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On the maximum principle for discrete inclusions
with constraints

By AURELIAN CERNEA (Bucharest)

Abstract. We consider an optimization problem given by a discrete inclusion,
whose trajectories are constrained to closed sets. Necessary optimality conditions in
the form of the maximum principle and in terms of local generalized derived cones of
constraints are obtained.

1. Introduction
Consider the following problem
minimize g(zy) (1.1)
over the solutions of the discrete inclusion
x; € Fi(zi—1), 1=1,2,...,N, dxg € Ky (1.2)
with state constraints of the form

w,€K;, i=1,...,N, (1.3)

)

where F; : R® — P(R") are set-valued maps, i = 1,2,...,N, K; C R*, i =
1,2,..., N are closed sets and g : R — R is a given function.

Optimization problems given by discrete inclusions have been studied by
many authors ([4], [15], [22], [24], [26], [28] etc.). In the framework of multivalued
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problems necessary optimality conditions for problems described by discrete inc-
lusions are obtained in [6]-[9] and in [27]. All these approaches are presented in
the absence of state constraints (i.e., K; = R", ¢ = 1,...,N). In [11] it is cons-
idered the more general problem (1.1)-(1.3) and necessary optimality conditions
are obtained in terms of local tents of constraints.

In [18], [19] MIRICA introduced the concept of generalized derived cone and
it is proved that it is more general than the regular tangent cone introduced
by POLOVINKIN and SMIRNOV ([23]) while the local generalized derived cone
coincides with a local variant of regular tangent cone and contains as a particular
case BOLTYANSKII’s local tent ([5], [25]).

In general, the efficiency of a given type of local approximation in the theory
of necessary optimality conditions seems to rely on certain “intersection proper-
ties” from which the best known is that introduced by DuBOVITSKII and MILLY-
UTIN ([10]) and developed by GIrRsANOV ([12]) and BorLTyanskil ([4], [5]). In
[19] it is proved that the local generalized derived cones satisfy another type of
intersection property called “the quasitangent intersection property” and which
allows to obtain more powerful generalized multiplier rules for general Mathema-
tical Programming problems.

The aim of the present paper is to obtain necessary optimality conditions
in the form of the Maximum Principle for problem (1.1)-(1.3) in terms of local
generalized derived cones of constraints and in terms of convex linearizations of
the discrete inclusions.

On one hand, our result provides a significant example for which the method
developed in [19] can be applied and on the other hand, since Boltyanskii’s local
tent is a particular case of local generalized derived cone, our result extends the
necessary optimality conditions obtained in [11].

The paper is organized as follows: in Section 2 we recall some notations and
some preliminary results to be used in the sequel and in Section 3 we present the
main result of this paper.

2. Preliminaries

Denote by P(R™) the family of all subsets of R™ and by B C R"™ the closed
unit ball in R™. If A C R™ we denote by cl(A) the closure of A and by ¢o(A) the
closed convex hull of A. In what follows, when the product Z = Z; x --- X Z of
metric spaces (Z;,dz,), i = 1, N, is considered, it is assumed that Z is equipped
with the distance dz((z1, ..., 2n), (2> 2)) = Somy dz, (i, 20).
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For a set that is, in general, neither a differentiable manifold, nor a convex
set, its infinitesimal properties may be characterized only by tangent cones in a
generalized sense, extending the classical concepts of tangent cones in Differential
Geometry and Convex Analysis, respectively.

