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Criteria for laws between infinite subsets of infinite groups

By A. BOUKAROURA (Setif) and M. BOUCHLAGHEM (Setif)

Abstract. A theorem of B. H. Neumman shows that infinite group in which every
two infinite subsets there exist two commuting elements, is abelian.

In this paper, we prove that if in an infinite group G, every two infinite subsets X
and Y, there exist @ € X and b € Y such that [a",0"?] = 1, then G satisfies the law
[£™,y™2] = 1, where no = 0[n1] and ns € {3,6,2"/k € N*}.

Moreover, and using this result, we also prove that an infinite group satisfies the

law (z7'23? ...27"")% = 1 if and only if in any r infinite subsets X1, ..., X, of G there

exist a; € X;(i =1,...,r) such that (a'...a"")* = 1, where n1,...,n, € {2"/k € N*}
and r > 2.

1. Introduction and results

Let w(z1,...,z,) be a word in a free group of rank » > 1 and let V(w) be
the variety of groups defined by the law w(x1,...,x,) = 1. We define the class of
groups V(w*) as follows:

A group G belongs to V(w”*) if and only if in every infinite subsets
X1,..., X, there exist a1 € X1,...,a, € X,., that w(ay,...,a,) =1

In [7], P. LONGOBARDI et al. posed the question of whether FUV(w) =
V(w*) is true; F being the class of finite groups. As an immediate consequence
of the answer of B. H NEUMMAN to the question of P. ERDOS [9], we have
FUV(w) = V(w*), where w(z,y) = [r,y]. Further questions of similar nature,
with slightly different aspects, have been considered by many authors (see, for
example, (1], [2], [3], [4], [13], [11], [12], [7], [8]).
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In [2], A. ABDOLLAHI and B. TAERI proved that an infinite group G satisfies
the law [z,y™] = 1 if and only if in any pair X, Y of infinite subsets of G there
exist a € X and b € Y such that [a,b"] = 1, where n € {2¥/k € N*}. Later
A. BOUKAROURA [4] proved that an infinite group G satisfies the law [z", y"] = 1,
if and only if in any pair X, Y of infinite subsets of G there exist a € X and
b € Y such that [a",b"] = 1, where n € {2¥/k € N*}.

In this note, we consider the words:

Uny ,no ($,y) = [wnl,ynz] and Wn,ny,..., nr(xla s 7337”) = (371

The following theorem generalizes Theorem 1 of [1] and Theorem 1.1 of [4].

Theorem 1. If ny = 0[n;] and ny € {3,6,2%/k € N*}, then every infinite
V(“”L”z (J}, y)*)-group is a V(“’nhnz (.13, y))—group.

Using Theorem 1, we also prove the following result:

Theorem 2. If ny,...,,n, € {2¥/k € N*}, then every infinite

V(wang,...n (X1, ..., Tp)*)-group is a V(wa n, ,....n. (21, ..., Ty))-group.

2. Notations

Our notations and terminologies are usual and can be found in [10]. We give
a partial list for the convenience of the reader.

(X)) the subgroup generated by X

¥ the conjugate y~lzy

XY the set {z¥/x € X}

[z,y] the commutator z =ty tay

B.  the Burnside variety of exponent dividing e

Z(@G) and Cg(z) denote respectively the centre of the group G and the cent-

ralizer of x in G. The following commutator identities will be used frequently
without special reference. [zy, z] = [z, 2|Y[y, 2], [z, yz] = [z, 2|[z, y]?,

3. Proofs

Lemma 3 ([6], Lemma 3). Let w be a word in a free group and let G be an
infinite V(w*)-group. If G has an infinite normal abelian subgroup, then G is a
V(w)-group.
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Lemma 4. Let ny,n2 be any integer such that no = 0[n1]. If G is an infinite
V(Un, ny (z,y)*)-group, then G satisfies the following properties:
i) Cg(g™?) is infinite, for any g € G.
ii) If ny € {3,6,2%/k € N*}, G has an infinite abelian subgroup.

PROOF. Let n1, ne be any integer such that no = O[n¢] and let G be an
infinite V(un, n, (2, y)*)-group.

i) Let g be any element of G. If X and Y are two infinite subsets of G,
then there exist @ € X and b € Y such that [a™ b"z] = 1. Clearly, we may
assume that ny = kny (k € N), so [a"2,b"2] = [(a™)F,b"2] = 1. Therefore, G is
an infinite V([z"2,y"2]*)-group. Thus, by Lemma 2.1 of [4], Cg(g™?) is infinite
for any g € G.

ii) As in the proof of i), G is a V([z"2,y"2]*)-group. Then, by Lemma 2.3
of [4], G has an infinite abelian subgroup. O

The next lemma is a special case of Lemma 1 of [2].

Lemma 5. If G be an infinite V(up, n, (2, y)*)-group and A be an infinite
abelian subgroup of G, then for any g € G,

A(g) ={a € A/[g",a™] =1}

is infinite.

PROOF OF THEOREM 1. Let G be an infinite group such that, for every pair
X, Y of infinite subsets of G, there exist @ in X, b in Y satisfying uy,, n,(a,b) = 1.
Let g1, 92 € G be arbitrary two elements of G. By i) and ii) in Lemma 4, Cs(g5?)
is an infinite V(uy, n,(z,y)*)-group and contains an infinite abelian subgroup
noted A. In order to show that [¢]", g5*] = 1, we consider two cases:

Case 1. Ca(g1) is infinite. If C' = C4(g2) is infinite, by Lemma 5, C(g1) =
{a € C/[g7*,a™] = 1} is infinite. Consider the infinite subsets g1C4(g1) and
92C(g1). Then there exist a; € Ca(g1) and az € C(g1) such that
[(91a1)™, (g2a2)"] = 1. But

[ ny ni ] ng

[(g1a1)™, (g2a2)"*] = [g97" aT", g5*ay [g1",a2"™] (975 952" " = 91, 95°]"*

Then [}, g52] = 1. If C' = C4(go) is finite, then g5' = {g§/a € A} is infinite.
Consider the infinite subsets g1C4(g1) and g4 = {g$/a € A}, then there exist
a; € Ca(g1) and az € A such that [(g1a1)™, (g5?)™2] = 1. But

n1

[(gra1)™, (95%)"] = [91" a1, (95°)"] = [977, 95°]" =1
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Then [g71, g52] = 1.

