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A monotonicity property of M—matrices

By AUREL GALANTALI (Miskolc)

Abstract. In this paper we show that if A < B, A and B are M-matrices, A
is nonsingular or irreducible singular and B is nonsingular, then L4 < Lg, Dy < Dp
and Ug < Up also hold, where X = Lx DxUx denotes the LDU-factorization of the
matrix X.

1. Introduction

For two matrices A and B (A, B € R™*™) the inequality A < B
holds if a;; < b;; (4,7 = 1,...,m). A matrix A (A € R™*™) is said to
be an M-matrix if A = sI — B, where s > 0, B > 0, [ is the m x m unit
matrix and s > o(B), where o(B) denotes the spectral radius of B. We

shall prove the following monotonicity theorem on the LDU-factorization
of two M-matrices A and B satisfying A <B.

Theorem 1. Let A and B be two M-matrices such that A < B and
assume that A is nonsingular or irreducible singular and B is nonsingular.
Let A= LAV, and B = LgVp be the LU-factorizations of A and B such
that both L4 and Lp are unit lower triangular. Then

La<Lp, Vu<Vg.

In addition, if Vy = DaU4 and Vg = DgUp, where Uy and Up are unit
upper triangular and D and Dp are diagonal matrices, then

Dy <Dp, Us<Ug.

The result is related to the fact ([1],[2],[5]) that a nonsingular matrix
A is an M-matrix if and only if there exist lower and upper triangular
M-matrices R and S, respectively, such that A = RS.
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Theorem 1 is not true for general matrices. Using the results of JAIN
and SNYDER [3] we define A and B as follows:

1 —4 9 —12 2 —4 9 —12
A= | =4 17 40 57 B—=| -4 17 —40 57
19 —-40 98 —148 19 —-40 98 —148
—12 57 —148 242 —12 57 —148 242
These matrices are monotone, A < B and
1 0 0 0
P Hotoh
La=19 4 1 o fs=|3 =% 1 0
-12 9 -4 1 -6 13_1 _% 1

L4 and Lp are not comparable implying that Theorem 1 does not hold for
monotone matrices. The reverse of Theorem 1 also fails to be true. Let

1 0O 0 0 1 0 0 0
.| -4 1 0 0 . |—-4 1 0 0
A= 1 -9 —4 1 0 B=10 -4 1 0
—-12 -9 —4 1 0 0 -4 1

The matrices L4 and Lp are M-matrices and Ly < Lp. The product
matrix L ALE is not an M-matrix. Furthermore L AL:{; and L BLE are not
comparable. We notice however that if L and R are lower triangular M-

matrices such that LLT < RRT holds then L < R also holds. This result
is due to SCHMIDT and PATZKE [4].

2. Proof of theorem 1

We prove the result by induction. Assume that the k x k£ matrices A
and B are nonsingular and such that L4 < Lp and V4 < Vi hold. Let

B
A/: |:7éw CCL:| B/: |:qT Ig:| (C,T,p,QERk)

Assume that A’ and B’ are also nonsingular M-matrices. They have the
LU-factorizations

I La 0 Va L7te
4= {TT‘/A_l 1] [ 0 a—r%A_lc

Ve Ly'p

Lg 0
0 b—q¢"B

r_
b= {qTVE;l 1

By assumption Ly < Lp, VA <V, c<p<0,r<¢g<0and 0<a<hbh.
The relation L' > L' > 0 implies L;'c < L'p < 0. The inequality
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Vgl > Vle > 0 implies rTVXl < qTVB*1 < 0. Notice that a — rT A~ 1l¢c =
det(A’)/det(A) > 0 and b — ¢" B~'p = det(B’)/det(B) > 0. Finally
a—rTA e < b—¢q" B 'p follows from A~ > B~! > 0. Thus we have
proved the first part of the theorem for the nonsingular case. If A’ is an
irreducible singular matrix of order m, then by Theorem 4.16 of BERMAN
and PLEMMONS [1, p. 156] A’ has rank m — 1, each principal submatrix

of A’ other than A’ itself is a nonsingular M-matrix, a = r” A='c and A’
has the LU-factorization

| La O v, Lile
oL Al

with singular upper triangular matrix V4. As 0 < b—q”? B~ 'p the theorem
also holds in this case. Let V4 = DaU4 and Vg = DpUg. As AT
and BT are also M-matrices which satisfy A7 < BT we have the LU-
factorizations AT = UL (D4L?%) and BT = UL(DgLL) with UL < UL
and DAL£ < DBLE. This implies Uy < Ug and 0 < Dy < Dpg. The
same reasoning applies to A’ and B’ if they are nonsingular. If A’ is
irreducible singular, then

—17-1
DUy = [DOA 8] {({)A Da OLA C]

_ Dp 0| |Us D 'Lz'p
DB’UB’ - [Ob_qTB—lp :| |: 0 1 B )

from which 0 < D4 < Dp/ immediately follows. As DAflelc <
D B_nglp < 0 the rest of the theorem also follows.

Remark. From Theorem 4.16 of BERMAN and PLEMMONS [1, p. 156]
it also follows that Theorem 1 does not hold if B is irreducible singular

and A # B.
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