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On a characterization theorem on Abelian groups

By GENNADIY FELDMAN (Kharkov) and MARGARYTA MYRONYUK (Kharkov)

Abstract. Let £1,&2,...,&,, n > 2 be independent identically distributed random

variables. It is well known that if £ = % ;L:l Eandv = (& —& & —&,... & — &) are
independent, then all £; are Gaussian. We give a complete description of second coun-
table locally compact Abelian groups for which a group analogue of this characterization
theorem holds true.

1. Introduction

It is well known that if &1,&s,...,&,, n > 2 are independent identically dis-
tributed Gaussian random variables, then & = %Z?Zl &and v= (& — & & ¢,
., &y — &) are independent. Assume now that £1,&a,...,&,, n > 2 are indepen-
dent identically distributed random variables such that £ and v are independent.
Then ¢ and s* = 1 So7_1 (&5 — €)? are also independent. This implies by Geary’s
theorem ([6], [11], [10], [13]) that the random variables &; are Gaussian. Thus,
a Gaussian measure on the real line is characterized by the independence of &
and v.

The article deals with a generalization of this characterization theorem to
the case when independent random variables take values in a locally compact
Abelian group. Since an arbitrary Abelian group generally is not a group with
unique division by n, instead of £ and v we consider S = 2?21 & and V =
(n& - S, cee ,n{n - S)

We will use in the article the standard results on structure of locally compact
Abelian groups and the duality theory ([7]). Agree on notation. For an arbitrary
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locally compact Abelian group X denote by Y = X* its character group, and by
(z,y) the value of a character y € Y at an element z € X. If H is a closed subg-
roup of the group Y, then denote by A(X,H)={x€ X : (z,y)=1for all ye H}
its annihilator. Denote by cx the connected component of zero of the group X,
and by bx the set of all compact elements of X. Let n be a natural number. Put
Xy ={r€X:nz=0}and X(") = {z € X : 2 = nZ, T € X}. Denote by Z the
group of integers, by R the group of real numbers and by T the circle group (the
one-dimensional torus). Let Y be an arbitrary Abelian group, f(y) be a function
on Y, h be an element of Y. Denote by Aj, the finite difference operator

Anf(y) = fly+h)— fy).

A function f(y) on Y is called a polynomial if for a nonnegative integer m f(y)
satisfies the equation
AP fy) =0, yheY.

The minimal m for which this equality holds is called the degree of the polyno-
mial f(y).

We will assume in the article that X is a second countable locally compact
Abelian group. Denote by M!(X) the convolution semigroup of probability dist-
ributions on X. For u € M}(X) denote by

Aly) = /X (2, y)dp(z)

its characteristic function. Note that if £ is a random variable with values in X
and distribution u, then the characteristic function of the distribution p is the
mathematical expectation

n(y) = E[(& y)].

Denote by E, the degenerate distribution concentrated at the point z € X.
The set of all degenerate distributions on the group X denote by D(X). For
p € M'(X) define the distribution i € M*(X) by the formula ji(B) = p(—B) for
any Borel set B. Denote by o(u) the support of a distribution pu.

A probability measure v on the group X is called Gaussian (in the sense of
PARTHASARATHY) ([12, Ch. 4.6)), if its characteristic function can be represented
in the form

(y) = (z,y) exp{—p(y)}, (1)

where z € X, and ¢(y) is a continuous nonnegative function on Y satisfying the
equation
o(u+v) +ou—v) =2[p(u) + @), uvveY. (2)
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Taking into account that in the article we will deal only with Gaussian measures
in the sense of Parthasarathy we will name them Gaussian. Denote by I'(X) the
set of Gaussian measures on the group X. Denote by my the normalized Haar
measure of a compact subgroup K of the group X, and by I(X) the set of shifts
of such measures.

We will say that a distribution pu € ', (X) if there exist independent identi-
cally distributed random variables &;, j = 1,2,...,n, n > 2 with values in the
group X and a distribution p such that S and V are independent.

It is not difficult to verify that for a group X the inclusion I'(X) C T',,(X)
holds. In §2 we completely describe groups X which have the following property:
if 4 € T',,(X) and the characteristic function fi(y) does not vanish, then p € I'(X).
We apply the results of §2 in §3 to give the complete description of locally com-
pact Abelian groups X for which any distribution p € T',,(X) is invariant with
respect to a compact subgroup K of the group X and under the natural homo-
morphism X +— X/K induces on the factor-group X/K a Gaussian measure. We
can consider the obtained class of groups as the widest subclass of locally compact
Abelian groups on which an analogue of the theorem about characterization of
a Gaussian measure on the real line by the independence of ¢ = %Z?zl & and
v=(&—&&—E,...,& — ) holds.