We recall first the definitions of the main types of intrinsic tangent cones
to an arbitrary subset X C R™ at a point z € X, that have been most often
used in the study of optimization, optimal control and many other problems
involving nonsmooth sets and mappings (see, e.g. [1]). The contingent cone, the
quasitangent (intermediate tangent) cone and Clarke’s tangent cone are defined,
respectively, by

KwX:{UER”; 38 — 0+, mmEX:xm_x—MJ}

Sm

QIX:{UER"; V Sy — 04, meeX:xm_x—H)}

Sm

C,X = {UER”; YV (Zm, $Sm) = (2,04), m € X, Fym € X : Ym — Tm —>v}

Sm

All the above sets are cones. K, X, Q. X, C, X are closed and C, X is convex.
These cones are related as follows C, X C Q,X C K,X. The rather large gap
between Clarke’s tangent cone and the quasitangent one may be diminished by se-
veral other types of tangent cones, from which we mention only the “asymptotic”
variant of the quasitangent cone defined as follows AQ,X = {v € R™; v+Q,X C
Q. X} AQ.X is a convex cone and AQ,X C Q. X.

The efforts of some researchers to clarify and extend Pontryagin’s Maxi-
mum Principle in optimal control theory resulted in the introduction of several
“local convex approximations” that may not have the intrinsic character of the
cones above but still served their purposes in the theory of necessary optimality
conditions. We mention the derived cone by HESTENES ([13]), the first order
convex approximation by NEUSTADT ([21]), the cone of tangent vectors by LEE
and MARKUS ([16]) and the (local) tent by BOLTYANSKII ([4], [5]). Further on,
POLOVINKIN and SMIRNOV ([23]) extended Boltyanskii’s concept of tent to regu-
lar tangent cone. In the same way in which Boltyanskii relaxed the concept of
tents to those of local tents, BIANCHINI ([3]) introduced the slightly more general
concept of locally regular tangent cone.

In [18], [19] MIRICA introduced the following concept which is a generalization
of HESTENES’ derived cone in [13].

Definition 2.1. A subset D C R" is said to be a generalized derived set to
X CR™ at z € X if for any € > 0 and for any finite subset {v1,...,v,,} C D,
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there exist r. > 0 and the continuous mappings p(e,r,.) : [0,1]™ — R™, r € [0, r;)
such that

m
ale,r,s) ==z + Tl:ZSZ"Ui + p(e,r, s)] e X,
i=1

llp(e,r,s)|| <e, Ve>0,rel0,re), sel0,1]™

and is said to be generalized derived cone if, in addition, it is convex cone; a convex
cone C' C R™ is said to be local generalized derived cone if for any v € ri(C') there
exist a generalized derived cone K C C such that

k
veri(K), span(C)=span(K) = {Zsivi, s; €R, v € K},

=1

where ri(C) denotes the relative interior and span(C) denotes the vector space
generated by the vectors in C.

For the properties of generalized derived cones we refer to [19]. We recall that
if D is a generalized derived set then the convex cone generated by D, defined by

k
cco(D) = {ZAjvj; A\ >0, keN, v;eD, j= lk}
i=1
is a generalized derived cone.

As it is proved in [19], the regular tangent cones are particular cases of
generalized derived cones but the local regular tangent cones coincide with the
local generalized derived cones. At the same time Boltyanskii’s local tent is a
particular case of local generalized derived cone.

We recall that two cones Cq,Cy C R™ are said to be separable if there exists
g € R"\{0} such that:

(q,v)y <0< {qw) YveCi, weC(s.
We denote by CT the positive dual cone of C' C R®
Ct ={qeR™ (q,v) >0, VveC}

The negative dual cone of C C R" is C~ = —C™.

The following “quasitangent intersection property” of local generalized deri-
ved cones, obtained in [19], is a key tool in the proof of our necessary optimality
conditions.
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Lemma 2.1 ([19]). Let X;, X5 C R™ be given sets, x € X1 N Xo, and let
C1, Cy be local generalized derived cones to X1, resp. to Xo at x. If Cy and Cs
are not separable, then

Cl(Cl N 02) = (Cl(Cl)) n (CZ(CQ)) C Qx(Xl N XQ)

We recall also the following easy corollary of the theorem on separation of
two convex sets.

