
+ e mFm,, P, + I m*m,,0, (le> — 11*m;m,,, P, — Im"1,,m; P,
Yy

y o 1
+ —hkm,, Py — 1% (1 — Impn)mi Py 4 Fmy, 0, (le)
+ (Im* +lk)m-18 Mo, + mFo, (ll m; — lIm»m )
ZF n m n F m 1 F ? m )
where 9, means 9/0x™. The identity h,,; = m.,,m; has been taken into account.
Canceling similar terms leads to (2.13). Owing to the identity l[ym* = 0, the
vanishing 1, N¥,,,; = 0 holds fine.
Because of y’d,:I = 0, the equality (2.13) can be written in the concise form

1 1
N i = —kammmidnf = —FAka-dn In |1]. (2.14)

The sought Finsler connection
FC = {NF D*,..} (2.15)

involves also the coefficients D¥,,,,, = Dknm(az7 y) which are required to construct
the operator of the covariant derivative D,, which action is exemplified in the
conventional way:

Dyw*,, = d,w”,, + D*pws, — DM s, (2.16)

where w”

m = w*,(x,7y) is an arbitrary differentiable (1,1)-type tensor.
If we differentiate the vanishing d;F = 0 with respect to the variable 7 and

multiply the result by F, we obtain the vanishing

s
Diy; = aii- + Nfgej — D"ijyn =0 (2.17)

when the choice
Dkin = _Nkin (218)

is made. Differentiating (2.17) with respect to y™just manifests that the choice is
also of success to fulfill the metricity condition

Digjn = digjn — D"ijgnn — D"ingjn =0, (2.19)

because of yy N¥ . = 0.
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If we contract (2.18) by y™ and take into account the definition of the coef-
ficients N*;, indicated in (2.5), we obtain the equality

NF = —DF, y". (2.20)

2

The contravariant version of the vanishing (2.17) is obtained through the

chain
Dy’ = dyy’ + D?jpy" = N{ + DIy = 0. (2.21)
Because of D;h™* = 0, applying the derivative D; to the equality h"* =
m™mF (see (2.2)) and contracting the result by m,,, we conclude that

D;mF =0, which means d;m* = N*;,m". (2.22)

Because of the homogeneity, the unit tangent vector components " = ["(x, y)
can obviously be regarded as functions [ = L"(x,#) of the pair (z,6). Let us
denote Iy = OL™/00. Since 0F/00 = 0 and [,ljj = 0, we may conclude from
(2.3) that I} = m”. Measuring the length of the indicatrix (which is defined
by F' = 1) by means of a parameter s, so that ds = /g;;dl*dl7, we obtain

ds = \/gijlglg df = df, assuming ds > 0 and df > 0. Thus
ds = df along the indicatrix, (2.23)

which explains us that the 8 measures the length of indicatriz.

If at a fixed = we introduce in the tangent space T, M the coordinates 24 =

{z' = F, 2% = 0} and consider the respective transforms

B ayi ayz
AB = g”<97\a73’

G A=1,2 B=12, (2.24)

of the Finsler metric tensor components g;;, we obtain simply
Gui=1, Gi2=0, Gop=F" (2.25)

With these components, it is easy to calculate the area of domain of the tangent
space T, M by using the integral measure

/\/det(GAB)dzleZ = /FdFdG. (2.26)

In particular, for the sector oy, .3 C T M bounded by the vectors y1, y2 and
the indicatrix arc we obtain by integration the area (1,0} which is given by

> =560, (227)

{y1,92}
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so that in the two-dimensional case the angle in the Finsler geometry can be
defined by the area just in the same way as in the Riemannian geometry. The
difference

92 —91 = G(x,yg) —H(x,yl) (228)

can naturally be regarded as the value of angle between two vectors y1,y2 € T, M,
the two-vector angle for short. The formula (2.27) is equivalent to Definition (2)
of [6] which was proposed to define angle by area; we use the right orientation of
angle.