The above mentioned problems are reduced to solving of a functional equation
in the class of continuous positive definite functions on the group ¥ = X*.

2. The characteristic function [i(y) does not vanish

Lemma 1. A distribution yu € T',,(X) if and only if its characteristic function
1(y) satisfies the equation

n
H (u+nvj—(v1+ - +vy))
j=1

n
H plnvj — (v +--+v,)), u,v1,...,0, €Y. (3)

PrOOF. Note that S and V are independent if and only if the equality

E[(S’ u)(v7 (vla .o 7vn))} = E[(S> U)]E[(V, (Uh ceey vn))] (4)

holds for all u,vy,...,v, € Y. Taking into account that the random variables
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&1,...,&, are independent, we transform the left-hand side of (4):

E[(S,u)(V, (v1,...,00))] = E[(&1 + -+ + &nyu)(n€1 — (&1 + -+ 4 &n),
angn_(gl et gn)); (Uh s 7””))]

n n
=E H(§j7u+nvjf(v1+~--+vn H (u+nv;—(vy + -+ vp)).
j=1 =1

Analogously we transform the right-hand side of (4):

E[(S,w)E[(V, (v1,...,0.))] = E[(& + -+ + &y w)]E[((né1 — (§1 + -+ + &),
sy nép — (fl"‘"'+§n))7(vlv"'7vn))]

Il
::]:

E[(&,u) H (&ynvj — (v1 4+ vn))

.
I
s

n

E[(&,w)] [T B, nvj — (01 4+ +v0))]

Jj=1

<
Il
s

|

Hﬁm}z (v1 4+ vp)). O

Suppose that v € I'(X) and the characteristic function 7(y) has representa-
tion (1). By the function ¢(y) we can construct a symmetric 2-additive function
by the formula

Yu,0) = glplu+v) — p(w) — o(0)]

Then ¢(y) = ¥(y,y). Using this representation for the function ¢(y) one can
check directly that the characteristic function 7(y) satisfies equation (3). Hence,
by Lemma 1 the inclusion

P(X) C TW(X) (5)

holds. The main result of this section is the complete description of groups X
which have the property: if u € I'),(X) and the characteristic function u(y) does
not vanish, then p € T'(X). The following proposition is valid.

Proposition 1. Assume that u € T'2(X) and the characteristic function
1i(y) does not vanish. This implies that p € T'(X) if and only if the group X
contains no subgroup topologically isomorphic to the two-dimensional torus TZ2.
Assume that p € T',,(X), where n > 3. This implies that u € T'(X) if and only if
the group X contains no subgroup topologically isomorphic to the circle group T.
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We need some lemmas to prove Proposition 1.

Lemma 2. Let X = T and n > 3. Then there exists a distribution pu €
I',,(X) such that the characteristic function [i(y) does not vanish and p ¢ T'(X).

PrOOF. Let n = 3. Consider on the group Z the function

1 if kez®

21
i if 14276
(k) = exp{ 9 } if kel+ ()

2
exp{g} if ke2+70.

B(k) = exp{27rki} , ke (7)

Taking into account (7) and the fact that I(k+ 3p) = I(k), k,p € Z, we can verify
directly that the function I(k) satisfies equation (3) for n = 3.
Take o > 0 in such a way that the inequality

Z exp{—ok?®} < 1 (8)
kEZ, k#0
holds. Put

pt) =1+ Y IUk)exp{—ok® —ikt}, teR.
kEZ, k#£0

Since I(—k) = I(k), |I(k)| =1, k € Z, in view of (8) the inequality
pt)>0, teR
is valid. We also have Lo

— t)dt = 1.
o 4/)()

Let p be the distribution on the group T with density r(e®) = p(t) with respect
to mp. By the construction the characteristic function of the distribution pu is of
the form

i(k) = I(k)exp{—0ok?}, k€.