Lemma 2.2 ([17]). Let C C R™ be a convex cone, and let h(.) : R" — R
be sublinear (i.e., positively homogeneous and subadditive). If h(.) satisfies the
condition h(v) > 0 Vv € C, then there exists ¢ € CT such that {(q,v) < h(v)
Vv e R".

For a mapping ¢g(.) : X € R™ — R which is not differentiable, the classical
(Fréchet) derivative is replaced by some generalized directional derivatives. We
recall only the upper right-contingent derivative, defined by

Hw) —
Dkg(z;v) = limsup 9(x +0w) = 9(x)

, ve K X
(6,10)—(04,0) 0 ’

and in the case when g¢(.) is locally-Lipschitz at « € int(X) by Clarke’s generalized
directional derivative, defined by:

Dcg(z;v) =  limsup w

, veR™
(4,0)—(2,04) o

The result in the next section will be expressed in terms of the Clarke gene-
ralized gradient, defined by

dcg(x) = {q € R"; {(q,v) < Deg(z;v) Vv € R"}.

Corresponding to each type of tangent cone, say 7, X, one may introduce a
set-valued directional derivative of a multifunction G(.) : X C R" — P(R") (in
particular of a single-valued mapping) at a point (z,y) € Graph(G) as follows

7,G(2,v) = {w € R"; (v,w) € T(5,) Graph(G)}, ve 7X.

Let A : R™ — P(R™) be a set-valued map. A is called closed (respectively,
convex) process if Graph(A(.)) is a closed (respectively, convex) cone. The adjoint
process A* : R” — P(R"™) of the closed convex process A is defined by

A*(p) = {q € R"; (q,v) < (p,v") V(v,v") € Graph A(.)}.
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For other properties of closed convex processes we refer to [1].
In what follows we are concerned with the discrete inclusion
z; € Fy(xi-1), 1=1,2,...,N, 2o € Ko, (2.1)
where F; : R - P(R"),i=1,2,...,N and Ky C R"™.
Denote by Sr the solution set of inclusion (2.1), i.e.
Sr :={z = (xo,21,...,TN); x is a solution of (2.1)}.
and by RY := {xy; x € Sr} the reachable set of inclusion (2.1).
In the sequel we assume the following hypotheses.
Hypothesis 2.1. i) Ky C R" is a compact convex set and K; C R™,
i=1,...,N are closed sets.
i) The values of F;(.) are compact convex, Vi € {1,..., N} and there exists
L > 0 such that F;(.) is Lipschitz with the Lipschitz constant L,
Vie{l,...,N}.
Consider T = (To,T1,...,7Tn) € RVTU? 4 solution of (2.1). We wish to
linearize F;(.) and K; along T.s
Consider 4; : R" — P(R™),i=1,2,..., N a family of closed convex proces-
ses such that
A;(v) C Qg Fi(Ti—1;v), YveR" Vie{l,...,N} (2.2)
Note that if F; are expressed in the parametrized form

Fi(x)= |J filz,w;) Vo eR" i=1,...,N

u; €U;
and f;(.,u) is differentiable Vu € U;, i = 1,..., N then one may take A;(v) =
%ﬁf (Ti—1,wi)v,i=1,...,N, wherew = (41, Us, ..., un) is a control corresponding

to solution 7.
Let Cy be a local generalized derived cone to Ky at Tg. To problem (2.1) we
associate the linearized problem

w; € Ai(’wifl), 1=1,2,...,N, wy € Cp. (23)

If Ky is convex as in Hypotheses 2.1 then as (local) generalized derived cone to
Ky at Ty we take
Co = Cl{t(y —To); y € Ko, t =0}, (2.4)
the tangent cone in the sense of Convex Analysis to Ky at Tg.
Denote by S4 the solution set of inclusion (2.3).
A characterization of the positive dual of the solution set of problem (2.3) is
obtained in [27].
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Lemma 2.3 ([27]). Assume that Hypotheses 2.1 is satisfied. Then, one has

Sj{ = {w = (wo,w1,...,wy); Ip= (po,p1,---,PN) € RN+ with po € CS‘,
po € AI(p1) + wo,p1 € A5(p2) +w1,...,pn—1 € AN (PN)

+wN_1, PN = WN}.