As well as the area is attributed to the tangent space by means of the integral
measure (2.26) and the conditions d,F = 0 and d,, (2 — 61) = 0 are fulfilled, the
angle-preserving connection keeps the area under parallel transports along curves
joining point to point in the background manifold. Thus we are entitled to set
forth the thesis: the angle-preserving connection is the area-preserving connection.

3. Curvature tensor

With arbitrary coefficients { N*, D¥,,,.}, commuting the covariant derivative
(2.16) yields the equality

n 8111 k n n
(DiDj = D;iDi) w"), = MhijTyh — B ijw"n + Ep"iw" (3.1)
with the tensors
and
Eknij = diDnjk - denik + ijanim - Dmianjm- (33)

If the choice D¥;, = —N¥,, is made (see (2.18)), the tensor (3.2) can be
written in the form

ON} QNP

M"yj = = = e = N{'D"j + Nj D", (3-4)
which entails the equality
OM™;;
By =~ 1. (3.5)

By applying the commutation rule (3.1) to the vanishing set {D,;F = d;F = 0,
D;y™ =0, D;yr =0, D;gnr, = 0}, we respectively obtain the identities
Y M™; =0, y*E"i;=—-M", ynEx"i; = gea My,
Emnij + Enmij = 2CvranhJM’hij- (36)
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In case of the coefficients { N*, D¥, ...} proposed by (2.6) and (2.18) the direct
calculation of the right-hand parts in (3.2) and (3.3) results in

Theorem 3.1. The tensors M";; and E}";; are represented by the following
simple and explicit formulas:

Mnij = anM” (37)
and
Ep"ij = (=lym™ + I"my, + Impm™ ) M, (3.8)
where 9% 9%
M;; = —2 2% 3.9
Ox*  Ox7 (8.9)
To verify this theorem it is convenient to use (2.22)) and (2.11) and obtain
ol < 0
dimF = —mMF SR L (ImE 4 %) By — mhmk
Ozt Ozt

Full evaluations can be found in Appendix A of [11].
It proves pertinent to replace in the commutator (3.1) the partial derivative
Ow™,/Oy" by the definition
Ow™,
oy

which has the meaning of the covariant derivative in the tangent Riemannian

Spw"y = + Cnhk’whk — C" ™, (3.10)

space Ry,y. With the curvature tensor
P = By — M"5;C" g, (3.11)
the commutator takes on the form
(D;D; — D;D;)w™y = M";;Spw™s, — pplijw™n + pp"ijw" . (3.12)
The skew-symmetry

(3.13)

Pmnij = ~Prmij
holds (cf. the last item in (3.6)).
If we take into account the form of the tensor Cjj; indicated in (2.2), from
(3.8) and (3.11) we may conclude that the curvature tensor is of the following
astonishingly simple form:

Py = (mu — Lym™) My = €. M;;. (3.14)
The tensor py,,;; = gnmpPy"ij can be represented in the form
pknij = enkMZJ (315)

We have lkmnpknl] = _Mij-



Finsler space connected by angle in two dimensions. Regular case 255
4. Riemannian counterparts

If the Finsler space F, is a Riemannian space with a Riemannian metric
function S = +/a;;y'y?, where a;; = a;;(x) is a Riemannian metric tensor, we can
consider the Riemannian precursor coefficients

Lk = NF (4.1)

n n ‘Riemannian limit

From (2.6) it follows that
1
Lk = _ytis — Sm* (ae - kn) : (4.2)
x

On the other hand, denoting by a*,; the Riemannian Christoffel symbols con-
structed from the Riemannian metric tensor a,,,, we can obtain the equality

k h
a nhY

108 00
ox"

= S 3gn? — + nhV,L3h> SmF (4.3)

