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On weakly reversible rings and strongly reversible rings

By LIANG ZHAO (Nanjing) and XIAOSHENG ZHU (Nanjing)

Abstract. We introduce the notion of weakly reversible rings which is a genera-
lization of reversible rings, and investigate its properties. We first give some examples
of weakly reversible rings. We next argue about the weak reversibility of some kinds of
polynomial rings. A number of properties of this generalization are established. Furt-
hermore, we introduce the concepts of a-strongly reversible rings and («, §)-strongly re-
versible rings to consider the strongly reversible property of an Ore extension R[z;, d]
of a ring R instead of the ring R[z].

1. Introduction

In [1], ConN introduced the notion of a reversible ring, a ring R is said to
be reversible if ab = 0 implies ba = 0 for a,b € R. ANDERSON—CAMILLO [2],
observing the rings whose zero products commute, used the term ZC5 for what
is called reversible; while KREMPA-NIEWIECZERZAL [3] took the term Cy for it.
Recall that an endomorphism « of a ring R is called to be rigid if ac(a) = 0 implies
a =0 for all a € R. We call a ring R a-rigid if there exists a rigid endomorphism
a of R. Note that every a-rigid ring is reduced (i.e., rings without no nonzero
nilpotent elements in R). It is well known that every reduced ring is a reversible
ring.

We consider a weak form of reversible rings in this paper. We call a ring R
weakly reversible if ab = 0 implies that r1broars is a nilpotent element of R for
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all a,b € R and 71,72,73 € R. As one would expect, reversible rings are weakly
reversible. Examples are given to show that the converse is not true. We obtain
the following implications of reversible rings :

reduced rings = strongly reversible rings = reversible rings = weakly
reversible rings.

In general, each of these implications is irreversible. In [4, Lemma 1.4], it was
claimed that all reversible rings are semicommutative, and we show that weakly
reversible rings are not necessarily semicommutative in general. For a ring R, we
prove that: (1) R is weakly reversible if and only if for any n, the n-by-n upper
triangular matrix T, (R) is a weakly reversible ring. (2) If R is a semicommutative
ring, then R[z] is weakly reversible. (3) R[z] is weakly reversible if and only if
Rlx;271] is weakly reversible.

Furthermore, we introduce the concept of a-strongly reversible rings for an
endomorphism « of a ring R. We do this by considering the strongly reversible
property on polynomials in the skew polynomial ring R[z; o] instead of the ring
Rx] (without skewing the scalar multiplication). This provides us with an op-
portunity to study strongly reversible rings in a general setting.

Throughout this paper, R denotes an associative ring with identity and «
denotes a nonzero and non identity endomorphism, unless specified otherwise.
For a ring R, we denote by nil(R) the set of all nilpotent elements of R.

2. Examples

Our focus in this section is to introduce the concept of a weakly reversible ring
and give some examples of weakly reversible rings. We start with the following
definition.

Definition 2.1. Let R be a ring, R is said to be a weakly reversible ring if
ab = 0 then r1broars € nil(R) for all a,b € R and r1,79,73 € R.

Clearly, every reversible ring is weakly reversible. In the following we will
see that the converse is not true. Note that the class of weakly reversible rings is
closed under subrings and finite direct products.

Ezxample 2.1. Let R be a reduced ring. Then for any n > 2, the n-by-n upper
triangular matrix ring T, (R) is not reversible. But T, (R) is weakly reversible.

Proor. First we give some claims. O

Claim 2.1. A ring R is a weakly reversible ring if and only if, for any n > 2,
the n-by-n upper triangular matrix ring T,,(R) is weakly reversible .
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We note that any subring of weakly reversible rings is weakly reversible. Thus
if T,,(R) is a weakly reversible ring, then so is R. Conversely, let

i1 i i1 is io is
aty aly ... ap, a ay ... ap,
0 al all 0 aZ a’?
99 .- 5 o e 5
A= o " eT(R), A,=| o "l eT,(R)
0 0 ... ab, 0 0 ... ab,

with A;, A;,=0, and let

vEoOWE b
0 blr ... b

Bj, = 22 1 e T(R),k=1,2,3.
0 0 bik,

Then we have a;} a;? = 0 for any 1 < ¢ < n. Since R is weakly reversible,
there exists m; € N such that (b} aj? b7 a;} b}2)™i = 0 for any i,i = 1,2,

