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Beta-continued fractions over Laurent series

By MANEL JELLALI (Sfax), MOHAMED MKAOUAR (Sfax), KLAUS SCHEICHER (Wien)
and JORG M. THUSWALDNER (Leoben)

Abstract. The present paper is devoted to a new notion of continued fractions in
the field of Laurent series over a finite field. The definition of this kind of continued
fraction algorithm is based on a general notion of number systems. We will prove some
ergodic properties and compute the Hausdorff dimensions of bounded type continued
fraction sets.

1. Introduction

Let p be a prime, ¢ a power of p and I, the finite field with g elements. In
the present paper, we introduce a new kind of continued fraction algorithm in
F,((X~1)), the field of formal Laurent series over F,. This algorithm is based
on so called greedy expansions with respect to a base sequence (f3;);cz such that
B; € F((X™1)) and (deg B;)icz is strictly increasing. Analogously to the case of
continued fractions of real numbers, the new algorithm is coupled with a dynami-
cal system on a certain subset of F,((X 1)) and the underlying transformation
turns out to be ergodic. Applying the ergodic theorem, we extend some metrical
properties of the classical algorithm to the new situation. In particular, we obtain
results on the average speed of convergence of our algorithm and the Hausdorff
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dimension of some exceptional sets. Most of our results are inspired by results of
BERTHE, NAKADA and WU (cf. [2], [11], [12]).

The paper is organized as follows. In Section 2, some necessary notations
are introduced and the algorithm is described in detail. In Section 3, ergodicity
is proved for the underlying transformation and results on the mean convergence
of the algorithm are established. In Section 4, the Hausdorff dimensions of the
exceptional sets will we determined. In Section 5, the set of series having a fixed
given rate of convergence is studied.

2. Continued fraction expansions of Laurent series

Let I, be a finite field of ¢ elements, where ¢ is a power of some prime number
and let F,[X] denote the ring of polynomials in X with coefficients in F,. Denote
by F,((X~1)) the field of formal Laurent series

“+o0
f=> anX™" a,cF,andng € Z. (2.1)

n=ngo

If f # 0 we may assume without loss of generality, that a,, # 0. We say that
deg f = —ny is the degree of f. The norm (or valuation) of f is given by

|fl = qs 7.

It is well known that | - | is a non-Archimedean valuation over F,((X~!)) and
F,((X~1)) is complete with respect to the metric

v(f,9) =1f =gl
For a € F,((X~1)) and 7 > 0, define
D(a,r) ={w e F (X)) : |w—al <7} and
D(a,r) = {w € Fy(X™) ¢ |w—al <1},
We shall use the notation | - | also for the diameter of a disc. Thus
|D(a,q™)| = ¢" ! and |D(a,q")| = ¢" for n € Z.

If f is of the form (2.1), let [f] be the integral (polynomial) part of f in F,[X]
and

“+o0
{(fY=f-1=) a X"
n=1
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be the fractional part of f.
Let 8 = (Bi)iez with f; € F,((X~1))\{0} such that (deg 3;)icz is a strictly
increasing sequence of integers. [ is called base sequence. Let

S ={(8i) —co<i<k : k € Z, s; € Fy[X], degs; < degfiy1 —degB;} (2.2)

be the set of admissible digit strings associated to the base sequence .

Lemma 2.1. Let 8 = (5;)icz be a base sequence and S the associated set of
admissible digit strings. Then each f € F,((X~!)) admits a unique representation
of the form

f= > siBi(si)-ncci<k €S. (2.3)
—oo<i<k

PROOF. The existence of a representation of the form (2.3) is guaranteed by
performing the so called greedy algorithm. It remains to prove unicity. To this
matter let s := (8;)_coci<k € S be an admissible digit string giving rise to a
representation of a given element w. Assume that the representation (2.3) of w is
not unique. Then there is an admissible digit string s’ := (s})_co<i<iy € S with
s’ # s satisfying w =37 ;4 ;8. Subtracting this from (2.3) yields (assume
w.l.o.g that &k > &k’ and set s, =0 for ¥’ < i < k)