3. The main results

We prove first that the solution set S of the variational inclusion (2.3) is a
generalized derived cone to Sg at T = (ZTo, T1,...,ZTN)-

Theorem 3.1. Assume that Hypothesis 2.1 is satisfied and let Cy be a
generalized derived cone to K at Tg.
Then S 4 is a generalized derived cone to Sg at .

PROOF. In view of Definition 2.1, let ¢ > 0 and {v1,...,v,,} C Sa; v; =
(v, v}, ..., 0%),i=1,...,m.
Since {vg,v3,..., 08"} C Cy and Cp is a generalized derived cone to Ky at

To, there exist 7 > 0 and the continuous mappings po(e,r,.) : [0,1]™ — R,

r € [0,72) such that

ap(e,r,8) :=To + T[Z sivé + pole,m, s)] € Ko,
i=1

lpo(e,rys)l < e, Ve>0, ref0,r), sef0,1]™

Further on, for any s = (s1,...,8m) € [0,1]™ we denote
m
vie,r,s) = rz sv;,  yle,r,s) =T +ov(e,r,s).
j=1

For z = (z9,%1,...,2n) E R X R" x -+ x R we define
F(z) = (Ko, F1(20), Fa(21), ..., Fn(TN-1)).

From the compactness of K and the fact that the values of F;(.),i=1,...,N
are compact there exists a mapping v(.) = (70(.),...,7n(.)) : RV 5 gp
satisfying

lzo —v0(z)|| = d(zo, Ko),
lzi —vi(2)|| = d(zi, Fi(yi-1(z))), i=1,...,N.
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Moreover, by convexity of Ky and of the values of F;(.), the mapping ~(.) is
continuous.

On the other hand, from the lipschitzianity of F;(.) we have for any
i=1,...,N

i —i(@)|| = d(wi, Fi(yi-1())) < d(@s, Fi(zi-1))
+ Ll|zioy = viea ()| < d(z, F(2)) + Lllzia = yia ()]

Thus, there exists M > 0 depending only on L and N such that
|z —v(z)|| < Md(z, F(z)), VaoeRN+Hn,

We define a(e,r, s) = y(y(e, r, s)) and
ple,r, s) = E r,5) Zsjvj, ,r€0,72), se[o, 1]

From the continuity of v(.) we deduce the continuity of p(e,r,.).
Since A;(.), ¢ =1,..., N are convex process and

oF e Ai(wF ), i=1,...,N, k=1,....m
it follows that
v(e, 1,8); € Aj(v(e, 1,8)i—1) C Qz, Fi(Tim1;v(e,1,8)-1), t=1,...,N

and taking into account the characterization of the quasitangent derivative of
lipschitzian set-valued maps (e.g., [1]) we obtain that

1
lim —d(Z; + hv(e, 1, 8);, Fi(Ti—1 + ho(e, 1,8);-1)) =0, i=1,...,N.
h—0+ h
Therefore, for € > 0 there exist 72 > 0,4 =1,..., N such that if r € [0,7%)
1
;d(fl + U(E,ﬂs)i,Fi(fi_l + ’U(E,’I‘,S)i_l)) < E.

It remains to take r. := min{r, i =0,1,..., N} and note that

o, )l = ~llate,r,) = (e, 9 = Sl (e, r,5) — y(e,r,5)]

IN

¥d<y<s,r, ), F(y(e,r,))) < Mllpo(e,7,9)]

—I—MZ —d(y(e,r, 8);, Fi(y(e,r,8)j-1)) < M(N + 1)e. O
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We are able to prove our main result in which we obtain necessary optimality
condition for a solution T = (Zo,T1,...,Zn) to problem (1.1)—(1.3) in the form
of maximum principle.