SN,
Let m = max{mi, ma,...,my,}, then
m
(leAizBJéAths)
J1 12 pJ2 11 1,73
by a1} b1} agy by SR e *
J1 12 pJ2 11 173
0 by agh by ass by *
i1 402 Bhi2 401 BJ3
O 0 A b’Zzna’nn b"zl’ﬂ a’nn b"zln
0 = *
0 O *
0 0 0

So we have ((Bj, 4, Bj, Ai, Bj,)"™)™ = 0, this implies that T},(R) is a weakly
reversible ring.

The following is a corollary of Claim 2.1.

Claim 2.2. Let R be a reduced ring, then, for any n > 2, T, (R) is weakly
reversible.
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It is straightforward to verify that T,,(R) is not reversible (see, e.g., [4,
Example 1.5]). But T,,(R) is weakly reversible by Claim 2.2.

It is well known that for a ring R and any positive integer n, if R is reduced
then R[x]|/(z™) is reversible, where (z") is the ideal of R[z] generated by ™.
Based on it we may suspect that if R is reversible then R[z]/(z™) is reversible
(n > 2). But the following example eliminates the possibility.

Ezample 2.2. Let H be the Hamilton quaternions over the real number field
and R be the trivial extension of H by H. Then R is reversible. But § =
T(R,R) = (5") is not reversible by [4, Example 1.7]. Thus we have

ap ap az ... Ap—1
0 ay a1 ... Qp_o
Rlz]/(z)={ [0 0 a0 ... ans||geR, i=0,1,...,n—1

0 0 0 O ao
is not reversible for any n > 2. However since R is weakly reversible by Claim 2.1,
R[z]/(z™) is weakly reversible.

Another generalization of a reversible ring is a McCoy ring. NIELSEN [5]
called a ring R right McCoy if the equation f(z)g(x) = 0, where f(z),g(x) €
R[z]\ {0}, implies that there exists s € R\ {0} such that f(z)s = 0. Left McCoy
rings are defined analogously. McCoy rings are both left and right McCoy rings.
Every reversible ring is McCoy by [5, Theorem 2]. Based on this fact, one may
suspect that if R is weakly reversible then R is a McCoy ring. But this is not
true by the following example.

Example 2.3. Let R be a reduced ring and let

aix a2 aiz ... G1n
0 ag9 23 ... agn
Tn(R) = 0 0 ass ... Q3pn ‘ a;j € R

0 0 0 0  ann
Then R is not McCoy by [6, Theorem 2.1], but R is weakly reversible by Claim 2.2.
According to [7], a ring R is called semicommutative if for all a,b € R, ab =0
implies aRb = 0. Since every reversible ring is semicommutative [4, Lemma 1.4],
we may conjecture that weakly reversible rings may be semicommutative. But

the following example shows that there exists a weakly reversible R such that R
is not semicommutative.
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Ezxample 2.4. Let F be a division ring and we consider the 2-by-2 upper

triangular matrix ring R = (£ £). It is clear that R is not a semicommutative

ring, but R is weakly reversible.

3. Polynomial extensions of weakly reversible rings

Now we will study some conditions under which polynomial rings may be
weakly reversible. According to [8], a ring R is called Armendariz if whenever
polynomials f(z) = ag + a17 + a2z? + -+ + ana™, g(x) = by + byz + box? +
-+ bpa € Rz satisfy f(x)g(xz) = 0, then a;b; = 0 for each 4, j. In [9], Liu
introduced the notion of a weak Armendariz ring which is a generalization of
Armendariz rings. A ring R is called weak Armendariz if whenever polynomials
f(x) = aptarz+asz?®+ - +anma™, g(x) = bo+biw+box®+- - -+b,z" € R[z] satisfy
f(z)g(z) = 0, then a;b; is a nilpotent element of R for each ¢, j. Semicommutative
rings are weak Armendariz rings [9, Corollary 3.4].

We conclude this section by investigating how the weak reversibility of a
weakly reversible ring behaves with respect to polynomial rings. The following
Lemma was proved in [9, Lemma 3.1].

Lemma 3.1. Let R be a semicommutative ring. Then nil(R) is an ideal
of R.