0= Y (si—s)Bi (2.4)

—oco<i<k

As s, s’ € S we conclude that s—s’ € S, where the subtraction is done component-
wise. Since s’ # s there is a maximal ig € Z with s;, # s} . Thus

deg 0 = deg < Z (si — s;)@) > deg f3;, > —o0,

—oo<i<k
contradicting (2.4). O

The above lemma justifies that we call (5,S) a digit system. Conversely, a
Laurent series associated to a given string in the digit system (8, S) is given by
the evaluation map

TS S F((XTY), (5)-cocick = > sibs.
—oco<i<k

When a representation ends in infinitely many zeros, it is said to be finite, and
the final zeros are omitted. When all the s; on the right hand side of the radix
point are zeros, the representation is said to be an integer representation.
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The set of all f € F,((X~')) admitting an integer representation is called the
set of S-integers. For f € F,((X!)), we define the S-integer and the S-fractional
part by

[f]ﬁ :W(Sk”'SO-),@ and {f}ﬂ =7T(.S_15_2...)5,

respectively.

Now we are in a position to introduce our new algorithm, called S-continued
fraction algorithm. The study of this algorithm is similar to the study of the
usual continued fraction expansions. Let 8 = (3;);ez be a base sequence and let

Ho(B) :={dBo : d € Fy[X], 0 < degd < deg 31 — deg o},
Ho(B) :={dfo : d € Fy[X], degd < deg 31 — deg o},

,Hn(ﬂ) = {dOﬂO + 4 dyfBn i d; € Fq[X]a

degd; < degfiy1 —degB;,d, #0} (n>1)
and

H(B) = Ho(B)U | Ha(B),  T(B) := Hy(B) U | HalB).

n>1 n>1

Remark 2.2. Note that |z| > |Bo| for all z € Z(B) and |z| > |Bo| for all
z € H(B).

We start with the following easy result.
Lemma 2.3. Let 8 = (3;)icz be a base sequence and f € F,((X~1))\Z(B).

Then 2
0
> |Bol-
‘{f}ﬁ
PRrOOF. This is just another way to write || > |[{f}g].- The latter follows
immediately from the definition of the S-fractional part {-}s. O
Define the p-continued fraction expansion for f to be an expression of the
form
B8
fao + = [ao; a1, az, ... s,
o+ ..
LR
Ap + ...

with ag € Z(8) and a; € H(B) for i > 1. Notice that for any ¢ > 1, we have
dega; > deg So.

We extend the standard simple continued fraction algorithm by defining the
[B-continued fraction algorithm. Given a formal power series f, we write fo = f
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and let ag = [fo]s denote the S-integer part of fo. Thus we have f =ag + {fo}s
where {fo}s denotes the S-fractional part of fo. If f # ap we write f as

83
Bs/{fo}s

Next, let f1 = 68/{-]00},3 and ayp = [fl],g If fl 7£ ai, we get

f=ao+

2 2
f = ap + 670 = ap + B—O
h LB
a -
LB A

In general if f,, # an we set foi1 = B2/{fn}s and ani1 = [fai1]p- It is clear
from Lemma 2.3, that a,+1 € H(8). If f,, = a, holds for some n, the process
terminates. If it goes on infinitely often we have

f = [(10;(11,&2...}5.

If f € F,((X 1)), then the sequence (fi);en which define the 3-continued fraction
expansion of f is given by the transformation

Tp = D(0,|Bol) — D(0, [fol)

. {{53/f}5 if £ #0,

0 otherwise.
Let f = fo, then for each ¢ € N, we obtain that

g _ B

- . 2
To(3) T3

It is clear that T3([0;a1,aq,...]g) = [0;az,...]s.

fix1 =

Remark 2.4. If B = (X");cz, then the transformation T describes the regular
continued fraction over the field of Laurent series and has been introduced by
ARTIN [1].