Since the function [(k) satisfies equation (3) for n = 3, the characteristic function
1(k) also satisfies equation (3) for n = 3. By Lemma 1 p € I's(X). On the other
hand, since the function (k) is not a character of the group Z, we have pu ¢ I'(X).
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Let n > 3. If n =2p—1 we put

1 if keq+2™, ¢=0,1,....,p—2,p+1,...,n—1,
o

exp{m} if kep—1+270
n

o
exp{—m} if kep+z.
n

If n = 2p we put

1 ifk AR
k) = if k¢p+

—1 if kep+2™.

Next we argue as in the case when n = 3. (]

Remark 1. Let n > 3. It is easily seen that the function I(k) constructed in
the proof of Lemma 2 is the characteristic function of a signed measure on the
group T concentrated in the subgroup Z(n) (the multiplicative group of nth roots
of unity).

Lemma 3. Assume that~y € T',,(X), and the characteristic function5(y) > 0
for y € Y. Then v € I'(X), and the function 7(y) can be represented in the
form (1), where x = 0.

PrROOF. Put ¢(y) = —log7(y). By Lemma 1 the characteristic function
~(y) satisfies equation (3). Taking the logarithm of both sides of (3), we get

Zw(u—i—nvj — (14 +o)
j=1

n

= mp(y) + Y Py — (v1 4+ +v,)), w,v; €Y. (9)
j=1
We use the finite difference method to solve equation (9). Let h; be an
arbitrary element of the group Y. Substitute u + hy for v and v; + hy for v, j =
1,2,...,n in equation (9). Subtracting equation (9) from the resulting equation
we obtain

ZAhIZ/J(U +nv; — (Vi 4+ o)) =nlpY(u), uw, hi,v; €Y. (10)
j=1
Let ho be an arbitrary element of the group Y. Substitute u+ hs for v and vy + ho
for vy in equation (9). Subtracting equation (10) from the resulting equation we
get

An}LzAhl1/)(u+nU1—(U1+ -~-+Un)):nAh2Ahl¢(u), u,hl,hg,vjeY. (11)
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Let hg be an arbitrary element of the group Y. Substitute u+ hg for v and vy +hg
for w9 in equation (9). Subtracting equation (11) from the resulting equation we
find

TLAhBAhQA}“lZJ(U) =0. u,hi,hs,hz €Y. (12)

Put in (12) hi1 =ho = hs =h. We get
Adp(u) =0, wu,h €, (13)

i.e. ¥(y) is a continuous polynomial of degree < 2. It is easy to see that each
polynomial of degree < 2, in particular ¥(y), can be represented in the form

YY) =v(y) +1l(y) +c, yevy, (14)

where the function p(y) satisfies equation (2), the function I(y) satisfies equation
u+0) = )+ 1(v), wveY,

and ¢ = const. Since 7(0) = 1, we can assume that ¢ = 0. Since the function

(y) is real-valued, we have ¥(—y) = 7(y) = 7(y). Hence, ¥(—y) = ¥(y). This
implies that in (14) I(y) = 0, y € Y. So, ¥(y) = ¢(y), y € Y. This proves the
lemma. O

A distribution g € M!(X) is called a Gaussian measure in the sense of
Bernstein ([9, 5.3]) if x4 has the following property: if & and & are independent
identically distributed random variables with values in X and distribution u,
then their sum and difference are independent. We denote by I'g(X) the set of
Gaussian measures in the sense of Bernstein on the group X.

Lemma 4 ([9, 5.3]). A distribution p € M*(X) belongs to the class T'5(X)
if and only if the characteristic function [i(y) satisfies the equation

fi(u+o)i(u —v) = ()i, woveY. (15)
Lemma 5. T'2(X) = T'p(X).

PROOF. Let u € T'5(X). By Lemma 1 the characteristic function fi(y) satis-
fies equation (3) which takes the form

fi(u+ (01 = v2)fi(u = (1 = v2)) = @2 (W)[fi(vr = v2) %, w,01,02 €Y. (16)

Substituting v; = v, vo = 0 into (16), we obtain that the characteristic function
1(y) satisfies equation (15). Hence, by Lemma 4 p € I'p(X). Lemmas 1 and 4
also imply that if 4 € T'p(X), then p € Iy(X). O
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PROOF OF PROPOSITION 1. Let n = 2. Applying Lemma 5 we reduce the
proof of Proposition 1 to the proof of the corresponding statement for distributions
from the class I'g(X), but for such distributions this statement was proved in [2]
(see also [5], Lemmas 9.6 and 9.7).

