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Homology decompositions in shape theory

By TAKAHISA MIYATA (Kobe)

Abstract. In this paper, for each inverse sequence G of abelian groups and for
each n > 1, we introduce the notion of approximate Moore space of type (G, n) and
obtain shape theoretical homology decompositions for metric continua in the sense of
E. H. Brown and A. H. Copeland.

1. Introduction

The Postnikov system of a space is a decomposition of the space into a tower
of fibre CW complexes, each of which has finitely many nonvanishing homotopy
groups that are isomorphic to the corresponding homotopy groups of the given
space. The construction involves the technique of adding homotopy groups to CW
complexes. E. H. BROwN and A. H. COPELAND [5] obtained a homology ana-
logue of Postnikov system, whose construction involves the technique of adding
homology groups to CW complexes. Those two techniques used in the construc-
tions are dual to each other. B. Eckmann and P. J. Hilton introduced a systematic
approach to the duality.

In this paper homology decompositions of metric continua are obtained in
the framework of shape theory. Shape theory is formed in such a natural way
that it deals with homotopy properties of general spaces. In shape theory, spaces
and maps are respectively expanded into systems of polyhedra (alternatively,
CW complexes or ANR’s) and morphisms between systems in the pro-category
pro- HTop of the homotopy category HTop of spaces and maps. One then studies
the systems and the morphisms to study the shape properties of the spaces and
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maps. Postnikov systems in the pro-category are obtained [2], [6], but in order
to obtain Postnikov systems in the shape category, one has to consider the limits
of noncompact polyhedra, which may be empty. Noncompact polyhedra appear
when one adds infinitely many cells in the process of adding homotopy groups.
From this point of view, the process used for homology decompositions is more
convenient than that used for homotopy decompositions because fewer cells are
added in homology decompositions. In this paper the homology decompositions of
metric continua are studied in the framework of shape theory. The constructions
are based on those introduced by Brown and Copeland.

This paper is organized as follows. In the next section, basic notations and
definitions are recalled. In Section 3, the notion of approximate Moore space is
introduced, and the existence and uniqueness are discussed. In Section 4, cofibra-
tion sequences of shape morphisms are obtained. In Section 5, shape theoretical
homology decompositions are proved to exist.

2. Preliminaries

Throughout the paper, space means pointed topological space, and map
means base point preserving continuous map, and homotopy means base point
preserving homotopy.

For any space X, let CX denote the cone over X, i.e., CX = X A I, where
I =[0,1], and 0 € I is the base point of I. For any map f : X — Y, let C}
denote the mapping cone (cofibre) of f, i.e., Cy = CX VY/(x A1) ~ f(z), and
let Z; denote the mapping cylinder of f, i.e., Z; = IXVY/[(x,1)] ~ f(x), where
IX = X xI/{xg} x I. For any map f : X — Y, define amap Cf: CX — CY
by Cf(x At) — f(z) At. Let SX be the suspension X A S' of X, which is
homeomorphic to the quotient space X x I/X x 0U {zo} x I UX x 1. For any
map f: X =Y, defineamap Sf:SX — SY by Sf=fAlg.

Let Top be the category of spaces and maps, let CM be the full subcategory
of Top whose objects are metric continua. Let HTop be the homotopy category
of Top, let HCM and HPol be the full subcategories of HTop whose objects are
metric continua and spaces having the homotopy type of a connected polyhedron,
respectively. Let Gp be the category of groups and homomorphisms, and let Ab
denote the full subcategory of Gp whose objects are abelian groups.

Let C be any category. Let N be the set of all natural numbers. For any
inverse sequence X = (Xj,piit1) in C, let pir = piit1 0 Pig1i+2 0 0 pir—1ir
for i < ¢, and let p;; = 1x, for each i € N. A system map (f;,f) : X = Y
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between inverse sequences in C consists of a function f : N — N and maps
fi + Xyuy — X; for i € N such that whenever iy < ia, there is @ > f(i1), f(i2)
with fi, 0 Dreiy)i = Givia © fiz © Pi(iz)i- A system map (f;, f) : X = Y is said to
be a level map if the function f is the identity, in which case we write (f;) for
(fi, f). For any two system maps (fi, f), (9i,9) : X = Y, (fi, f) and (gi, g) are
said to be equivalent, in notation, (f;, f) ~ (g:, g), provided for each 7, there exists
i' > f(i),g(i) such that f; o preyir = gi © qg(i)ir- The relation ~ is an equivalence
relation. A morphism f : X — Y in pro-C is an equivalence class of system maps
(ff): X =Y.

For any map f : X — Y, let [f] denote the homotopy class of f. For
any inverse sequence X = (X;,p;;+1) in Top, let [X] denote the induced inverse
sequence (X, [pi,i+1]) in HTop. Since (f;, f) ~ (g:,9) implies ([fi], ) ~ ([9:]. 9),
every morphism f : X — Y in pro- Top induces a morphism [f] : [X] — [Y] in
pro- HTop.

In this paper we consider the shape category Sh(CM) restricted to the objects
of CM. For any two morphisms f : X — Y and f' : X’ — Y’ in pro- HPol where
p: X—-X,q:Y—>Y,p:X - X and q : Y — Y’ are HPol-expansions in
the sense of [7, p. 20], we say that f and f’ are equivalent, in notation, f = {’,
provided the following diagram is commutative.