Definition 2.5. The expression % = [ag;a1,...,a,]g is called the (8,n)-th
convergent of f and the sequence (a;);eny € H(B)Y is called the sequence of j3-
partial quotients of f.
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Lemma 2.6. For n > 0 the p, and g, are expressed by the recurrence
p2=0, po1=1,  Pn=anpn1+ B3pn-2, (2.5)

go=0"%  q1=0,  gn=ann1+55qn 2 (2.6)
Moreover, for n > 1, we have
lgn| > |Bollgn—1| and thus |g,| =la1...ax]|. (2.7)
ProOF. The Lemma follows along the same lines as for classical continued
fractions. We sketch the proof of the second assertion. Let n > 1 and a,, € H(5),
then, because qo = 1 and |a;| > |Bo| we get
a1 = a1go = |q1| > |Bol.
Now suppose that
gn| > [Bol lgn—1],
then
|lan+1llgn| > |Bollgn| > |50‘2|Qn—1|~
Since
Int1 = Gnt1Gn + B3an—1,
it follows that
|gn+1] = |an+1qn] > |Bollgnl-

The fact that |g,| = |a1...a,| now follows from the recurrence relation for the

sequence (gy,) since |angn—1| > |B2qn—2|. O
Remark 2.7. We will often use (2.7) in the form

deg g, = degay + - -- +degay,. (2.8)

The proofs of the following Theorems run along the same lines as for classical
continued fraction expansions. Thus, we will omit them.

Theorem 2.8. Let f € D(0,|By|) such that

f=105a1,...,an,an11,...18,
then
’f— Pu| _ |BolP™t  |Bof ! |50|2n' (2.9)
dn |gngn1l lan+1]|gn|? |gn|?
Theorem 2.9. Let (a;);>1 be a sequence with a; € H(S) for each i > 1.
Then £ = [0;a1,...,as]g converges to an element of F,((X~1)) if n tends to
infinity.

Theorem 2.10. Every formal Laurent series can be uniquely expanded into
a [3-continued fraction.
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3. Metric properties of the 8-continued fractions

In this section, we give some metric and ergodic properties of the transforma-
tion T;g. The metric properties of classical continued fractions of Laurent series
have been studied in [2], [4], [5], [6], [7], [8]-

Let 8 = (5;)icz be a base sequence.

Proposition 3.1. Let ay,...,a, € H(B), % =[0;a1,...,a,]p and

Alay, ... apn) == {[0;a1,...,an, +68]p,0 € D(0,|Bo|)}-

Then - -
n n
Maysoosan) = 0 (2, B0 ) p (o IR
In |anl @ dlan
and thus - s
n n
Aar,...,ap)] = 120 = IBSI 5
q|Qn| C]|(11| \an\

PRrROOF. Observe that

(an + 6)pn—1 + ﬂgpn—Q
(an + G)anl + B(Q)QR72 .

0;a1,...,an + 0] =

Developing this in a power series with respect to # and observing that

Pnln—1 — Pn—1qn = (—1)" 135" 2

(which follows by induction on n) the result follows. O

Remark 5.2. The closed disk D(0, |Sy]) is compact because it is isomorphic
to Fg°. A natural measure on F((X~')) is the normalized Haar measure p given
by

u(D(a,q ™) = g~ (i) = T
[Bol

Theorem 3.3. The transformation T conserves the Haar measure .
To prove this theorem, we need the following Lemmas.

Lemma 3.4. Let k > deg 5y be an integer, then

3 g1
lal>  ¢*|Bol
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PROOF. Let s € N, such that degf8s < k < degfsy1. Let a € H(B) such
that dega = k and a = dyfy + d151 + - - - + dsfBs. Then

Z I Z 1 _q50...q‘ss—l(q—l)qk_dcgﬁs _q-1 O

1a12 2k 2k =% .
deg a=k |(l‘ deg a=k q q q |BO|
ac€H(B) acH(B)

Remark 3.5. Let 8 = (B;)icz be a base sequence, then

1
—2
2 ™ =1am

acH(B)

Lemma 3.6. We have the decomposition

Tﬁ_lA(a17~-~van): U A(b’alﬁ""a")
beH(B)

where the union on the right hand side is disjoint.