The following is [9, Lemma 3.7].

Lemma 3.2. Let R be a semicommutative ring, f(z) = ag + a1z + asz? +
<+ apx™ € Rlz). If ag,a1,...,a, € nil(R), then f(z) € nil(R[z]).

It was proved in [7, Example 2| that if R is a semicommutative ring, then
RJ[x] need not be semicommutative (hence not be reversible). However, we have
the following.

Proposition 3.1. Let R be a semicommutative ring. Then R[z| is weakly
reversible.

PROOF. Let f(z)= 3" aix’, g(x) = Y7_,bja’€ Rlz] satisty f(z)g(x)=0.
And let hy(z) = S0 cpa®, ha(z) = Y82, diat, ha(z) = Y72, esx® be elements
of R[z]. Since semicommutative rings are weak Armendariz, there exists n;; € N
such that (a;b;)™ = 0 for any ¢ and j, and hence (cixbjdiaies)" = 0 by the
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semicommutativity of R. Note that

ha(@)g(@)ha (@) f () hs(x)

m+n+pi1+p2+p3
E ( E ckbjdtaies>x”.
i+j+h+t+s=p

p=0

We can see that Zi+j+k+t+s:p cxbjdiases € nil(R) for any p by Lemma 3.1.
Thus hq(x)g(z)he(z) f(x)hs(z) € nil (R[z]) by Lemma 3.2. This shows that R[x]
is weakly reversible. (Il

Let R be a ring and A be a multiplicative monoid in R consisting of central
regular elements, and let A™'R = {u"la|lu € A,a € R}, then A7'R is a ring.
For it, we have the following result.

Proposition 3.2. Let R be a ring, e is a central idempotent of R. Then the
following statements are equivalent.

(1) R is weakly reversible.
(2) eR and (1 — e)R are weakly reversible.
(3) A™LR is weakly reversible.

PROOF. (1) <= (2) is straightforward since subrings and finite direct pro-
ducts of weakly reversible rings are weakly reversible.

(3) = (1) is obvious since R is a subring of A7!R.

(1) = (3) Let af = 0 with a = u~'a, = v~ !b, u,v € A and a,b € R,
and let 7; = w;c; be any element of AT 'R, i = 1,2,3, w; € A,¢; € R. Since
A\ is contained in the center of R, we have 0 = a3 = u=tav=tb = (u=tv=1)ab,
and so ab = 0. But R is weakly reversible, so there exists n € N such that

(c1bcgacs)™ = 0. Then

(r18raars)" = (wflclv_lbw;102u_1aw§1C3)"

((wflvflwgluflw;l)(clbcwc?,))” = ((wguwngl)*l(cleQac;;))"

= ((wzuwovwy) 1) (c1begacs)™ =
Hence AR is weakly reversible. O

The ring of Laurent polynomials in x, with coefficients in a ring R, consists
of all formal sum Z?:k m;x' with obvious addition and multiplication, where
m; € R and k,n are (possibly negative) integers. Denote it by R[x;z~1].
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Corollary 3.1. For a ring R, R[z] is weakly reversible if and only if R[z; x71]
is weakly reversible.

PROOF. It suffices to establish necessity since R[z] is a subring of R[z;z™].
Let A = {1,x,22,...}. Then clearly A is a multiplicative closed subset of R[x].
Since R[x;271] = A~LR[z], it follows that R[z;2~!] is weakly reversible by Pro-
position 3.2. O

Remark. The following is another direct proof of Corollary 3.1.

Let f(z),g9(x) € Rlz;z~1] with f(z)g(xz) = 0, and let hi(xz) € Rlx;z~!]
be any element with ¢ = 1,2,3. Then there exists s € N such that fi(z) =
f(@)z*,g1(z) = g(x)z® and hj(z) = hi(xz)z® € R[z], i = 1,2,3. Since R[z] is
weakly reversible and f;(2)g1(x) = 0 by the hypothesis, there exists n € N such
that

(hy(@)g1(2)hy(@) fr(2) R (x))" = 0.
Then we have
(h1(2)g(2)ha(2) f(2)h3(2))" = (27 (W) (2) g1 (2)ha () fr () i ()"
= (z7%)"(hy(2)g1 ()3 () fi () hy ()" = 0.
And so R[x;z~1] is weakly reversible.