Let n > 3 and u € I',(X). Put v = p* . It follows from Lemma 1 that
v € I'h(X). Since v(y) = |a(y)[* > 0, by Lemma 3 v € I'(X). If a group X
contains no subgroup topologically isomorphic to T, then by Cramer’s theorem
for locally compact Abelian groups ([1], see also [5, Theorem 4.6]), we get that
u € T'(X). Thus, the sufficiency when n > 3 is also proved. The necessity follows
from Lemma 2. O

3. The main theorem

Put I,(X) = I(X) N T, (X). It follows from (5) and Lemma 1 that the
inclusion
INX) % [, (X) C Th(X)

holds. The main problem solved in this section is the following: to describe all
groups X for which

Observe that if 4 € I'(X) x I(X), then u is invariant with respect to a compact
subgroup K of the group X and under the natural homomorphism X — X/K
induces on the factor-group X/K a Gaussian measure. We formulate now the
main theorem.

Theorem 1. Equality (17) holds for a group X, when n = 2, if and only if
the connected component of zero cx of X contains no more than one element of
order 2. Equality (17) holds for a group X, when n > 3, if and only if cx has the
property

{r €cx :nx =0} ={0}. (18)

To prove Theorem 1 we need some lemmas. First we will formulate as a
lemma the following simple statement, but omit its proof.

Lemma 6. Let n be a natural number, K be a compact subgroup of a
group X. Then the following statements are equivalent:
() K™ = K;
(ii) if ny € A(Y,K), theny € A(Y, K).
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We note that the characteristic function of the Haar measure my is of the
form

~ 1 if ye A(Y,K)

M (y) = , (19)
0 if y¢ A(Y,K).

Lemma 7. Let K be a compact subgroup of a group X. Then the following

statements are equivalent:
(i) mi € I,(X);

(i) K™ =K.
PROOF. (i) = (ii). By Lemma 1 the characteristic function mg (y) satisfies
equation (3). Substituting v; = u, v = -+ = v,, = 0 into (3), we get
mg(nu) = mr(Wmg((n —1u), ueY. (20)

It follows from (19) and (20) that if ny € A(Y, K), then y € A(Y, K). Hence, by
Lemma 6 K" = K.

(ii) = (i). By Lemma 1 it suffices to check that the characteristic function
mx (y) satisfies equation (3), which takes the form

H m(u~+nvj—(vi + -+ vy))
j=1

=g (u) [[ x(no; = (01 + -+ va), wor,.. v, €Y. (21)
j=1
Both sides of equation (21) take the values either 0 or 1. If the right-hand side of
(21) isequal to 1, then u € A(Y, K), nv;—(vi+---+v,) € A(Y,K),j=1,2,...,n.
Hence, u+nv; —(v1+---+v,) € A(Y, K), j = 1,2,...,n. Therefore the left-hand
side of (21) is also equal to 1.
Let the left-hand side of (21) be equal to 1. This implies that

ut+nv;—(v1+--+v,) € AV, K), j=12,...,n (22)

It follows from (22) that

(u+nv; —(vi+---+v,)) =nu € A(Y,K). (23)

n
=1

J
By Lemma 6 we get from (23) that v € A(Y, K). Then (22) implies that nv; —
(v +---+wv,) € A(Y,K), j =1,2,...,n. Hence, the right-hand side of (21) is
also equal to 1. O
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Lemma 8 (compare with [4, Lemma 10.4]). Let X be a discrete torsion free
group. Then T',,(X) = D(X).

PrOOF. If X is a discrete torsion free group, then Y is a connected compact
group ([7, (24.25)]). Assume first that ¥ 22 T. Then there exists a continuous
monomorphism p : R — Y such that its image p(R) is everywhere dense in Y’
([7, (25.18)]). Let p € I'y(X). Consider the restriction of the characteristic
function fi(y) to p(R). Put f(¢) = fi(p(t)), t € R. By Lemma 1 the characteristic
function f(y) satisfies equation (3). Therefore f(t) is a characteristic function
on R satisfying (3) too. Taking into account that I'y, (R)=I'(R), we have

f(t) = exp{—ot* +ift}, o>0, BER.
Since p is a monomorphism and p(R) =Y, for any neighborhood of zero V' of the
group Y we can choose a sequence of real numbers ¢,, — oo such that p(t,) € V
for all n. If o > 0, then

[f(t)] = [A(p(tn))] = exp{-0ot;} = 0

when t,, — oo. Taking into account that V' is an arbitrary neighborhood of zero of
the group Y we come to contradiction with the continuity at zero of the function
fi(y). Hence, o = 0, and this implies that |fi(p(t))| = 1 for t € R. Since p(R) =Y,
we have |fi(y)| = 1 for y € Y. It follows from this that p € D(X).