PROOF. Let 6 = [0;b1,...,bn,bpt1,...] € Tﬁ_lA(al, ..., Gp), or equivalently
T30 = [0;a1,...,an,...]. T30 =[0;b,...,bypy1,...], then by = a1,...,bpp1 =
an. Therefore 6 € TglA(ah ...,ay) if and only if there exists b € H(3) such
that 8 € A(Y,aq,...,a,). Then from Theorem 2.10, we have

A(byar,...,an) VAW jay,...,a,) # D=V =0.

Then the proof of the Lemma follows immediately. |
Now we proceed with the proof of Theorem 3.3.

Proor or THEOREM 3.3. Let us prove that T3 conserves the Haar mea-
sure p over any disk of the form A(aq,...,a,). We know from Proposition 3.1
that

w(A(a, ... an)) =
Then from Remark 3.5 and Lemma 3.4 3.6 we derive

Ty Aay, . .., an)) = o2 3 1 B

= =u(Alar,...,an)).
|a1...an\2 beT s ‘b|2 |a1“.an|2 N’( ( 1 ’ n))

Thus T conserves the Haar measure p. O
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Lemma 3.7. For any given A(ay,...,a,) and E € D(0,|Bo|), we have

p(Tg"E) N Alar, ... an)) = p(E)u(Alar, - . . an)).

PROOF. It suffices to prove the property for the disks A(by,...,b,,). Let
0 =1[0;¢1,...,¢n,...]3 € D(0,|Bo]), then 6 € TE"A(bl, ...y by) if and only if

Cnt1 = b1

Cn+2 = b2

Cn4+m = bm
which implies that
Ty " (Aby, ... b)) = U Al oenibiy o bi).
(c1,-men)EHY
Therefore we get
TB_n(A(bl, .. ,bm)) ﬂA(al,. .. 7CLn) == A(al,. . .,an,bl, .. ,bm)

Taking measures we arrive at

N(Tg"(A(bl, b)) N A(ar, ..y an) = w(Aar, - an)) (A, .o b))
which proves the lemma. O

Theorem 3.8. The transformation T is ergodic with respect to the mea-
sure [.

PROOF. Suppose that the transformation T} satisfies Tj; Y(F) = E for some
set £ C D(0,[Bo]), then T, " (E) = E for any positive integer n. From Lemma 3.7
we get
wENA(ar,...,an)) = p(E)u(Alar,...,an))
for any given A(ay,...,a,). Thus p(ENF) = u(E)u(F) holds for each F C
D(0,|5p]). In particular, for ' = D(0,|Bo]) \ E we get u(E)u(D(0,|Bo]) \ E) = 0.
Thus either p(E) = 0 or u(D(0, |5o]) \ E) = 0 and we are done. O

It follows from the ergodic theorem that if f is an integrable function on
D(0,|Bo]), then

1 N
lim — ) = dy  a.e. .
> s | rdu e (3.1)

N—oo Nn, (0,180

In order to give some applications using the ergodic theorem, we need the following
Lemma.
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Proposition 3.9. For p-almost all w = [0, a1 (w),...]s € D(0,|Bo]) we have

(i) imy— 400 & card{n < N, dega,(w) =k} = q(;k1~

(ii) For N — oo we have Zﬁrzl deg a, (w) ~ %N.

~ _2qn

(ili) For n — oo we have log, |w — 2= L5

qn

PRrROOF. Let n € N, w be a formal power series over D(0, |8y|) such that

w=1[0;a1(w),a2(w),...,an(w),...]g.
Then

Tg_l(w) = [0;apn(w), ant1(w),...]p-

(i) Let k > deg By and
f : D(Oa |60D - {07 1}

s {1 if deg [ﬁg/w]ﬁ =k,

0 otherwise.

