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B-transform and its quasiasymptotics-applications to
the convolution equation (zu,, + 2u, + mu)xg=h, m <0

By STEVAN PILIPOVIC (Novi Sad) and MIRJANA STOJANOVIC (Novi Sad)

Abstract. By using the B-transform we examine the equation (zugz + 2ug +
mu)*xg = h, g,h € Sjr, m < 0. We investigate the quasiasymptotic behaviour of the
solution. We find the Laguerre series solution.

1. Introduction

The B-transform, or Bessel transform on the spaces of tempered
distribution supported by [0,00) was introduced by ZAviALOV [10]; see
also [9]. In [6] we have given different approaches to the B-tansform on
the spaces of tempered distributions and ultradistributions supported by
[0,00) by using Laguerre expansions of their elements.

This paper is concerned with the convolution equation

(xu” + 20" +mu) xg=h, m <0,

the quasiasymptotic behaviour of the solution and the Laguerre series so-
lution.

In Section 2 we give the definition and the Laguerre representation
of the B-transform on the spaces S’,. In Section 3 we give relations be-
tween the quasiasymptotics at 0T (resp. oo) and the B-transform as well as
the applications of these notions to the qualitative analysis of an ordinary
differential equation in S’ , and consequently to the quoted convolution

equation. In Section 4 we give an explicit method for solving this convo-
lution equations based on the Laguerre expansions.
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2. Generalized B-transform

The basic test function space for the well-known space of tempered
distributions supported by [0,00), S’ , is

St ={¢ € C™[0,00), 5UP;c(p.o0) t*|p™ (t)| < 0o, k,n € No}.

We give below an equivalent definition of this space ([2], [4], [7], [11].)
Let I, = e %/2L,(z), = > 0, n € Ng be the Laguerre orthonormal
system in L?(R, ), where

Y no\(=z)"
Ln_z<n—m) . x>0, n € Np,

m=0

are the Laguerre polynomials, and [,, are the eigenfunctions of the operator
R = e*/2Dxe " De*/2, for which R(l,) = —nly,, n € Np.
S is the space of smooth functions for which all the norms

00 1/2
||¢||k=(/0 |Rk¢<x>|2dx) . heMo

are finite and the following holds:
(R¥¢,1,) = (¢, RF1,), k,n € N, (RFT! = R(R")).

In [6] we defined the B-transform on S’ dualizing the results for the
b-transform on S, :

(Blf],0) = (f,b[¢]), ¢€ S5,
where, if ¢ = > a,l, € S¢, then

ble](t) = 6(0) + 1/2(p(7), /7 5 (V/er
:_22(—1)”(22 ai + ap)la(t), ¢>0 ([10],[6]).

1=n+1

So we obtain ([6])

ZQZ 1)™ by + (=1)"by)ln,

being f =37 byly.
Recall ([8], [6]) that

B[foz] = 404‘](‘70“ o€ R7
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where

i H(t)t* YI'(a) if a>0,
O DV fain(®) if a<0, a+N >0, NeN,

and D is the distributional derivative.

3. The quasiasymptotics and the B-transform

Let us start with regularly varying functions at co and 0% which were
defined by J. KARAMATA in the early thirties as natural generalizations
of power functions. The best reference concerning such functions in [1].

A function p : (a,00) — R, (resp. p: (0,a) — R), a € R is regularly
varying at oo, (resp. at 07) if it is positive, measurable and there exists a
real number « such that for each x > 0,

k
lim plh) =z% (resp. lim

oo p(k) 225 0(e)

Specially, when o = 0, then p is slowly varying at oo (resp. at 07),
and for such a function the letter “L” will be used. Recall some properties
of regularly varying functions. A positive and measurable function p :
(a,00) — R, (resp. p: (0,a) — R) is regularly varying at oo, (resp. at 0T)
if and only if it can be written as

= z).

p(x) =x%L(z), x=>a (resp.x € (0,a)),

for some real number a and some slowly varying function L at oo (resp.
at 07). If L(k), k > ko is slowly varying at oo then L(1/k),k € (0,1/ko)
is slowly varying at 07. The reverse assertion also holds.

The notion of quasiasymptotic behaviour at co and 07 of distributions
from S’ has been introduced by VLADIMIROV, ZAVIALOV and DROZZINOV
[9]. Recall the definitions and the properties of this notion.