Case 2. C4(g1) is finite. If C' = C4(g) is infinite, by Lemma 5, C(¢1) = {a €
C/[g?*,a™] = 1} is infinite. Consider the infinite subsets g{* = {g/a € A} and
92C(g1). Then there exist a; € A and as € C(g1) such that [(g7*)™, (g2a2)™2] = 1.
But

no

[(g9")™, (9202)™2] = [(97")*, g52a2™] = [97", a2"2] [g1" g5°]" = 91", 95°]"

Then [g7*,95%] = 1. If C = Ca(g2) is finite. Consider the infinite subsets
gt = {g{/a € A} and g5 = {g$/a € A}. Then there exist a;,as € A such that

[(g7")™, (95%)"2] = 1. But

[(g1)™ 5 (95°)"™] = [(g7)™", (95) %] = [(91") ", 95%] = 91", 95°]™

Then [g71, g52] = 1. O
Lemma 6 ([3]). If w(z1,...,2z,) = x7'...xz]}", where each n; is a non-
zero integer, then every infinite V(w(x1,...,x,)*)-group belongs to the variety

V(w(zy,...,x.)) = Bg, where d = ged; <, <,.(n;).

Lemma 7. If d = 0[n], where d = ged; <;<,.(n;). Then every infinite
V(Wnny,...n0 (%1, - - -, &) *)-group is a Bpg-group.

PROOF. Let G be an infinite V(wp n,.... n,.(21,...,2,)")-group and let d =
ged; ;<. (n;) and suppose that d = 0[n]. Put X = {g € G/g% = 1}.

If X is infinite. For any t(1 <t <r),let Y be an infinite subset of G and
consider the infinite subsets X; =-- - =X; 1 =X, X;, =Y, X1 =--- =X, =
X. Then there exist a € Y such that a™™ = 1. So G is V((z""t)*)-group, and by
Lemma 6, G is By,,,-group. Therefore G is B, 4-group, where d = gedy <;<,.(n;).

If X is finite, by Dicman’s Lemma (see Lemma 14.5.7 of [10]), N = (X)
is a finite normal subgroup of G, and & is V((2]" ...z"")*)-group. Hence < is
Bg-group so that G% < N, and therefore G? is finite. Let C = Cg(G?), obviously
Ci<i<r = NCq(G™) and C is infinite. If Cy,Cy, ..., C, are infinite subsets of C,
then there exist ¢; € C; such that (¢*...c)" =™ ... = 1. Therefore C' is

T

B.qa-group. For any ¢(1 <t < r), let Y be an infinite subset of G and consider the

infinite subsets X1 =---=X;_1 =C, Xy =Y, Xyy1 = --- = X, = C. Then there
exist @ € Y such that a™™ = 1. So G is a V((«™"*)*)-group, and by Lemma 6, G
is Byin,-group. Therefore G is a B,q-group, where d = ged; ;<. (n;)- O

Lemma 8. If ny,...,n, € {2¥/k € N*}. Then every infinite
V(wa,n,,....n. (%1, - .., 2p)*)-group is a V([z™*, y™])-group, for any k,1(1 < k <,
1<i<r).
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PROOF. Let k and | be a number such that 1 <k <[ <rand put X ={g €
G/g? = 1}, where d = ged, <;,.(n;) = Minj <<, (n;).

If X is infinite, let U and V be two infinite subsets of G, and consider the
infinite subsets X = X; = - = X1, U, X = Xpp1 = -+ = X1, V, X =
Xj11 == X,. Then there exist u in U and v in V such that (u™*v™)% = 1. It
follows that [u™*,v™] = 1 since G is Bay, NBay,-group. Thus, G is V([z", y™]*)-
group, and by Theorem 1, G is V([z™, y"])-group.

If X is finite, let Ci<i<, = NCq(G™), by proof of Lemma 7, C is infinite.
Consider now two arbitrary infinite subsets U and V of G and let C' = X; =

R— inl’ch = XkJrl = ... = lelv‘/vc = Xl+1 = ... = X,. Then there
exist ¢1,...,Ck—1,Cht1s--+,Cl—1,Cl41,---,C € Cand u € U, v € V such that
n1 k=1, ng Nk+1 =1, ng U+1 n.\2 _
(c1 B A i R O B U & ...cf,) =1

It follows that

71 Nk—1, ng Jk+1 -1, mn; 41 (o

L R e e Y ¢ R A N Y e
Ny Nty ng Ni—1 Nk4+1, ng Nk—1 ni
=C GV Gy W el

Then u™v™ = v™u™ and G is V([z™*, y™]*)-group, and by Theorem 1, G
is V([z™*, y™])-group. O

PROOF OF THEOREM 2. Let G be an infinite V(wap, .. o, (T1,...,20)%)-
group and let aq,...,a, be any element of G. By Lemma 8, G is a V([z"*, y™])-
group for any k,1(1 <k <7, 1<1<7),50 (al*...a?)? = a2™ ...a?" . And,
by Lemma 7, G is a Bay,-group, for any 4; 1 < i < r. Hence (aj'...a")? = 1,
and G is a V(w2 n,,...n,.(Z1,...,T;))-group. O
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