It follows that

1 if degay(w) =k,
0 otherwise.
From (4.1) , we get

N

1
lim — 1:/ fdu.
N—oo N 2 D(0,180l)

n=1
deg ay, (w)=Fk

Now, partitioning D(0, |8o|) according to the value of a; in the first convergent

w=1[0;a1,...]3, we get

1
lim — card{n < N, dega,(w) =k} = / fdu
N—oo N D(0,150])
z/ dp = p([0,a1(w),...]g : degas(w) = k)
{weD(0,|Bol):f (w)=1}

o U o(BiE))

degay(w)=k

_ B3 5o|2)>
- Z—ku<D<a17|al2

deg a1 (w)

ol
2 ar

deg a; (w)=k
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From Lemma 3.4, we get

1 q—1
]\;gnoo i card{n < N, degay,(w) =k} = o
(ii) Let
D(O, |50|) — N
deg [32 if 0,
- o [Bo/w]ﬁ if w#
0 else.
Then we get
N
Z f(Tg~ Y Zdeg an (w
n=1
From (4.1), we have
lim — dega,(w) = / deg [ﬁg/w] du
N=oo N Z D0, 180)) ’

Partitioning D(0, |5y|) according to the value of a in the first convergent w =
[0;a,...]s and observing that a = [Bg/w]ﬁ yields

Y= ¥ [

k>deg Bo deg a=k

I (D (i“’ )

k>deg Bo a€H(B)
deg a=k

Bol E k E I |2
k>deg Bo a€H( ﬁ)
dega=

deg adp,

52
70 0
a

Applying Lemma 3.4 finally yields

k (¢g—1)degfo+q
]&f;oﬁzdeg“n =1 > m=Ty
k>deg Bo

(iii) The result follows immediately from (2.8), (2.9) and (ii). O

Corollary 3.10. Let g, (w) denote the denominator of the (n, 3)-convergent
2l of w € D(0,]fo|). Then
(¢ —1)degfo+q

1
lim — degg,(w) = .e.
Jim — degg (w) =1 a.e

PRrROOF. The proof of the Corollary follows immediately from (2.8). O
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4. Hausdorff dimensions of bounded type sets
for B-continued fractions

In this section, we consider the Hausdorff dimensions of sets of Laurent series
related to -continued fraction expansions. If U is a countable collection of discs
Ji, Ja, -+ C D(0,]Bo]), we define

AU) =) |if?
=1

for any real s > 0. If S is any set of formal power series, we define
L 5(S) =inf A;(U)

where the infimum is taken over all collections U of open discs J; which satisfy
|Ji] < 0 and whose union contains S. We call such a set U an (open) cover of S.
Finally we define

LS(S) = ;1_1)%[/575(5)

The Hausdorff dimension dim(S) is the supremum of those s such that Ls(S) =
+o00 or the infimum of those s such that Ls(S) = 0.

Lemma 4.1 ([3, Mass distribution principle 4.2]). Let E C D(0,|8y|) and 7
is a measure with 7(E) > 0. If there exist constants ¢ > 0 and § > 0 such that

7(D) < ¢[D*

for all discs D with diameter |D| < §. Then

dim FE > s.
Remark 4.2. Since the valuation | - | is non archimedean, it follows that if
two discs A(aq,...,a,) and A(by,...,b,) intersect, then one contains the other.

Let now S = {aq,...,a,} be a non-empty finite set of elements of H(3) and
Es = {w e D(0,|B]) : a;(w) € S for i > 1}.

In the following, we adopt the same method as in [12] to give the Hausdorff
dimension of Fg.
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Theorem 4.3. Let t be the unique real number determined by

>l

2t

Bo

then
dim ES =1.

PRrROOF. Referring to the definition of Eg, we get

Eszﬂ U A(by, ... by)

where A(by,...,b,) is defined in Proposition 3.1. Then

|ﬁ |(2n+1)t

Z Ay, bl = S

(b1,...,bn)€S (b1,.--,bn)ES
|50\t |Bo]* 1Bol* \ _ |Bol’
Z by |2t ’ Z by, |2t gt

bieS bn€S

SO

Hi(Es) < (|Bol/a)"-
Combining this with the definition of H, we get

dim Fg <'t.