Theorem 3.2. Let T = (T, T1,...,IN) € RWHD" be an optimal solution
to problem (1.1)—(1.3), assume that Hypothesis 2.1 is satisfied, let Cy be defined
as in (2.4) and let g(.) : R™ — R be a locally Lipschitz function.

Then, for any local generalized derived cone C; to K; at T;, i = 1,..., N
there exist A € {0,1}, (po,p1,-..,pn) € RV and (ny,...,nx) € RN™ such
that

po €CY, po € Ai(p1), p1€AS(p2) +m, ...,

pPn—2 € Ay_1(pN—1) + n—2, pPN-1 € AN(DN) + N1,

nmeC -, i=0,1,...,N—1, (3.2)

pN € Acg(Tn) + Oy, (3.3)

(—pi, T;) = max{(—p;,v); v € Fi(T;—1)}, i=1,...,N, (3.4)
N N

A+ lpill + D lInill > 0. (3.5)
i=0 i=1

ProOF. Consider the set-valued map B;(.) : R* —» P(R") ¢ = 1,2,...,N

defined by .
Bi(y) = cl(Ai(y) + U S (Fi(@io1) — T)).

t
Then, by Proposition 3.5 in [14], {B;}i=1,.... v is a family of closed convex
processes satisfying (2.2), A; C B; and, moreover
Ai(y) it (—y,7) = max{(—y,v); v € [5(Ti-1)},
(y) ={ , (3.6)
] otherwise.

Therefore, it what follows A; will be replaced by B;.
Set
C=R"x(Cyx---xCyn

and

v(z)=2zny Y= (x0,21,...,TN)E RV
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We have two cases.
Case 1. C and Sp are separable. Then there exists ¢ € RV+D™\ {0} such
that
(g,¢) <0< {(q,a) YceCl, ae€Sp,

It means that ¢ € C~ N Sg. On one hand, from g € C~ it follows that ¢ =
(O,T}l,...,nN)WithTh'GCi_, 1=0,1,...,N.

On the other hand, ¢q € SE and taking into account Lemma 2.3 there exists
(Posp1,---,pn) € RVED™ guch that

Po S CJ» Po € Biﬁ(pl)a D1 S B;(pQ) +7717 ey
PN—2€BN_1(pN-1)+1N-2, pPN-1EBx(N)+nNn-1, DN=0unvECy (3.7)

From (3.6) and (3.7) it follows the adjoint inclusions (3.1) and the maximum
conditions (3.4). It is enough to take A = 0 and to note that the non triviality
condition (3.5) holds true in this case. Indeed, if Zf\il |[7:]] = 0 then it follows
that ¢ = 0, which is a contradiction.

Case 2. C and Sp are not separable. In this case (e.g., [2]) (SpNC)T =
Sh+ct.

Since, by Theorem 3.1, Sp is a generalized derived cone to Sy at T (and thus
a local generalized derived cone) and, obviously, C is a local generalized derived
cone to R™ x K7 x -+ x Ky at T we apply Lemma 2.1 and we deduce that

SgNC C Qi(SFr\IK)

From the definition of quasitangent cone we have that if v = (v, v1,...,vn) €
Qz(Sr N K) then vy € Qzy(RX N Ky). We have g(Tn) = min{g(z) : = €
Kx N RY} and from definitions it follows (e.g., Proposition 4.1 in [19])

Dog(Tn;v) > Drg(Tn;v) >0 Vo € Qzy(Ky N RY).
Therefore,
Deg(Ty;v) >0, Yven(SpnC).

We apply Lemma 2.2 with h(.) = Dcg(Tw,.) and we find that there exists
a € og(@N))N[Y(SBNC)]T = deg(@n )Ny ([SNC]T) = deg(Tn)) "~ (SE+
CT).