X —f .y

| |

x £y
Here i and j are natural isomorphisms. A morphism F' : X — Y in Sh(CM) is
an equivalence class of morphisms f : X — Y in pro- HPol. For more details on
shape theory, the reader is referred to [7].
Let H, and H, denote the unreduced and reduced singular homology theories
with the integer coefficients, respectively.

3. Approximate Moore spaces

For any abelian group G and n > 1, a Moore space of type (G,n) is a
connected, simply connected space M such that

Z (q=0),
0 (¢#0,n).
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Any two CW complexes that are Moore spaces of type (G,n) have the same
homotopy type. Let M(G,n) denote the CW complex which is defined as the

mapping cone Cs of a map 9 : \/ S — \/ S™ inducing the homomorphism d for
J I

apresentationO—)@Z&@ZgG%OofG.
J I

Proposition 3.1 ([3, 1.4.3]). If « : G — H is a homomorphism between
abelian groups, there exists a map M(«,n) : M(G,n) — M(H,n), which is defined
up to homotopy such that the correspondence M(-,n) : Ab — HTop is functorial.

We write p,(a) for M(a,n) in Proposition 3.1.
Let G be an inverse sequence in Ab, and let n > 1. An inverse sequence X
in Top or HTop is said to be of type (G,n) provided X is 1-connected and

(z) (¢g=0),
Hy(X) =~ { G (g =mn),
0 (¢#0,n).

An approzimate Moore space of type (G,n) is a metric continuum X which admits
an HPol-expansion p : X — X such that X is an inverse sequence of type (G, n).
The following shows the existence of approximate Moore spaces.

Proposition 3.2. If G = (G;, v i+1) is an inverse sequence in Ab such that
all G; are finitely generated abelian groups, then for each n > 1, there exists an
approximate Moore space M(G,n) of type (G, n) with dimension at most n + 1.

ProOOF. Consider the Moore spaces M(G;,n) for ¢ € N. Since each G, is
finitely generated, M(G;,n) is a connected compact polyhedron. By Proposit-
ion 3.1, we obtain an inverse sequence M(G,n) = (M(G;,n), pn(;it1)). Let
p = (p:) : M(G,n) = M(G,n) be the inverse limit of M(G,n). Then M(G,n)
is a 1-shape connected continuum with the desired pro-homology groups. Since
each M(G;,n) has dimension at most n + 1, the dimension of M(G,n) is at most
n+1. (]

Let F be the full subcategory of pro- Ab whose objects are inverse sequences
consisting of finitely generated abelian groups.

Proposition 3.3. If p : G — H is a morphism in F, then there exists
a shape morphism M(p,n) : M(G,n) — M(H,n) such that the correspondence
M(-,n) : F — Sh(CM) is functorial.
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PROOF. Let p be represented by a system map (p;, p) : G = (G, v iv1) —
H = (H;, Bi,i+1). By Proposition 3.1, this induces a system map ([M(p;, n)], p) :
[M(G,n)] — [M(H,n)]. This represents a shape morphism M(p,n) : M(G,n) —
M(H, n). We must show that this definition does not depend on the choice of the
system map (p;, p). To see this, let (p}, p’) be another choice of system map rep-
resenting p. Then, for each i, there exists j > i such that p; o) ; = pjoay ) ;-
Since M(-,n) is functorial, M(p;,n) o M(a,(,5,n) =~ M(p;,n) o M(ayiy,j,n).
This means that ([M(p;,n)], p) and ([M(p},n)],p’) represent the same morphism
M(G,n) — M(H,n) in pro- HPol, and hence the same shape morphism. It is
readily seen that M(lg,n) = lyg,n), where 1g : G — G and ly(gn)
M(G,n) — M(G,n) are the identity morphisms in F and Sh(CM), respecti-
vely, and that if p : G — H and 7 : H — K are morphisms in F, then
M(7 o p,n) = M(7,n) o M(p,n) O

Proposition 3.4 ([4, 3a.5, p. 268]). For any space X and any abelian
group G, and for n > 1, there exists a short exact sequence

0 — Ext(G, mpy1 (X)) — [M(G, n), X] = Hom(G, 7, (X)) — 0.

Here p is the n-th homotopy group functor.

Proposition 3.5. Let G = (G, o i+1) be an inverse sequence consisting of
finitely generated abelian groups, and let X and Y be approximate Moore spaces
of type (G, n) with finite shape dimension. Then X and Y have the same shape
type if one of the following conditions holds.

(1) Each G; is free.
(2) Each of the two progroups pro-m,+1(X), pro-m,+1(Y) is divisible.

Here a progroup is said to be divisible provided each term is a divisible group.