In order to establish the lower bound, we shall apply Lemma 4.1. Define a pro-
bability measure 7 on Eg by

7(A(by,...,b H
It is easily proved that 7 is well defined since

> (A, b))

(bl,“.,bn)ES"

Bo

2t

and

> (A, bog)) = T(AD, . b))

bnt1€S
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Next we estimate 7(D(w, ¢ %)), where w € D(0,|5]) and
k> 1r£ia§xn{deg a;} — 3deg By + 1.

Consider now each infinite sequence (by,bs,...) € S such that
AL, ... b)) < g% and |A(by,... bu1)] > 7"

Let A denote the finite set of all finite sequences admitting these properties and
consider the two following sets defined by

B={A(1,...,bp—1): (b1,...,by) € A},
C={A(by,....bp—1) € B: Alby,...,by_1) N D(w,q %) # 0}.
We select all discs in C which are maximal, and denote by C the set of all maximal
A(by,...,by—1) € C. We claim that
card(C) < 1.
In fact, let us suppose that there exist two discs
Aby,...,by_1) €C and A®,,....0, ;) eC.
Since the two discs fulfil
A1, ... bp_1)| >q7* and |A®,...,b0 )] >q7F,
we get, by Remark 4.2,
D(w,qg*) c A(by,...,b,_1) and D(w,q~ %) c AW),...,0, ),
thus either
Aby, ...y bp1) CTA,...,0, 1) or A(b,...,0,_1) CA(br,...,by1)
which contradicts the maximality of elements of C. If card(C ) =0, then
D(w, g *)NEg=0, and 7(D(w,q %)) =0. (4.1)
If card(C) = 1, let C = {A(b1,...,bp_1)}. Choose b, € S such that

A(by, ..., bp_1,bn) € A. Then

n—1 2t

7(D(w,q %)) < 7(A(b1,...,bu1)) = kl_[l ﬁo

_ q(2degbn—2deg60)t|A(bl, s bnfl,bn)|t

2t

Bo
b

Bo
br

B

k=1

<q(2max(dega1, .,degan)—2deg Bo)t | ( 7q7k)|t.

Finally, from (4.1) and Lemma 4.1, we get dim(FEg) > ¢, which completes the
proof of the Theorem. ([
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5. On sets of series having a given rate of convergence

Following [11], it is natural to consider the following sets
Ala) = {w € D(0,]Bo]) : hm Zdeg ap(w }

where a > deg 5y + 1.

Theorem 5.1. For any a > deg 5y + 1, we have

log ((a=deg Bo)a 7 B B
dim A(Oé) _ ) (a—dcgﬁo—l) log((a deg 50 ]_)(q 1))

2log g 2(ar — deg Bp) log ¢

where 0 - log 0 := 0.

In order to get the lower bound of Hausdorff dimension, we need the following
result. If A is a finite measure on D(0, |Bo|), the lower pointwise dimension of A
at w € D(0,|Bp]) is given by

dim A(w) = liminf M.
T—0 log r

Lemma 5.2. Let E be a non-empty Borel set. Then

dim(E) = sup {s : there exists a measure A with 0 < A(E) < oo
and dim , A\(w) > s for A — almost all w € E}.

PROOF OF THEOREM 5.1. We distinguish two cases.

Case 1. a > 1+ degfo. For any t < —loggq and for any sequence {b1,...,b,} C
H(B) such that degb; > degfo (1 < j < n), we define a probability measure A; on
D(0,|Bo|) by letting

A(Abr, ..., bn)) =exp(t Y degb; — nP(t)),
Jj=1
where

P(t) =log(q(q — 1)) — log(e™" — q) + t deg fo.

It can be easily seen that this measure is well defined since

> XA, b)) =1,

and

th (biy ... bns1)) = Me(A(br, ..., by)).

n+1

These equalities are assured by the following result
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Lemma 5.3.
T etdent 9@ = 1) tdegpo _ P

—t __
beH(B) .