It was proved in [4, Proposition 2.4] that if R is an Armendariz ring, then R
is reversible if and only if R[z] is reversible if and only if R[z;z~!] is reversible.
Accordingly, we have the equivalence on weak reversibility in another situation.

Corollary 3.2. Let R be a ring, then the following statements are equivalent:
(1) R is weakly reversible.

(2) R[z] is weakly reversible.
(3) R[x;z~1] is weakly reversible.
Now we consider D. A. JORDAN’s construction of the ring A(R,a) (see [10]

for more details). Let A(R,a) or A be the subset {x~rat|r € R,i > 0} of the

skew Laurent polynomial ring R[z, 77 1;a], where o : R — R is an injective ring

L. a] are finite sums of elements

endomorphism of a ring R. Elements of R[x,x~
of the form z~‘rz® where r € R and i is a non-negative integer. Multiplication
is subject to zr = a(r)x and rz~! = x71a(r) for all r € R. Note that for each
§ >0, z7tra’ = 2=+l (r)2(H+9) | Tt follows that the set A(R,q) of all such

elements forms a subring of R[z,z~!;a] with
2 et 4 I = x_(iﬂ)(aj(r) + ai(s))x(i-&-j)

(z7ra?) (z 7 s2?) = 2~ ) (o ()i (5)) 2z
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for r,s € R and 4,5 > 0. Note that « is actually an automorphism of A(R, «).

Following [11], a ring R is a-compatible if for each a,b € R,aa(b) = 0 &
ab = 0. A ring R is a-rigid if and only if R is a-compatible and reduced [11,
Lemma 2.2]. Thus the a-compatible ring is a generalization of an a-rigid ring to
the more general case where R is not assumed to be reduced.

Proposition 3.3. If R is an a-rigid ring, then A(R, «) is a weakly reversible
ring.

PROOF. Let a =z~ 'rat,b =2"7s2/ € A(R, ). Suppose that
(z~'ra?)(z=Isxz?) = 0. Then =+ (o (r)a’(s))z+7) = 0 and so o/ (r)a’(s) = 0.
Let 71 = ™ ™pax™,ry = z "qz",r3 = x 'hz' be elements of A(R,«), where
p,q,h € R and m,n,t are non-negative integers. Since R is an a-rigid ring, we
know that R is a-compatible and reduced. It is obvious that every reduced ring
is weakly reversible, then there exists £ € N such that

(@™ (p)at (s)a™ I (g)ad (1) o™ () = 0.

Using [11, Lemma 2.1] and the fact that every reduced ring is reversible, we
obtain

(ak(m+n+i+j+t)7m( ak(m+n+i+j+t)fj (S)ak(m+n+i+j+t)fn(

q)
k(m+n+i+j+t)7i(T)ak(m+n+i+j+t)7t(h))k —0.

p)

«
It follows that

(ribroars)® = ((z7™pa™)(z ™7 s27) (x "qz™) (z " rat) (z~ that))*

— (x—(m+n+i+j+t) (an+i+j+t( am+n+i+t (S)am+i+j+t( am+n+j+t(,r)

) q)

am+n+i+j (h) )x(m+n+i+j+t))k

_ xfk(m+n+i+j+t) (ak(m+n+i+j+t)fm( )ak(m+n+i+j+t)fj (S)ak(m+n+i+j+t)fn(

P q)

ak(m+n+i+j+t)—i(r)ak(m-ﬁ—n-ﬁ—i—i-j—i-t)—t (h))kxk(m+n+i+j+t) =0.

This proves that A(R, «) is a weakly reversible ring. O

4. a-strongly reversible rings and (a, §)-strongly reversible rings

In this section, we consider the strongly reversible property on polynomials
in the skew polynomial ring R[z; «] instead of the ring R[z] (without skewing the
scalar multiplication). We begin with the following.
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Definition 4.1. Let a be an endomorphism of a ring R. R is called a-strongly
reversible if for f(z) = Y gai’, g(z) = 3°7_obja? in Rlz;al, f(z)g(z) = 0
implies g(x)f(z) = 0.