PROOF. Let X be an approximate Moore space of type (G,n). We show
that if (1) holds, or if pro- H, 1 (X) is divisible, X has the shape type of M(G, n)
(see Proposition 3.2). Let p = (p;) : X — X be the limit of some inverse se-
quence X = (X;,p;i+1) consisting of compact connected polyhedra such that
dim X; < N for 7 € N, where N is some fixed nonnegative integer. By the Hure-
wicz theorem [7, Theorem 2, p. 136], conditions that Hy(X) = 0 for ¢ < n and
that m1(X) = 0 imply 74(X) = 0 for ¢ < n and m,(X) =~ H,(X) = G. Let
(i, 1) : G = m,(X) be a system map which induces an isomorphism in pro- Ab.
By [7, Theorem 3, p. 12], we can assume that the system map (¢;,%) is a level
map (¢;). Since [M(G;,n), X;] — Hom(G;, 7,(X;)) is onto by Proposition 3.4,
then, for each i, there exists a map f; : M(G;,n) — X; which induces ;. If
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Giy1 is free, or if m,41(X;) is divisible, then Ext(G;11,m+1(X;)) = 0, which
implies [M(Giy1,n), X;] = Hom(G,41,7,(X;)) by Proposition 3.4. Hence the
commutativity of the diagram

G U G
ﬂ'n(fi)l Jﬂ'n(fﬂrl)

Wn(Xz) Tn (Pi,it1) 7Tn(Xz+1)

implies the homotopy commutativity of the following diagram.

M(Giyn) &) NGy n)

fiJ( lfiﬁ»l

Pi,it1
Xi i X1'+1

Thus we have a level map ([f;]) : [M(G,n)] — [X]. Let f be the morphism in
pro- HPol which is represented by ([f;]). Then f induces an isomorphism 7, (f) :
G — m,(X). Consider the commutative diagram

m(M(G,n) % 7 (X)

‘PM(G,n)l l‘Px

H,(M(G,n)) % H,(X)

where the vertical arrows are the Hurewicz morphisms, which are isomorphisms
by the Hurewicz theorem. So, H, (f) : H,(M(G,n)) — H,(X) is an isomorphism,
and hence Hy(f) : H,(M(G,n)) — Hy(X) is an isomorphism for ¢ > 0. By the
homological version of the Whitehead theorem [7, Theorem 11, p. 153] and the
assumptions that dim X; < N and dim M(G;,n) < n+ 1 and that 71 (X) = 0 and
m (M(G,n)) = 0, we conclude that f is an isomorphism. O

Ezample 3.6. The following example shows that the finiteness of the shape
dimension in Proposition 3.5 with condition (1) is essential. Recall the Kan
continuum in [7, Example 1, p. 153]. J. F. ApAMS [1, Theorem 1.7] constructed
a compact polyhedron Y and a map a : S™Y — Y for some integer r > 1 such
that for each m, the composite

a(S"a) (S a)- - (8 NTe)  STTY Y
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is essential. Consider the inverse sequence of compact polyhedra
Y sy £ 87y

Let A be its inverse limit. Then A is a continuum with infinite shape dimension.
It is shown in [7, Example 1, p. 153] that A is not shape equivalent to a point,
but pro-m,(A) = 0 for ¢ > 0. However, the latter implies that pro-H,(A) =0
for ¢ > 0 by the Hurewicz theorem. This means that A is an approximate Moore
space of type (0,n) for any n > 2.

Proposition 3.7. Letn > 1, and let X = (X, p;;+1) be an (n—1)-connected
inverse sequence consisting of spaces such that H,(X;) is a finitely generated
free abelian group for each i. Then there exist an inverse sequence M of type
(H,(X),n) consisting of connected compact polyhedra, a cofinal subsequence X’
of X, and a level map ([fi]) : [M] — [X'] which induces an isomorphism H,,(M) —
H,,(X') in pro- Ab.

PRrROOF. Since X is (n — 1)-connected, by the Hurewicz theorem [7, The-
orem 2, p. 136] (see also [7, Remark 3, p. 138]), the Hurewicz morphism ¢ :
mn(X) = H,(X) is an isomorphism in pro- Ab. Let v : H,(X) — m,(X) be the
morphism which is the inverse of ¢. By [7, Theorem 3, p. 12], replacing X by a
cofinal subsequence if necessary, we can assume that 1 is represented by a level
map (¢;). Since [M(H,(X;),n), X;] = Hom(H, (X;), 7,(X;)) is onto by Proposit-
ion 3.4, then, for each ¢, there exists a map f; : M(H, (X;),n) — X; which induces
;. Since Hy,(X;41) is free, Ext(H, (X;41), 7 (X;)) = 0, and by Proposition 3.4,
[M(H,,(X;11),n), X;] 2 Hom(H,, (X;+1), 7,(X;)). This implies that the following
diagram is homotopy commutative.

M(H, (X),n) S MH, (Xi4a)m)

fil lf71+1

Xi AR Xit1
Since H,,(X;) is finitely generated, M(H,(X;),n) is a connected compact poly-
hedron. Thus, we have an inverse sequence M = (M(H,,(X;),n), tn(Hy, (pii+1)))
of connected compact polyhedra and a level map ([f;]) : [M] — [X] with the
required property. O

Proposition 3.8. Let n > 1, and let X be an (n—1)-shape connected metric
continuum such that pro- H,, (X) is isomorphic to an inverse sequence consisting
of finitely generated free abelian groups. Then there exists an approximate Moore
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space Z of type (pro- H,(X),n) and a shape morphism F : Z — X which induces
an isomorphism pro- H,,(F) : pro- H,,(Z) — pro-H,,(X).