PROOF. Let §; = deg Bi+1 — deg Bi. As usual, we divide the proof into two parts.
Part 1. If deg 81 = deg Bo + 1, then Ho(B) = 0 and we get

Z etdcgb _ i Z etdcgb _ i 5Zn(q§0 o qén_l (q _ 1)qk)et(k+dcgﬁn)

bEH(B) n=1 beH, (B) n=1 k=0
oo n
— (q _ 1) Z qdeg Bn—deg Bo et deg Bn etqu
n=1 k=0

Snt1
deg 3, —deg ﬂoet deg Bn 1-— ( t) + _ q(q — 1) et deg Bo _ eP(t)
1— get e~t—q '

gk
]

=(¢—-1)

q

Il
-

n

Part 2. If deg 81 > deg 8o + 1, then

(oo}
tdegb tdegbd tdegb
D =D > ey D0

beH(B) n=1 beHn(B) beH 0(B)
g1 , deg 1 —deg fo—1 o
— ﬂl etdeg 1+ Q71 qet k:ePt

i @0 X )
Indeed, the latter equality is implied from
m m—+1 n
k_ 4 — 4
k=n q-

Notice that the condition t < —logq is required.

Remark 5.4. The sequence {an(w)}n>1 is a sequence of independent and identi-
cally distributed random variables with respect to the probability measure ;.

Lemma 5.5.

= /7 deg ar (w)dA(w) = P'(t) = ——— + deg fo. (5.2)
D(0,]80l) -4

1

PRrOOF. We know that D(0, |Bo|) = Usen, [0, B,...], then we get

I = / deg a1 (w)dA: = degB/ d\:
2 Jon 2, degB |

BeHg BeHg
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:Z > degB M(we0,B,...]; ai(w) = B)

>0 BEHs(B)
= Z Z deg Bexp(tdeg B — P(t)).
520 BEHs(B)

Now we divide the proof into two parts.
Part 1. If deg 81 > deg o + 1, then

I:Z Z degBetdengP(t)+ Z degBetdegB—P(t)

s>1 BeHs(B) BeH o(B)
deg Bs+1—1
_ Z Z deg Betdes B=P(t) + Z deg Betdes B-P(1)
s>1  BeHs(B) BeM'o(B)

deg B=deg Bs

deg Bs+1—1
_Z Z Z otk P(®) +Z (deg Bo + k)(q — 1)g"
L w o—t(deg Bot )T P(2)
g Bs de @

deg Bs4+1-1 (q _ l)etdegﬁo do—1

_wi\;f(t)Z 2 Mae) + T p—— D (deg o+ k) (ae!)”

s>1 degfBs=k k=1
ot
_ Ldegfo(l—ae') _ by
1— get

The latter equalities are implied by (5.1) and the fact that

n

S ket = (qi—l)mqm-"“ +(1=n)g+n—(m+1)g" ")
k=n

Part 2. If deg 81 = deg Bo + 1, then Ho(B8) = @ and the proof follows immediately from
Part 1. ]
For any £ > 0 and w € A(a), there exists an integer N(w) such that Vn > N(w),

n(a—e¢) < Zdegaj(w) <n(a+e).
It follows that j=1

N v € DO, 18o]) : n(a—e) < S degay(w) < nla+e)}.
n=N Jj=1
Let J(n, a, €) be the family of all A(by,...,by) such that
degb; > 1+4+degfBo and n(a—e¢) < Zdeg bj(w) < n(a+e¢)
j=1

For N > 1, we select all discs in ;2 5 J(n,a,e) which are maximal. We denote by
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M (n,a, €) the set of all maximal discs in [ Joo_  J (n,a,¢€). Tt is clear that [ J07_ J (n,a, €)
is a cover of A(a), it follows that M(n, a,¢€) is a cover of A(a). For any t < —loggq, let

P(t)— (a+e¢)

d(t) = 2(av — deg o — €) log q

For any A(b1,...,bn) € M(n,a,¢), we have
)\t(A(b17 o bn)) _ et =1 degbj—nP(t) > etn(a+s)7nP(t) > q72d(t) 37 —q degbj |50|2nd(t)

It follows that

|ﬁ0|2nd(t>

d(t) _
3 AL, b)) = > OIS}
A(by,...;bpn)EM(n,0,e) A(by,...,bn)EM(n,00,e) n
< q—d(t) Z q—2d(t) i degb; |/30|2nd(t)
ANCITTN bn)EM(n,a,e)
<q % > (A1, ... by)) < gD,