Hence for somen € C~, v*(a)+n € Si. Asin Case 1,1 = (0,71, ...,ny) with
m €C;, ©=0,1,...,N. We apply again Lemma 2.3 to deduce the existence
of (po,p1,---,pn) € RVTD™ guch that, if v*(a) +n = (wo, w1, ..., wy), one has

POGC(T, po € Bi(p1) +wo, p1 € B3(p2) +wi, ...,

PN—2 € By_1(pn—1) +wNn—2, pNn—1 € BN(pN) +wN-1, PN =wN.
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We have
<7*(Oé)+77;$>:<w,l'> v x:(‘x07x17-~~,1’]\]) GR(N+1)n

If 2 € RV with 29 = 21 = --- = xy_1 = 0 it follows that o+ ny = wy.
Therefore py = wy = a+ 1y € 0cg(Tn) + Cy. On the other hand

(w—=mn,z) = (v"(a),2) = (a,7(2)) = (@, 2N)

YV 2= (xg,21,...,xy5) € RIVTD,
Since « = —ny + wy it follows
(w—mn,2) ={wy —nn,zy) V= (xg,21,...,ZN) € RO+,

In particular, w; =n;, i =1,...,N — 1, wg = 0.
The adjoint inclusion (3.1) and the maximum condition (3.4) follows as in
Case 1. It remains to take A = 1 and the proof is complete. [

Remark 3.1. Several remarks are in order.
i) If in the above theorem we assume that g(.) is differentiable at T, then
by a very slight modification of the proof, inclusion (3.3) can be replaced by

pNn € AVg(Tn) + Cy.

ii) If in Theorem 3.2, C; are local tents at K; at T; then Theorem 3.2 yields
the main result in [11], namely Theorem 3.

iii) Theorem 3.2 extends the main results in [9], obtained for an optimization
problem with only end point constraints (i.e., K; = R", i =1,..., N — 1); result
obtained in terms of Hestenes’ derived cone to K at Ty.

iv) A result similar to that of Theorem 3.2 can be obtained without any
convexity assumptions in terms of the so-called limiting normal cones introduced
by B. MORDUKHOVICH and subdifferentials by applying the generalized Lagrange
Multipler Rule as in [20].

In particular, when F; are expressed in the parametrized form
Fi(xi—1) = U filxi—i,u;) Vo1 €R", i=1,...,N,
u; €U;
i.e., inclusion (1.2) became the nonlinear discrete system
x; = filxi—,uy), w; €Uy, i=1,...,N, x9€ K (3.8)
)

taking A;(v) = a—’;(@,l,m)v, i =1,..., N we obtain the following consequence
of Theorem 3.2.
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Corollary 3.1. Let U; CR" i =1,..., N be compact set, let f;(.,.): R™ x
U; — R™ be such that f;(.,u;) is differentiable and the multifunction F; satisfy
Hypothesis 2.1,i = 1,...,N, let T = (To,Z1,...,Tn) € RNTI" be an optimal
solution for problem (1.1), (3.8), (1.3) and @ = (uy,Us,...,Un) be a control
corresponding to solution T. Consider Cy defined in (2.4) and g(.) : R* - R a
locally Lipschitz function.

Then, for any local generalized derived cone C; to K; at T;, i1 = 1,2,..., N
there exist A € {0,1}, (po,p1,...,pn) € RV and (ny,...,nx) € RN™ such
that

8 *
po€Cy, po= (aj;l(wo,ul)) (p1),

p1 = (%]ZV(QJN—hUN)> (p2) + M. PN—1 = (aa];(xN—lquO (pv) + N1,

meCT, Vi=1,...,N—1,
PN € Acg(Tn) + Ch,
(—pi, T;) = max{(—p;, fi([Ti—1,w)), w €U}, i=1,...,N,

N N
A+ llpall + > lmall > 0.
i=0 i=1
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