PROOF. Let p = (p;) : X — X be the limit of some inverse sequence X =
(X, pi,i+1) consisting of connected compact polyhedra. Without loss of generality,
we can assume that each H,,(X;) is a finitely generated free abelian group. We can
proceed with the proof as for Proposition 3.7 to obtain an inverse sequence M of
type (H,(X), n) consisting of connected compact polyhedra, a cofinal subsequence
X’ of X, and a level map ([f;]) : [M] — [X’] which induces an isomorphism
H, (M) — H,(X’) in pro- Ab. Here note that compactness of each coordinate
space of M is guaranteed by the fact that each H,,(X;) is finitely generated. Let
q = (¢;) : Z — M be the inverse limit of M. Then Z is an approximate Moore
space of type (pro-H,(X),n), and the shape morphism F : Z — X represented
by ([f;]) has the desired property. O

4. Cofibration sequences of shape morphisms

In this section we discuss the cofibration sequences, mapping cones, and
mapping cylinders for shape morphisms.

Recall that each map f: X — Y admits a long sequence, which is called a
cofibration sequence, or alternatively, a Puppe sequence,

f J

o
X Y cy —= !

SX SY

Here the map j : Y — C} is the composition Y — Y [[ CX — C of the inclusion
map and the identification map. The map k : Cy — SX is the composition

Cy & C; % SX of the inclusion map k' and the map ¢ defined by

plxAt)=azAt (€ SX) (xeX, 0<t<1),
ey nt) = * (yeY, 0<t<1).

Lemma 4.1. For any homotopy commutative diagram

x I vy

b
x Ly
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there exists a map v : Cy — Cy such that the following diagram is homotopy
commutative.

x Loy 2,0 —E sx 2L, gy

al l@ lv lsa lsﬁ

x Ly T M osxr S gy

PrROOF. Let G : X x I — Y’ be a homotopy such that Gqg = f' o a and
G1 = fo f. The desired map 7 : Cy — Cy is given by the following formula (see
[4, p. 260] and also [8, p. 252]).

1y)=By) (yeY),

1
alz) N2t (xGX,O<t<2>,
Yz At)=

1
G(z,2t—1) (xEX, 2§t§1>.
O

Proposition 4.2. For any shape morphism F : X — Y, there exists a metric
continuum C' and an exact sequence in pro- Ab

pro- H, (F)
_—

- —— pro- ﬁn(X) pro- I:I,L(Y) pm_—H"(j)>

pro- H,(C) LN pro-H, 1 (X) —— ---. (42)

PROOF. By the simplicial approximation theorem [8, Theorem 2.5.16], we
can find simplicial maps f; : X; — Y; such that X = (X;,p;41) and Y =
(Y3, ¢ii41) are inverse sequences of connected compact polyhedra, and f; form a
level map ([f;]) : [X] — [Y] which represents F'. By Lemma 4.1, for each i, there
exists a map ;41 : Cy,,, — Cy, which makes the following diagram homotopy
commutative.

fi+1 Ji+1 kit1 Sfi+1
X I v, g, B ex g SR gy, s

pi’iHl lth,iﬂ l%‘,iﬂ lspi,ul lSQi,'H»l

fi Sfi

X, I v L oo, b sy, SY; —— -

Thus we obtain an inverse sequence C(y,)) = (CY,,7i,i+1) consisting of connected
compact polyhedra. Let t = (t;) : C' — C((y,)y be the limit of Cy,}). For each 4,
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consider the following commutative diagram (see [10, 2.39, 7.33]).

; ii k. 4
X, Ly, Cy, — Cj, —— Ck
| | | [poe |
X, fi Y; Ji Cfi viok; SX, Sfi SY;

Here k] and I are the inclusion maps, v; : SX; — SX; is the homotopy inverse of
the H-cogroup SX;, ¢; : Cj;, = SX; and v; : Cy; — SY; are the maps analogous
to ¢ defined by (4.1). Since v; o ¢; and ; are homotopy equivalences and since
the top sequence induces an exact sequence in the reduced homology groups by
the exact axiom, so does the bottom sequence. The following diagram is also

commutative.
- H,(Sfit1) -
(S Xi11) = H,,(SYiq1)
~ ind an (fl ) ind
H,,(Spi,it1) Hy—1(Xit1) ! Hy—1(Yit1)
Ho1(pijit1) fi(s )
n{Pqi,i+1
H,(Sf; .
fl,,(SX,) G f,(5v;) B (gs00)
Axi AY,‘,
~ Hao1(f3) ~
M1 (X;) : H,—1(Y;)

Here AXZJFI, AX“ AyiJrN
the following commutative diagram.

and Ay, are the natural isomorphisms. Thus we have

1 I:In fw (1 I:In 4'L (1
e (X)) 2 T, (V) s T, (G
ﬁn(Pi,Hl)l lﬁn(Qi,iJrl) lﬁn(“ﬁ,iﬂ)

Ax. oI:In i+10kit1 ~ Hpo1(fi ~
Xit1 (vit +1) anl(XiJr]) Hp—1(fit1) anl(Y;#l)
lﬁn—l(m,wrl) lﬁnfl(qi,i+1)
Ax.oH, (viok; ~ H,—1(f; -
xofla(viok) g ey ) g
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Since the rows in this diagram are exact, we have the following exact sequence of
progroups.