Let f € S, and c(k) = k7L(k), k > 0, (resp. c(e) = €?L(e), € €
(0,e0)), where L(k),k > ko, (resp. L(g), € € (0,&9)) is slowly varying at
oo (resp. at 07). Then f has the quasiasymptotic behaviour at oo (resp.
at 07) of order o with respect to c(k) (resp. c(e)) if

lim ( f(kz)

kLII;O ]{?GL(]{:)’ (CL‘)> = <Cfa+1;¢>7 (¢ S S+), C#0

(resp.

lim ( f(e)

e—oo g7 L(e)

7¢(x>> = <Cfa+17¢>7 (¢€S+>7 07&0)
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We shall use the identity
(1) B[f(ex))(t) = K*B[f(x)](kt), t>0, e=1/k, k>0.
Proposition 1. Let f € S, and let L(e), € € (0,e0) be slowly
warying at 0T. Then the following conditions are equivalent:
1. f has quasiasymptotics at 0% (resp. at co) of order o with respect to
e?L(e) (resp. k L(1/k)).
2. Bf has quasiasymptotics at oo (resp. at 0%) of order —o — 2 with
respect to k= 2L(1/k) (resp. e 7 72L(¢)).
PRrOOF. Since B : S’ — S’ is an isomorphism ([6]) we have to prove

only the part of this assertion which corresponds to 0.
1.—2. Let ¢ € Sy. Then, with e =1/k, k — oo,

(Bf)(kt) _, Blf(z/k)](?) ., flx/k)
(myﬁb( )>_<k:—<’—2+2L(1/k:)’¢(t)>_<k—T(1/k:)’ [9]())

— (LD 1@ = (Choaa (@), b[6)(2)) = (CBLfosa], &)

e?L(e)
= <é’f_g_1, ¢), where C =C4°t!,
2.=1. For given ¢ € S let ¢p=b[¢)], v € Sy. From b[¢p] = b[b[¢)]] = ¢
([6]) and (1) we have
falk) o (B
<l€0+2L(k) ) ¢(t)>_< kgL(k)

and this implies the assertion.
Now we shall use the B-transform and quasiasymptotics for the qual-
itative analysis of the following ordinary differential equation in S, :

bb[]](2) = (Cf—o-241,¢), k — o0,

(2) TUgy + 22Uy +mu =g, m < 0.
Since
(3) Blzugs + 2u,|(t) = (—t/4) Blul(t), ¢t > 0,([6]),

it is equivalent to the equation
(—t/44+m) =g, where g = Blg] € S, and @ = Bul.
Let us remark that the equation
(4) xp=q, g€ S
has solutions in S’, uniquely determined up to C9, C' € C, and that the

equation
(x+m)p=gq, m>0, g5,

has the unique solution in S’ .

We need the following
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Proposition 2. (i) Let m = 0 in (2) and g have quasiasymptotics at
0" with respect to €’ L(e), where o # —2,—1,0,1,... then:
1. ifo < —2, then the solution u has quasiasymptotics at 0 with respect
to et L(e);
2. if 0 > —2 then there exists numbers b;,j = 0,1,...,p such that
u+0_ob;fj has quasiasymptotics with respect to 7+t L(e).

(i) Let m < 0 in (2) and g have quasiasymptotics at 0% with respect
to e?L(e), o € R. Then the solution u has quasiasymptotics at 0T with
respect to e 1L (g).

PROOF. (i) 1. Since g has quasiasymptotics at oo with respect to
k=o72L(1/k) and 0 < —2, by [9] (p. 144, the first part of Lemma 2), it
follows that 4 has quasiasymptotics at co with respect to k=7 3L(1/k),
because —o — 3 > —1. Proposition 1 implies that u has quasiasymptotics
at 07 with respect to e?T1L(e).

2. If 0 > —2 then there exist p € N and numbers a;,5 = 0,1,...,p,
such that u + Z?:o ajé(j ) has quasiasymptotics at oo with respect to
k=°=3L(1/k). This follows from [9] (p. 144, the second part of Lemma 2).

Thus u + Z?:o bjxi_l/f‘(j), where b; = 477a;, has quasiasymptotics
at 07 with respect to e”+1L(g) because B[0W)] =477 f;, j € N.

(i) Since for every ¢ € S

1 g9(t)
k=o—3L(1/k) <(—t/4 + m) (k). $(@))
B g(kx) 1
= e ny Zaja )
and )
mqﬁ(m) — ¢(z) in Sy as k — oo,

the proof of the assertion easily follows from Proposition 1.