(see [11]), where by, = by,() is a vector field chosen to fulfill
0(x,b(z)) =0 (4.4)
and the pair ni,gi is orthonormal with respect to the tensor a;;. The reciprocal

pair is {ZZ, n'} with b= aijgj and n’ = a¥n;, where a” is the inverse of a;;. The
V,, stands for the Riemannian covariant derivative taken with a*,;. We get

LZ = Sm*T, — d*ny = LF oy (4.5)
with
LF,, = —ab eﬁcan — (4.6)
and _
T, = n"V by + ky. (4.7)

e?,ilem = y/det(amn) Vjn, where y11 = 722 = 0 and 12 = —721 = 1. The metricity

property
Otmn

ox?
holds independently of presence of the vector T,,. In contrast to the Christoffel

+ L¥imasn + L inams =0 (48)

symbols a¥,,, the coefficients L¥,;, obtained are not symmetric with respect to
the subscripts.
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Let us take the coefficients L"™;;, = —L";;, from (4.6) and construct the tensor
T n oL™ jk az/nzk Fm  Tn Tm  Tn _ Fon
Ly"ij = == = o L5 L = L™ L i = L35 (@). (4.9)
We obtain
Ly = (ViTy = V,;Ti) ™ efi™ + ai™ij, (4.10)
where

a o aa"jk 8a”ik
Wi = ik _

* ot oxJ
is the Riemannian curvature tensor constructed from the Riemannian metric ten-
SOT Qpypn. We have taken into account the vanishing VietRkiem =0.

+ amjka"im — amika”jm (411)

From the equalities
Vigk = fnk'z?mvmm, V,n*F = ffl;knmvifl;m (4.12)
it follows that
Vi(ntV,by) — V;(n'Vib) = n'(ViV ;b — V,;Vibi) = —n'ba,'i;. (4.13)
Therefore, taking the T; from (4.7), we find that
ViT; — V;T; = My; — n'bja;'s;.

Noting the equality

ntblatlijanteféem = ax"ij (4.14)

(see [11]), we conclude that the tensor (4.10) can be read merely
Ly = a™ e ™ M. (4.15)
If we want to have L*;; = a®;;, we must make the choice
kyp = —n""V,by, (4.16)

which entails T; = 0, in which case the tensor L;,";; given by (4.9) is the ordinary
Riemannian curvature tensor az";;.

If the Finsler space F5 is not a Riemannian space, it is possible to introduce
the 0-associated Riemannian space Rygy as follows.

The angle function 0 = 6(z,y) is defined (from equation (2.3)) up to an
arbitrary integration constant which may depend on x, which is the reason why
d,0 should not be put to be zero in (2.8) (in distinction from the vanishing
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dn,F = 0). There exists the freedom to make the redefinition 6 — 6 + C(z). To
specify the value of # unambiguously in a fixed tangent space T, M, we need in
this T, M an axis from which the value is to be measured. Let the distribution of
these axes over the base manifold be assigned by means of a contravariant vector
field b° = b’(z). Then we obtain precisely the equality f(z,b(z)) = 0 which does
not permit the redefinitions anymore.
It is appropriate to construct the osculating Riemannian metric tensor

G (%) = gomn (2,b(2)) and introduce the normalized vector b' = b’ /v/amnb 0"
Because of the homogeneity, gmn (z,b(x)) = gmn (x,g(x)) The vector n;(z) can
be taken to equal the value of the derivative 99/0y’ at the argument pair (m,g(x))
Then, because of 6(z, b(z)) = 0 and 9ij = lilj+m;m; (see (2.2) and (2.3)), the pair
{E,m} thus introduced is orthonormal with respect to the tensor a;; produced
by osculation. This tensor a;; introduces the Riemannian space Ry on the base
manifold M. We obtain the equalities

amngmgn =1, am.n"n" =1, amngmn" =0, (4.17)
and F(m,g(x)) = 1 together with

Amn (2) = gomn (z,0(2)),  0(z,b(x)) =0,

00 ~
Iy (x, n(m)) = —bi(x). (4.18)

00

oy (x,g(m)) = n;(z),

The arisen expansion y"* = bb™ + nn™ is convenient to use in many fragments of
evaluations. The last equality in the list (4.18) is explicated from (2.1).