According to [12], a ring R is called strongly reversible, if whenever polyno-
mials f(z),g(z) € Rx] satisty f(z)g(x) = 0, then g(z)f(z) = 0. Since reduced
rings are strongly reversible by [12], every a-rigid ring is a-strongly reversible
[13, Proposition 6]. For the identity endomorphism I of a ring R, R is strongly
reversible if and only if R is Ir-strongly reversible. Reduced rings are always
Ir-strongly reversible.

In [14], the reversible property of a ring is extended to a ring endomorphism
as follows: an endomorphism « of a ring R is called right (resp., left) reversible
if whenever ab = 0 for a,b € R,ba(a) = 0 (resp., a(b)a = 0). A ring R is
called right (resp., left) a-reversible if there exists a right (resp., left) reversible
endomorphism « of R. R is a-reversible if it is both right and left a-reversible.

The next example shows that weakly reversible rings need not be a-reversible.

Example 4.1. Let Z be the ring of integers. Consider the ring

R:{<a b) a,b,cEZ}.
0 c

Let o : R — R be an endomorphism defined by

()= 5)

Then R is not left a-reversible by [14, Example 2.2]. But R is weakly re-
versible by Claim 2.1. Tt is obvious that R is not reversible, so R is not strongly
reversible.

In [15], HONG called a ring an a-Armendariz ring if whenever any polynomials
flx) =Yg aix g(x) = Y7 bja in R[z;al, f(x)g(x) = 0 implies a;b; = 0 for
all 0 < i <mand 0 < j < n. The following example shows that there exists a
strongly reversible ring which is not a-strongly reversible.

Ezxample 4.2. Let R = Zo @ Zo, where Zs is the ring of integers modulo 2.
Then R is a commutative reduced ring. Thus it is strongly reversible. Let a : R —
R be an endomorphism defined by «((a,b)) = (b,a). Then for f(z) = (0,1) +
(1,0)z and g(x) = (1,0)z in R[z;a], we have f(z)g(x) = 0, but g(x)f(z) # 0.
So R is not a-strongly reversible. Note that R[z; ] is not reduced.

Moreover, R is not a-Armendariz. In fact, for f(z) = (1,0) 4+ (1,0)z and
g(z) = (0,1) + (1,0)x in R[x;q], f(x)g(x) = 0 but (1,0)(1,0) # (0,0) € R.
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A ring R can be extended to a ring

S = |a,b,c,d € R

o o 9
S o
L Q0

and an endomorphism « of a ring R is also extended to the endomorphism & :
S — S defined by a(a;;) = (a(aij)).

Note that Example 4.2 also shows that strongly reversible rings need not be
a-Armendariz. The next example shows that a-Armendariz rings need not be
strongly reversible.

Ezxample 4.3. Let o be an endomorphism of a ring R. If R is an a-rigid ring,

then

S = |a,b,c,d € R

o o 9
[eol SIS N
L Q0

is a-Armendariz [15, Proposition 2.1]. But S is not strongly reversible by [12,
Example 3.7]. Note that S is not reduced, so S is not a-rigid.

We can obtain the following equivalence in the case of a reduced a-strongly
reversible ring.

Proposition 4.1. R is an a-rigid ring if and only if R is a reduced a-strongly
reversible ring.

PRrROOF. It is enough to show that R is a-rigid when R is a reduced a-strongly
reversible ring. Assume aa(a) = 0 for @ € R. Then for f(z) = ar and g(z) = a in
Rlz;a], f(z)g(z) = axa = aa(a)x = 0. Since R is an a-strongly reversible ring,
a? = 0. Thus, a = 0 since R is reduced. Therefore, R is a-rigid. ([

Proposition 4.2. Let R be an a-Armendariz ring. Then the following sta-
tements are equivalent: (1) R is reversible. (2) R is a-strongly reversible. As
a corollary, let R be an Armendariz ring. Then the following statements are
equivalent: (1) R is reversible. (2) R is strongly reversible.

PRrROOF. It follows from [15, Theorem 3.6] and [15, Corollary 3.7]. O

Note that in Proposition 4.2, the statement R is a-Armendariz is not super-
fluous by Example 4.2.