= (Hn(5).
—5 Ha(Y) = Ha(Cr)

Hn—l(X) E— Hn_l(Y) _ >

(Ax, oH,, (viok;))
%

This represents the exact sequence (4.2). O

The inverse sequence [Cy(s,)y] is called the cofibre of ([f;]). The metric con-
tinuum C' in (4.2) is called a cofibre of F', but it may depend on the choice of a
morphism which represents F.

Remark 4.3. We raise the following question: given a commutative diagram
in Sh(CM)
x Loy

L b

x Ly
does there exist a shape morphism « : C — C” which makes the following diagram
commute in Sh(CM)?

SF

y —— ¢ SX SY — ...
N
x _F oy ' Vol K’ SX/ SF' Sy’ — ...

We do not know the answer to this question at this moment, but if it is
affirmative, then for any shape morphism F': X — Y between 1-shape connected
metric continua X and Y with finite shape dimensions, the metric continuum C'
in Proposition 4.2 is unique up to shape. Indeed, suppose that there is another
metric continuum C’. Then there would be a shape morphism v : C — C’ and
the following commutative diagram.

: pro- fly (F) : pro- Fln (5) : 8 3 pro- Ay, (F) :
pro-Hp (X) — > pro-H,(Y) — > pro-H,(C) — > pro-H, 1 (X) — > pro-H,(Y)

pro- Hp, (7)
pro- Hp, (/) 4

pro-Hy, (C)

By the five lemma (see [2, Appendix] or [7, Theorem 11, p. 153]), pro- H,(7) is an
isomorphism for n > 0. Since C' and C are 1-shape connected, by the homological
version of the Whitehead theorem [7, Theorem 11, p. 153], v is an isomorphism.
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The following is an immediate consequence of Proposition 4.2.

Proposition 4.4. Let X be an inverse sequence of connected compact poly-
hedra such that Hy(X) = 0 for ¢ > n, and let G be an inverse sequence consisting
of finitely generated abelian groups. Suppose that there exists a level map ([g;]) :
[M(G,n)] — [X] which induces a trivial morphism H,,(M(G,n)) — H,(X) in
pro-Ab. Let (I;) : X — Cy4,)) be the level map consisting of the inclusion maps
Xi = Cy,. Then (l;) induces an isomorphism Hy(X) — Hy(C(g,})) in pro- Ab for
q#n+1, and Hn+1(C([gl])) ~ G.

Recall that any map f : X — Y is the composite of a cofibration and a
homotopy equivalence. Indeed, f = hg, where g : X — Z; is the inclusion of
X into X x I as X x {0}, followed by the identification map, and h : Z; — Y
is the map induced by the identity map of Y and the map IX — Y defined by
[(z,8)] = f(x).

Lemma 4.5. Let the diagram

x Iy
| &
x Ly

be homotopy commutative, and let X % Z; by and X' s Zygs My Y7 be the
factorizations of f and f', respectively, such that g and g’ are cofibrations and h
and h' are homotopy equivalences. Then there exists a map n: Z; — Zy such
that nog=¢g' oca and foh~h on.

PRrOOF. First, we define a map 1’ : Zy — Z such that
nog~goa

and
Boh~h on. (4.3)

Indeed, if G: X x I — Y’ is a homotopy such that Go = f' oa and G; = 8o f,
then the map ' : Zy — Zy/ can be defined as

(alw)20]  (vex 0se<]),
Gz, 2t — 1) (xeX,;§t§1>,

ny)=8W) (WeY).
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Since g is a cofibration, there exists a map 1 : Zy — Zz such that

n=n, (4.4)
and
nog=goa.
By (4.3) and (4.4), we have S oh ~ h’ on and conclude that 7 is the desired
map. (I

Proposition 4.6. For any inverse sequences X = (X;,pii+1) and Y =
(Y3, iitq), every level map ([f;]) : [X] — [Y] admits an inverse sequence Z =
(Z4,,mi,i+1) of mapping cylinders and level maps (g;) : X — Z and ([h;]) : [Z] —
[Y] such that
(1) each g; is the inclusion map of X; into Z;, as X; x {0},

(2) each h; is a homotopy equivalence, and
(3) fi=hiog.

5. Homology decompositions

In this section we prove a homology decomposition theorem in shape theory.
Before proving the main theorem, we establish the following lemma.

Lemma 5.1. Let X = (X, pi,N) and A = (A;, ¢ir,N) be 1-shape connec-
ted inverse sequences of connected compact polyhedra such that each H,(X;) is
a finitely generated free abelian group, each A; is a subpolyhedron of X;, and
giiv Is a restriction of p;;. Let (f;) : A — X be the level map consisting of the
inclusion maps. Suppose that (f;) induces an isomorphism H,(A) — H,(X) in
pro-Ab for ¢ < n, and Hy(A) = 0 for ¢ > n. Then there exist a cofinal sub-
set A of N, an inverse sequence M = (M;, a;;ir, A) of type (H,(X),n — 1), level
maps ([gi]) : [M] — [A'] and ([f]]) : [C((g})] — [X'] for the cofinal subsequen-
ces X' = (X;,piir,A) and A’ = (A;, qir, A) of X and A, respectively, with the
following properties:

(1) if§; : A; — Cy,, © € A, are the inclusion maps into the mapping cones, then

the following diagram is homotopy commutative for i < i’,

Jit
Ay ——— Cy,

a | e (5.1)

Ai Ji Cgi
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(2) the level map ([g;]) : [M] — [A’] induces a trivial morphism H,,_1 (M) —
H,,_1(A’) in pro- Ab,

(3) fioji=fi for eachi € A,

(4) ([f{]) induces an isomorphism Hy(C4,)) = Hy(X') in pro- Ab for ¢ < n, and

(5) Hy(C(gg,))) = 0 for ¢ > n.