Now we can download in the space Ryg) all the relations (4.2)-(4.16) formu-
lated above in the Riemannian precursor space. On doing so, we can conclude
after comparing (4.15) with (3.15) that the tensor py,,;; = gnmpy™i; is factorable,
namely

Pinij = F1lini;  With  Lini; = annLi"ij = Linij (2), (4.19)

_ [ det(gn)
fi= Mm. (4.20)

We have arrived at the following theorem.

where

Theorem 4.1. The curvature tensor p,";; of the Finsler space F; equipped
with the angle-preserving connection is such that the tensor py,,; = gnmpPy"™"ij =
pkmj(x,y) is proportional to the tensor Eknij = anhikhij = E;mij(ac) which does
not involve any dependence on tangent vectors. The factor of proportionality fi
is expressed through the determinants of metric tensors, according to (4.20).
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5. Conclusions

In the Riemannian geometry the contraction a®,,y" of the Christoffel sym-
bols a*,,, with the tangent vector y admits the angle representation (4.3)—(4.4).
Why don’t lift the representation to the Finsler level to take the coefficients
NF = NE(z,y) in the operator d,, = Oy + NJ(x,y)9,+ to be of the similar
form? Our proposal in (2.6) was of this kind. At any k,, in (2.6), the vanishing
d,F = dn,0 — k, = d,,(62 — 61) = 0 immediately ensues from this proposal. It
is a big (and good) surprise that the vanishing y N*,,,,; = 0 ensues also, which
enables us to obtain the covariant derivative D,, possessing the metric property
Dyg;; = 0, where Dyg;; = dngi; — Dhmghj — Dhnjgih with the connection co-
efficients D",,; = —N",;,. If we want to obtain torsionless coefficients in the
Riemannian limit of these D",,;, we should take the vector field kn(z) to be the
field ¢, (z) = —nhvniih in accordance with (4.16).

The induced parallel transports of the objects {F, 82 — 61, g;;} along the
horizontal curves (running on the base manifold M) are represented infinitesimally
by the elements {dz"d,F, dz"d, (82 — 61), dz" D,,g;;} which all are the naught
because of d,F' = d,, (02 — 01) = D,g;; = 0. Therefore the transports realize
isometries of the tangent Riemannian spaces Ry,} supported by points x € M,
taking indicatrices into indicatrices. The coefficients N given by (2.6) are in
general non-linear with respect to the variable y.

In the Riemannian case, the right-hand part of the Riemannian coefficients
(4.3) can be expressed through the Christoffel symbols and, therefore, can be
constructed from the first derivatives of the metric tensor. This is the privilege of
the Riemannian geometry which lives in the ground floor of the Finsler building,
— the right-hand part of the Finsler coefficients (2.6) is not a composition of
partial derivatives of the Finsler metric tensor. In distinction to the Riemannian
geometry which provides us with the simple and explicit angle § = arctan(n/b),
the Finsler angle function 8 = 6(z,y) is defined by the partial differentiable
equation (2.3) which cannot be integrated explicitly, except for rare particular
cases of the Finsler metric function.

The second big surprise is that the angle-preserving connection obtained in
this way admits the C'*°-regular realization globally regarding the dependence on
tangent vectors. Such a realization takes place for the Finsleroid-regular metric
function, the Randers metric function, and probably for many other Finsler metric
functions.

The Finsler connection obtained does not need any facility which could be
provided by the geodesic spray coefficients. Due attention to the angle wisdom is
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sufficient: the Finsler space is connected by its angle structure, similarly to the
well known property of Riemannian geometry.

Our consideration was restricted by the dimension 2. Development of due

extensions to higher dimensions is the problem of urgent kind.
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