IfY 2T, then X = Z. Since Z is a subgroup of R, we have I',,(Z) C I',,(R) =
I'(R). Taking into account that any Gaussian measure on R supported in Z is

degenerated we completely prove the lemma. O

Corollary 1. Let Y be a connected compact group, f(y) be a characteristic
function on Y satistying equation (3). Then |f(y)| =1,y €Y.

Lemma 9. Let u € T',,(X). Then pu is supported in a coset of a subgroup
G = R™ x K, where m > 0, and K is a compact subgroup of X such that
K" =K.

PROOF. Note first that if A € T',,(X), then for any @ € X we have A« E, €
T, (X). Therefore if it is necessary we can substitute a distribution A € I, (X)
by its shift, and the shift also belongs to the class I',,(X).

Let A € M!(X) be an arbitrary distribution. Consider the set

o~

E={yeY: [yl =1}.
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Then F is a subgroup of Y, and there exists an element x € X such that X(y) =
(z,y) for y € E. Tt follows from what has been said that we can substitute the
distribution p by its shift and assume from the beginning that

E={yeY:|uyl=1}={yeY :uly) =1} (24)

It follows from (24) that o(u) C G, where G = A(X,E). Put H = G*. The
distribution p considering as a distribution on G has the property

{ye H:lu(y)| =1} = {0}. (25)

We will check that G is the desired subgroup. It follows from the structure
theorem for locally compact Abelian group that H = R™ x L, where m > 0,
and L contains a compact open subgroup [7, (24.30)]). Consider the restriction
of equation (3) to the connected component of zero ¢y, of the group L. Since the
group cy, is compact, by Corollary 1 |ii(y)| = 1 for y € ¢r. Taking into account
(25) this implies that ¢;, = {0}, i.e. the group L is totally disconnected. We will
prove that the group L is discrete.

By Lemma 1 the characteristic function fi(y) satisfies equation (3). Substi-
tute v1 = u, vo = -+ = v, = 0 into (3). From the resulting equation we obtain

fi(nw)] = A" a((n = Du)|, we H
This implies the inequality
fi(nw)| < [A(w)]*" ™, we H. (26)
It follows from (26) that for any natural p the inequality
A(nPu)| < Ja(w)| "V, we H (27)

holds. Since i(0) = 1 and the function fi(y) is continuous, there exists a neigh-
borhood of zero V' of the group L such that |i(y)| > 0 for y € V. Inasmuch as the
group L is totally disconnected, for any neighborhood of zero of L, in particular
for V, there exists a compact subgroup W such that W C V ([7, (7.7)]). Thus,
we have

h(y)| >0, yeW. (28)

Assume that at a point yo € W the inequality

hi(yo)| <1 (29)
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holds. Since the group W is compact, the sequence nPyg, p = 1,2,... contains
a converging subsequence nPiyy — g, y € W. It follows from (27) and (29) that
1(y) = 0, that contradicts (28). Hence, |fi(y)| = 1 for y € W. Taking into account
(25), we get that W = {0}, i.e. the group L is discrete. Put K = L*. Since L is
discrete, this implies that K is compact.

Take yo € L(y), i.e. nyo = 0. It follows from (26) that |zi(yo)| = 1. Taking
into account (25), we obtain that yo = 0. Hence, L(,) = {0}. This implies that
KM =K. 0

Lemma 10. Let X = R™ x K, where m > 0 and K is a compact group
such that K") = K. Then Xy Ccx.