PROOF. For each i € N, let F; = {w € X} : w(0) = z0;} and F; = {w € X/ :
w(0) = zg;,w(1) € A4;}, where zg; € X; is a base point of X; and A;. Define maps
Ui i1t Big1 = Byt wi—= D ip1 ow and v 541 ¢ Fipqr = Fy  w = @541 0o w. Then
we have inverse sequences E = (E;, u; i41) and F = (F}, v; 141).

By the exactness of the homology sequence of the pair (X, A) [7, Theorem 3,
p. 125], Hy(X, A) =0 for ¢ <n, and Hy(X, A) = Hy(X) for ¢ >n. Since m1(X)=0
and mo(A) = 0, by the exactness of the homotopy sequence of the pair (X, A) [7,
Theorem 8, p. 131], we have 7 (X, A) = 0. This together with m1(A) = 0 and
the relative Hurewicz theorem [7, Theorem 6, p. 140] implies that m(X, A) =
Hy(X,A) = 0. Since Hy(X,A) = 0 for ¢ < n, repeatedly using the relative
Hurewicz theorem, we have m,(X,A) = 0 for ¢ < n and 7,(X, A) = H, (X, A).
Since 74 (F) = my1+1(X, A) for ¢ > 0 (see [8, 7.2.9]), F is (n — 2)-connected. By
the Hurewicz theorem [7, Theorem 2, p. 136], H,_1(F) ~ m,_1(F), which is
isomorphic to the inverse sequence H, (X) consisting of finitely generated free
abelian groups. Thus by Proposition 3.7, there exist a cofinal subsequence F/ =
(Fy,vir, A) of F, an inverse sequence M = (M;, a7, A) of type (H,,—1(F),n — 1),
and a level map ([gj]) : [M] — [F'], which induces an isomorphism in the (n —1)-
th pro-homology. Define maps 6; : E; = X; : w+— w(l) and ¢; : F; — A; : w —
w(1). Then the following diagrams are commutative for i < 7’.

Ey L} X Fy L) Ay
uii’l erii’ and Uii/l lqw
0; wl
So, we have level maps (6;) : E' = (E;, uyr, A) — X" and (¢, ) F' — A’. For each
i€ A, let g =109, : M; — A;. Then we have a level map ([g;]) : [M] — [A]].

For each i € A, define a map f} : Cy, = X; by
fila) = fi(a) (a € Ay),
@A) = gla)(t) (we M, tel),

By Lemma 4.1, for i < i, there exists a map ;- : Cy,, — Cy, between mapping co-
nes such that diagram (5.1) is homotopy commutative. This verifies property (1).
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We claim that the following diagram is homotopy commutative for ¢ < 4’

Indeed, let K : My x I — F; be a homotopy such that Ky = g} o a;; and
Ky =v;r0g,. For each a € Ay,

(pirr 0 fir)(a) = (pirr o fir)(a) = (fi o qir)(a) = (f] o viwr)(a).
For each x € M; and s € I,
(piir © fir)(x A 's) = piir (g7 (x)(5)),
1
dlaw@ne)  (0ss2g).

(fi oz )(@As)=
Fi(K (2,25~ 1)(1)) (

N | =
IN
w
IN
—_

S~~~

The map L : Cy, x I — X; defined by

L(a,t) = (piir o fi;)(a) fora€ Ay and 0 <t <1,

o 12 22213

£ (K (2,25 — 1)(1)) (”21 <s< 1)

forxAseCy, and 0 <t <1,

gives a homotopy such that Ly = f/ o, and L1 = p; o f/,. Thus we have a level
map ([fi]) : [Cygy] = (Cy,, [yir], A) — [X']. By the definition of f{, f; = f] o js
for each 7 € A, and this verifies property (3).

Since each f; o1, is inessential, H,,—1(f;) oH,—1(g;) = Hp—1(fi) o Hpe1(0;) 0
H,,—1(g;) is trivial. This together with the assumption that (f;) induces an iso-
morphism H,_;(A’) — H,_;(X’) implies that ([g;]) induces a trivial morphism
H,-1(M) — H,,_1(A’), verifying property (2).