Ab1,eee,bn) EM(n,08)

Combine this with the definition of the Hausdorff dimension and the fact that ¢ is
arbitrary small, we get

. P(t) — at
<
dim Afe) < 2(a —deg o) logq’

Notice that the derivative P’ : (—oo,—logq) — (1 + deg /30, +o0) is one to one and
increasing. Let 3 € (—oo, —logq) be the unique solution of a = P’(3). Then

a—degfBo—1
=log(——=—).
g d (o — deg Bo)g
It follows that
dim A(a) < — LB = o

2(a — deg Bo) log ¢

To prove the inverse inequality, we use the fact that {an(w)}n>1 is a sequence of inde-
pendent and identically distributed random variables with respect to Ag. By the law of
large numbers and (5.2), we have:

(i) As(A(e)) = 1.
(i) n"tlog Ag(A(b1(w),...,bn(w))) = Ba — P(B) As-a.e;
(iii) n~'log Ag|(b1(w), ..., bn(w)|) = (—a 4+ 2deg Bo) log g As-a.e.
Notice that for any m > 1, and any w € D(0, |8o|) having an infinite continued fraction
expansion, there exists an integer n(w) such that

n(w) n(w)+1
2 Z degbj(w)+1<m <2 Z degb;(w) + 1.

Jj=1 Jj=1
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So
A1 (W), -+ bpr1(w)) € D(w, g™ ™) C A(b1(w), - . -, b (w)).

Combine this with (ii) and (iii), we get

o logAs(D(w,g™™) _ P(B) — Ba As-a.e.

m—oo log |D(w,q=™)| 2(a — deg Bo) log q’

From lemma 5.2 and (i), we get

: P(B) — Ba
dim Afe) 2 2(a —deg o) log g

Case 2. o =1+ deg fo. In this case we will prove that

. 1 -1 . .
dim A(1 4 deg o) = %gq)) = aﬁlljrrig 4 dim A(«).

Using the same argument as in case 1, we show that for any € > 0,

P(t) — t(1 +degfo +¢)

im A(1 <
dim A(1 + deg o) < 501+ deg fo — ) 1oz g

, Vt< —logg.

And we get the upper bound by letting e — 0 and ¢ — —oo.
Now to get the inverse inequality, let "H,};dcg Bo — {b; € Hp, such that degh; =
14 deg fo,V1 < j < n}. We know that A(bi,...,b,) is a disc with diameter ¢~ 2" 7', In
fact,
|A(b1 b )| _ ‘/60|2n _ |50|2nq7227f degb;—1
o qlb1 ... b, |?
|ﬂo‘2nq—2(n+ndeg50)—1 _ q—2n—1.

Let now (b1,...,bs) # (b1,...,b},) then

A1, ... ba) DA, ... b)) =0

Let
En= |J Abi,....b),
bjeHZfdegBO
then
E, ={w € D(0,|Bo]) : dega1(w) = ...degan(w) =1+ deg So},

and E,, consists of ¢"(g — 1)™ disjoint discs of diameter g~ 2"~ !. Set

E= ﬁEn.

n=1
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It is clear that
E = {w € D(0,|Bo]) : degay(w) = 1+ deg fo, for any k > 1}

It follows that E C A(1 + degfB0). Now, in order to give a lower bound of Hausdorff
dimension of E, define a masse distribution p supported on E, by

:U’(A(blv EEE) b")) = (q - 1)7nq7n7

for allm > 1 and by € H;+deg507 1 <k < n. For any w € D(0,|Bo|) and m > 3, choose
n > 2 such that
n—-—1<m<2n+1,

so D(w,q~™) intersect at most (n — 1) discs in En,—1. Therefore

D —-m —n+1_—n —m+3 3, gy lesla(a—1))
pDw,qa™) < (@@= g <(@-Da) "7 <((@—1Da)?(q Zloxd
From Lemma 5.2, we get
dim B > loslala — 1))7
2logq
which achieve the proof. O
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