In [16], HONG et al. defined a ring R with an endomorphism « to be a-
skew Armendariz if whenever f(x) = >31"a;a", g(x) = >7_(bja’ in R[z;al,
f(z)g(z) = 0 implies a;a’(bj) =0 for all0 <i<mand 0 < j <n.
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The next example shows that there exists an endomorphism « of a ring R
such that (1) R is a-skew Armendariz, (2) R is not a-strongly reversible, (3) R
is not a-Armendariz.

Ezample 4.4. Consider the ring of polynomials over Zs, R = Zo[z]. Let
a: R — R an endomorphism defined by a(f(x)) = f(0). Then
(1) R is a-skew Armendariz [16, Example 5].
(2) R is not a-strongly reversible: Let p = ay,q = b € Rly;a] with a = 1+ x
and b = x, then pq = ayb = aa(b)y = 0. But gp = bay = x(1 + x)y # 0.
(3) R is not a-Armendariz [15, Example 1.9].

An Ore extension of a ring R is denoted by R[z;«, d], where « is an endo-
morphism of R and § is a a-derivation, i.e., § : R — R is an additive map such
that §(ab) = a(a)d(b) + 6(a)b for all a,b € R. Recall that elements of R[x;a, d]
are the polynomials Z:-L:O r;z',r; € R, where addition is defined as usual and
multiplication by za = a(a)z + d(a) for all a € R.

For any 0 < i < j (4,j € N),fl-j € End(R,+) will denote the map which is
the sum of all positive words in «, § built with 7 letters @ and j — i letters ¢ (e.g.,
fr=a"and f§ =d",neN).

Lemma 4.1 ([17, Lemma 4.1]). For any n € N and r € R we have z"r =
X0 fP(r)z® in the ring R[z; a, 0].

Following HASHEMI and Moussavi [18], a ring R is called (a, d)-skew Ar-
mendariz ring if whenever polynomials f(z) = >1" a2t g(z) = > =0 bjal €
Rlz; o, 6] satisfy f(x)g(z) =0 then a;z'b;x? = 0 for each 14, j.

The following Lemma extends [13, Proposition 6].

Lemma 4.2. Let R be a ring, o an endomorphism of R and § a a-derivation.
Suppose that R is («,0)-skew Armendariz and («,d)-compatible. Let f(z) =
Yitgaixt, glx) = YI_gbja) € Rlx;0,6]. Then f(x)g(z) = 0 if and only if
aibj =0 forall 0 <i<mand 0 < j <n.

PROOF. Assume that f(z)g(z) = 0. Since R is («,d)-skew Armendariz,
aixibjxj = 0 for all 4, j. Then we have the following equation by Lemma 4.1:

a;r'bja? = a; Z fi(b))x? ™ = a;a’(bj)z"™ + h(x) =0,
t=0

where h(z) is a polynomial of degree strictly less than i+j. Therefore, a;a’(b;)=0.
Since R is (a, §)-compatible, a;b; =0 forall 0 <i<mand 0 <j <n.
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Conversely, suppose that a;b; = 0 for all ¢, 5. Then
_ i
a;z*bjz? = Zaiff(bj)aﬂ“ =0
t=0

by (a, §)-compatibility of R and Lemma 4.1. This implies that a;f;(b;) = 0 for
all 7, j, t. Therefore

f(x)g(z) = (igax) <§:Objxﬂ'> = mif( > aimibjxj> =0. 0

k=0 Nit+j=k

We call a ring R («, §)-strongly reversible if whenever polynomials f(z) =
ST agrt, glx) = S byt € Rlx;a,0] satisfy f(x)g(x) = 0 then g(x)f(z) = 0.

Proposition 4.3. Let R be a ring, a an endomorphism of R and § a a-
derivation. Suppose that R is («,0)-skew Armendariz and («,d)-compatible.
Then R is reversible if and only if R is («, §)-strongly reversible.

PrOOF. It suffices to show that if R is reversible, then R is («, d)-strongly
reversible. Let f(z) = Yo a;z’, g(z) = Z?:o bjz? € R[z;a,d] such that
f(z)g(z) =0, by Lemma 4.2, we have a;b; =0 for all0 <¢i<mand 0 < j < n.
Since R is reversible, bja; = 0 for all 0 < ¢ < m and 0 < j < n. Consequently
g(z) f(x) = 0, this shows that R is («, d)-strongly reversible. O
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