By Proposition 4.2, ([;]) induces an isomorphism Hy(A’) — Hy(C(,))) for
q # n. In particular, Hy(C 1)) = Hy(A') = 0 for ¢ > n, verifying property (5).
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Moreover, since f; = f/ o j; for each i € A and (f;) induces an isomorphism
Hy(A') — Hy(X') for ¢ < n, ([f]]) induces an isomorphism Hy(C(g,))) — Hq(X')
for ¢ < n. To verify property (4), it remains to show that ([f/]) induces an iso-
morphism H,,(C(g,})) — Hn(X'). For each i € A, define a map g;’ : (CM;, M;) —
(E;, F;) by g/ (xNs)(t) = gi(z)(st) for tAs € CM; and ¢ € I. Then the homotopy

commutativity of the diagram

"
9,1

(CMW, Mi’) e (Ez", Fz’)

Caii/ l lu“/

1
9i

follows from the fact that for each x A s € CM; and for t € I,
(uiir © gir) (@ A s)(t) = viir (g3, (2)) (st), (97 © Caier)(w A s)(t) = gi(cvir (x))(st), and
the homotopy-commutativity of the following diagram.

’

9i
MZ‘/ —)’ F’i/

This implies that we have an induced level map ([g/']) : ([CM], M]) — ([E'], [F']),
which makes the following diagram commute.

([Cop)s (A7) 22 (o, [v)

| | @atn
E, [

(x1,0a7) <2 (gL )

Here CM = (CM;,Cayir, A), and ([my]) : ([CM],[M]) — ([C(g],[A’]) is a
system map consisting of the inclusion maps m; : (CM;, M;) — (Cy,, 4;), i € A.
The map f/ : C;, — X; defines a map of pairs f/ : (Cy,, A;) — (X, Ai). Let
£ (Cylg.1), A’) — (X', A’) be the morphism represented by the level map ([f;’]).
Consider the commutative diagram in pro- Ab

Hp (m)

a 2]
H“(C([Qi])) e Hn(C([gi]),Al) — Hn(CM,M) e Hn_l(M)
Hu<f’)l Hn<f”)l lHMg”) JH,H@’) (5.2)

H,(X) —2— H.(X,A) &9 g,m®,F) 2 Ho(F)
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where a, 3, 8, and @ are morphisms from the pro-homology sequences of the
pairs (C(jg,)),A’), (X', A’), (CM,M), and (E',F’), respectively, and g’, g”,
m, and @ are morphisms in pro- HPol represented by ([g]), ([¢/]), ([mi]), and
([6:]), respectively. Then a and B are isomorphisms by the exactness of the
homology sequences of the pairs (Cf,)),A’) and (X', A’), respectively, since
H,(A’) =0, and ([5;]) and ([f;]) induce isomorphisms H,, _1(A") = H,—1(C,)))
and H,_1(A’) — H,_1(X’), respectively. Moreover, H,,(m) is an isomorphism
since each H,,(m;) is an isomorphism by the excision theorem. That 8 and 8" are
isomorphisms follows from the fact that CM and E’ are trivial in pro-homotopy.
Also, H,,—1(g’) is an isomorphism as seen above. Moreover, H, (@) is an isomor-
phism. Indeed, consider the following commutative diagram.

(B F) O X! A
‘P(E’ﬁF’)l l‘P(x/,A') (53)

H,(E/,F) H, ()

H,(X',A)

Note that m,(0) : mo(E,F') — m,(X’',A") = m,_1(F’) is an isomorphism for
g > 0 by the exactness of the pro-homology sequence since E’ is trivial in pro-
homotopy. In particular, m,(@) is an isomorphism. That (X, A) is (n — 1)-
connected implies that (X', A’) and (E',F’) are (n — 1)-connected. By the re-
lative Hurewicz theorem, the two Hurewicz morphisms ¢x/ o,y and @ g/ g/) are
isomorphisms. By the commutativity of diagram (5.3), we have that H, () is
an isomorphism. Thus, by the commutativity of diagram (5.2), we conclude that
H(f') : H,(C(jg,))) = Hn(X’) is an isomorphism. This verifies property (4) and
completes the proof of the lemma. O

Theorem 5.2. Let X = (X;,p;i+1) be a 1-connected inverse sequence of
connected compact polyhedra such that each H, (X;) is a finitely generated free
abelian group for n > 2. Then there exist inverse sequences X,y and M, 1)
of compact connected polyhedra and morphisms i,y : [X(,,)] — [X] and g(,,41) :
M(41)] = [X(n)] in pro- HPol for n > 2 with the following properties:

(1) X(g is of type (Hz(X),2),

2) M(,41) is of type (Hn41(X),n),

4
5

(2)

(3) [X(n+1)] is the cofibre of a level map representing g(,+1),
(4) Hy(frn) : Hy(X(n)) — Hg(X) is an isomorphism for ¢ < n,
()

Hy(X(ny) =0 for ¢ > n, and
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(6) the following diagram in pro- HPol commutes.

g(3) f2)
[M(3)] — [X(2)] - [X]

V/I

fa)

ProOF. By Proposition 3.7, there exist a cofinal subsequence X’ of X, an in-
verse sequence X (9) of type (H2(X),2) and a level map ([(f(2))q]) : [X(2)] = [X']
which induces an isomorphism Hy(X(2)) — Hg(X') for ¢ < 2. There exists a
WD, 17,00 LEOD %) of ([(fay)i]) with the proper-
ties in Lemma 4.6. Apply Lemma 5.1 to the level map ((kw)):) : X2y —
Z(3). Then there exist cofinal subsequences [Z{,] and [X{,)] of [Z(3)] and [X(3)],
respectively, an inverse sequence [Ms] of type (H3(X),2), and a level map

factorization [X ()]