PrOOF. We have A(Y,Y ™) = X(,), A(Y,by) = cx ([7, (24.17)]). The
lemma will be proved if we check that Y™ > by. Put L = K*. Obviously, by
is a discrete torsion group. Since K(") = K we have L,y = {0}. Take yo € by.
Let M be a finite cyclic subgroup generated by yo. It follows from L, = {0}
that the restriction of the mapping y — ny, y € Y, to M is a monomorphism.
Taking into account that the group M is finite, this mapping is an isomorphism.
Hence, yo € Y. (I

Lemma 11. Let X be a locally compact Abelian group. Then the following
statements are equivalent:
(i) for any compact subgroup K of the group X, satisfying the condition K" =K,
the equality (K*)™ = K* holds;
(ii) the connected component of zero cx of the group X has the property (18);
(iii) for any compact subgroup K of the group X, satisfying the condition K" =K,
the factor group X/K contains no subgroup topologically isomorphic to T.

PROOF. The equivalence of (i) and (ii) was proved in [3] (see also [4, Lem-
ma 11.15]). To prove the equivalence of (i) and (iii) note first that K™ = K if
and only if KP) = K for any prime divisor p of the number n. Hence it suffices
to prove the equivalence of (i) and (iii) assuming that n is a prime number.

Let us prove (iii) = (i). Let n be a prime number and K be a compact
subgroup of X such that K(™ = K. Put L = K*. Then L is a discrete group
satisfying the condition L,y = {0}. It follows from this that if yo is an element
of finite order in L, then 3o € L(™. We will check that any element 1, of infinite
order in L also belongs to L(™). Thus, the implication (iii) = (i) will be proved.

Let 9o be an element of infinite order in L such that yo ¢ L™ . Consider
the factor-group L/ L™ Since n is a prime number, all nonzero elements of the
factor-group L/L™ have order n. It is obvious that [yo] # 0. Therefore [yo] has
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order n and hence, kyo ¢ LMk =1,2,...,n—1. Denote by M the subgroup
of L generated by yg, i.e. M ={y € L:y=1yy,l € Z}. Let h € L and nh € M.
Then nh = lyg, I € Z. We have l = gn+k, where g € Z, k € {0,1,...,n—1}. This
implies that kyo = n(h — quo) € L. Therefore k = 0, and hence nh = qnyq.
Since L,y = {0}, we get h = qyo € M. Thus, the subgroup M has the property:
if nh € M, then h € M. By Lemma 6 it follows from this that for the annihilator
G = A(K, M) the equality G = G holds. Note now that (K/G)* = M = Z.
This implies that K/G = T. Since K/G is a subgroup of X/G, this contradicts
to (iii).

The implication (i) = (iii) for n = 2 was proved in [5, Lemma 7.7]. The
proof in the general case is the same as in the case when n = 2. ([

PROOF OF THEOREM 1. Let n = 2. By Lemma 5 I'y(X) = I'p(X) and the
statement of the theorem in this case was proved in [2] (see also [4, Theorem 9.10]).

Assume that n > 3 and let us prove the sufficiency. Let p € ', (X). By
Lemma 1 the characteristic function fi(y) satisfies equation (3). Substituting
vy =0, vg = —v,Uv3="---=1v, =0in (3), we get

A+ n)fi(u — no)a" = (u) = " (uw)[a(no)?, w0 €Y. (30)

By Lemma 9 we can assume that the group X is of the form X = R™ x K, where
m >0, and K is a compact group such that K™ = K. Applying Lemma 10 we
obtain X,y C cx. Then (18) implies that X,y = {0}, and hence A(Y, X(,)) =

Y =Y =Y. Taking this into account, (30) implies that the characteristic
function fi(y) satisfies equation

A+ V)il — A" 2(w) = B[R, wv e Y, (31)
It follows from (31) that the set

B={yeY:uly) # 0}

is an open subgroup of Y. Put K = A(X,B). Since B is an open subgroup,
the group K is compact. Inasmuch as the characteristic function fi(y) satisfies
equation (3), the function fi(y) satisfies inequality (26), and it follows from (26)
that the group B has the property: if ny € B, then y € B. Applying Lemma 6
we get K™ = K. By Lemma 11 the factor-group X /K contains no subgroup
topologically isomorphic to T. Note now that (X/K)* = B and consider the
restriction of the characteristic function fi(y) to B. By Lemma 1 this restriction
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is the characteristic function of a distribution from T',,(X/K). Since the factor-
group X/K contains no subgroup topologically isomorphic to T, we can apply
Proposition 1 to the factor-group X/K. As a result we obtain the following
representation for the characteristic function fi(y)

fi(y) = {(WJ) exp{—¢(y)} ifyeB )

0 it y¢ B.

where z € X, and ¢(y) is a continuous function on B, satisfying equation (2).
It is well known that the function ¢(y) can be extended from the subgroup B
to Y retaining its properties ([9, Lemma 5.2.5]). Denote by $(y) the extended
function. Let v be a Gaussian measure on X with the characteristic function

A(y) = (z,y)exp{—¢(y)}, yeY. (33)

Obviously, that f(y) = 7(y)mk (y). Hence, = v * my.