([(g¢3))a]) = [M(g)] — [X(2y] representing a morphism gz, in pro- HPol, a level
map ([(f(3))i]) : [X(3)] = [Z{y)] such that [X(3)] is the cofibre of ([(g(3)):]), and
([(f(3))i]) induces an isomorphism Hy(X(3)) — Hg(Z{y)) for ¢ < 3. Then the
morphism f(3y which is represented by the composite of system maps

(Ern ([(h2))a]) ~

X)) Z0o)] = (2] 2 x) 2 (x]

induce an isomorphism Hg(f(3)) : Hy(X(3)) — Hg(X) for ¢ < 3. Repeat this
process, using Lemma 5.1, and we inductively obtain inverse sequences X, and
M(,4+1) and morphisms f(,,) : [X(,)] = [X] and gq1) @ [Mpin] = Xy in
pro- HPol for n > 2 with properties (2)—(4) and (6) as required.

It remains to prove (5). By (1), (5) holds for n = 2. Assume that (5) holds
for a given n > 2. To prove (5) for n+ 1, let ¢ > n + 1, and consider the level
map ([(g(n-&-l))z}) : M(n+1) — X(n) Since [X(n+1)] is the cofibre of ([(g(n+1))i])a
by the proof of Proposition 4.2, there exists an exact sequence

c = Hy(X ) = Hy(Xng1) = Hpm1(Mpy1y) — - -
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By the induction hypothesis, Hy(X(,)) = 0 for ¢ > n 41 > n. Since M, 11
is of type (Hp41(X),n) and ¢ — 1 > n, then Hy_1(M(,41)) = 0. Consequently,
Hy(X(nt1)) = 0 for ¢ > n 4 1. This proves (5) and completes the proof of
Theorem 5.2. O

Theorem 5.2 immediately implies

Corollary 5.3. Every l-shape connected metric continuum X with
pro-H, (X) being isomorphic to an inverse sequence of finitely generated free
abelian groups for n > 2 admits metric continua X, and M, ;1) and shape
morphisms F(,y @ Xy — X and Guy1) @ Muy1)y — Xy for n > 2 with the
following properties:
(1) X(2y is an approximate Moore space of type (pro- Hy(X),2),
My, 41) is an approximate Moore space of type (pro- H,11(X),n),
X(n+1) is a shape cofibre of G, 41y,

(2)
(3)
(4) pro- Hq(F(n)) : pro- Hy (X)) — pro- H,(X) is an isomorphism for ¢ < n,
(5) pro-Hy(X(y,)) = 0 for ¢ > n, and

(6)

the following diagram in Sh(CM) commutes.

G3) F(g)
Mgs) X(2) X

4
y
G

M) — X(3)

Fay

Gs)
Ms) —— X(4)

PrOOF. Choose an HPol-expansion p = ([pi]) : X — [X] = (Xi, [pi,i+1])
of X such that X; are connected compact polyhedra. By Theorem 5.2, we ob-
tain inverse sequences X(,) and M, 1) of connected compact polyhedra and
morphisms fi,,y : [X(,] = [X] and g1y : [M(n41)] = [X(m] in pro- HPol for
n > 2 with the properties in Theorem 5.2. Let X(,) and M(, 1) be the limits of
X(n) and M(n+1), and let F(n) : X(n) — X and G(n—i—l) : M(n+1) — X(n) be the
shape morphisms represented by f(,,) and g,11), respectively. Then we have the
theorem. O
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Remark 5.4. The decomposition X ) — X(3) — - in Corollary 5.3 depends
on the choice of HPol-expansion of X. Indeed, it is known that the decomposition
of X is not unique even for polyhedra X [5].

Theorem 5.5. Let X be a 1-shape connected metric continuum such that
pro-H,, (X) being isomorphic to an inverse sequence of finitely generated free
abelian groups for n > 2. If X has a finite shape dimension, then there exists a
decomposition X () — X3y — -+ with the properties in Theorem 5.3 such that
dirlim X, is shape equivalent to X.

PRrROOF. By [9] (or [7, Theorem 5, p. 251]), the shape dimension of X equals
¢(X) = max{n > 0 : H"(X) # 0}, where H  denotes the Cech cohomology
theory with the integer coefficients. Then the finite shape dimensionality of X
implies that there exists N > 0 such that H"(X) = 0 for n > N. This together
with [7, Lemma 6, p. 156] implies that pro-H,(X) = 0 for n > N. Choose an
HPol-expansion p = ([p;]) : X — [X] = (Xi, [pi,i+1]) such that X; are connected
compact polyhedra with dim X; < N. In view of Proposition 3.5 and the proof
of Lemma 5.1, for each n > N, we can choose the trivial system (x) consisting of
base points for M, ;1) in the construction of the decomposition in Theorem 5.2.
Then we can take metric continua X, 1) so that X, 1) = X () for n > N. So,
dirlim X, is shape equivalent to X (). The shape morphism Fin) : X — X
induces an isomorphism pro- Hy(F(x)) : pro- Hy(X(ny) — pro- Hy(X) for ¢ > 0.
By the homological version of the Whitehead theorem [7, Theorem 12, p. 155]
and the fact that the shape dimensions of X and Xy are finite, F{y) is a shape
equivalence. This proves the theorem. (I
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