Let us prove the necessity. Assume that (18) is not fulfilled. By Lemma 11
there exists a compact subgroup K of the group X such that K(") = K and the
factor-group X/K contains a subgroup topologically isomorphic to T. Therefore
the distribution p on the group T, constructed in Lemma 2, can be considered
as a distribution on the factor-group X/K. We retain the notation y for this
distribution. Since (X/K)* = A(Y, K), we may assume that the characteristic
function fi(y) is defined on A(Y, K). Consider on the group Y the function

h(y) = nly) if y € A(Y,K)
Vo ity AWK

Since the set A(Y,K) is a subgroup and fi(y) is a positive definite function,
h(y) is also a positive definite function ([8, (32.43)]). Since K is a compact
group, its annihilator A(Y, K) is an open subgroup, and hence the function h(y)
is continuous. By Bochner’s theorem there exists a distribution A € M!(X) such
that X(y) = h(y). We will check that A € T',,(X). By Lemma 1 it suffices to verify
that the function h(y) satisfies equation (3).

Take u € A(Y, K). If nv;, — (v1 +--- +vp,) ¢ A(Y, K) holds at least for one
J = jo, then v + nv;, — (v1 + -+ +v,) ¢ A(Y, K), and both sides of equation
(3) are equal to zero. Assume that nv; — (v1 + --- + v,) € A(Y,K) for all
j =1,2,...,n. This implies that n(v; —v;) € A(Y, K), and hence by Lemma 6
vij—v =h; € AY,K), j=1,2,...,n. Substituting v; =v1 +h;, i =1,2,...,n
in equation (3) and taking into account that the function fi(y) satisfies equation
(3) on A(Y, K), we get the equality.
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Take u ¢ A(Y, K). Then the right-hand side of equation (3) is equal to zero.
If in this case the left-hand side of equation (3) does not vanish, then the inclusions
u+nv; — (v +---+v,) € AY,K), j =1,2,...,n are fulfilled. This implies
that >0 (u+nv; — (v1 + -+ +v,)) = nu € A(Y,K), and hence by Lemma 6
u € A(Y, K), contrary to the choice of u. So we proved that the function h(y)
satisfies equation (3). Since p ¢ I'(X/K), obviously that A ¢ T'(X) x I(X). The
theorem is completely proved. (Il

Remark 2. Let p € T,(R), n > 2. Put v = p* g € I',(R). Then H(y) =
|7i(y)|* > 0. By Lemma 1 the characteristic function J(y) satisfies equation (3),
and hence satisfies equation (30) too. Taking into account that R(™) = R, (30)
implies (31), and hence the set B = {y € R: 7(y) # 0} is an open subgroup of R.
So, B =R. Since 4(y) > 0, y € R, by Lemma 3 v € I'(R). This implies by Cra-
mer’s theorem that 1 € T'(R). Thus, we proved the equality T'(R) = T',,(R), n > 2,
which we used in the proof of Lemma 8, and this proof is independent from Ge-
ary’s theorem.

Remark 3. Comparing Proposition 1 and Theorem 1 we see that in both
statements we have a particular case n = 2. If n > 3, then the description of the
corresponding class of groups in Proposition 1 does not depend on n, and does
not depend on n in Theorem 1.

Remark 4. Observe that if p is an infinitely divisible distribution and p €
I (X), then p € T'(X) * I,(X). Indeed, since y is an infinitely divisible distribu-
tion, the set B = {y € Y : i(y) # 0} is an open subgroup of Y ([12, p. 106]). Put
v = p* i and consider the restriction of the characteristic function D(y) to B.
Since D(y) = |fi(y)|> > 0 for y € B, by Lemma 3 D(y) = exp{—¢(y)}, y € B.
Note now that on an arbitrary locally compact Abelian group in the class of in-
finitely divisible distributions a Gaussian measure has only Gaussian factors ([5,
Remark 4.8]). Thus, for the characteristic function fi(y) we get the representation
similar to (32), and the desired statement follows from this.
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