The main part of the paper is a qualitative analysis of the equation
(5) ((zu)” +mu) x h =g, m <0,

where g and h are from S’ . For example, the equation

m

(6) Zak((:ﬁu)” +mu)®) =g (with h = Zak6(k))
k=0 k=0

is of this form.
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Proposition 3. Assume that g,h € S and the Laplace transform of
h, (Lh) (x+1y), = € R,y > 0, has a bounded argument. Let h have quasi-
asymptotics at 07 with respect to €7* Ly (g) and g have quasiasymptotics
at 0% with respect to €72 L (e).
1. Let m = 0 in (5). If 01 — 02 > 1 then (5) has the solution u with
quasiasymptotics at 0T with respect to €277t Ly(e)/ L1 (¢).
If o1 —02 <1 and 01 — 09 # 1,0,—1,—2,... then there are numbers
b; € C,j = 0,1,...,p, such that (5) has the solution w such that

u+ Z?:o b; f; has quasiassymptotics at 0% with respect to
£72791 [5(e) /L1 (g).

2. Let m < 0 in (5). Then (5) has the solution u with quasiasymptotics
at 0T with respect to 72791 Ly(e)/L1(¢).

Proor. First, we will prove if the Laplace transform of h has a
bounded argument, then the same holds for B[h|. Namely by

b T)(¢) = e 75, t >0, Tmz >0 ([9],p.41)

we have

LB = (BUD) ™) = 007 = £7 (=1 ) Tm >0,

which implies the assertion.
By using (3), and B[f * g] = B][f] * Blg], (see [6]), (5) becomes

(7) (—=t/44+m)axh=g.

We shall prove only part 1 since part 2 simply follows. Let m = 0. We
shall use a theorem from [9], page 198. In the one-dimensional case this

theorem reads as follows:
“Let K € S’ has quasiasymptotics at oo with respect to k*L (k)

with the limit C fo41, C1 # 0, and f € S’ has quasiasymptotics at oo
with respect to k% Ly(k) with the limit Cafsy1, Co # 0. Let the Laplace
transform of I, LIC(z + iy), has a bounded argument in R + iR ;. Then
the convolution equation IC * v = f has the solution v € S/ which has
quasiasymptotics at co with respect to k(?=*~1 Ly (k) /L, (k) with the limit
(C2/Ch)fp—a’” N

Since the Laplace transform of A has a bounded argument, it follows
that there exists § € S’ such that 5 x h = g, and

kov=o2=115(1/k)/L1(1/k)

— const - fg—a, k— o0 in S,

because § has quasiasymptotics with respect to k72~2Ly(1/k) and h has
quasiasymptotics with respect to k%1 =2L; (1/k).
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Let uw be the solution of
zu” 4+ 2u' =5 < (—t/4)u=3.

As in the proof of Proposition 2. we have the following situations:

1. Since § has quasiasymptotics at co with respect to k~(72—o1—=1)—2
Ly(1/k)/L1(1/k), if 09 —01 < —1 it follows that @ has quasiasymptotics at
oo with respect to k(72711 =3L,(1/k)/L,(1/k) and by Proposition 1,
h has the quasiasymptotics at 07 with respect to €721 Ly(g)/L1(¢).

2. If oo —07 > —1 and 07 — 09 # 1,0 — 1,—2... then as in
the proof of Proposition 2 we conclude that there are numbers a;,j =

0,...,p, such that @+ Z?:o a;8’ has quasiasymptotics at oo with respect
to k(e2=1=1=31,,(1/k)/L1(1/k) which implies that

p
u+ ijxfgl/r(j), (b; = 4a;, j=0,...,p),
7=0

has quasiasymptotics at 01 with respect to €727t Lo(g) /L1 (¢).

4. Laguerre series solution of convolution equations

We can find the Laguerre series solution of (5) by using (7) and the
approximation formulas for the convolution given in [7]. Recall, if f =
S obuln €S, g=>"""cnly, € S, then

o0

(8) Frg=> (> byep— Y. bycy)ln,

n=0 p+qg=n p+qg=n—1

where as usual ) =0, and thus ([6])

pg=-1

Blfxgl= [ > (2> (-1)F+(=1)")byc,

n=0 p+q=n k=p

3
—

n—1

= D @) (D (=D)M)bpe)ne

p+g=n—1 k=p
Let in (7)

(—t/44+m)t = i buln, h= i Cnln, §= i dply.
n=0 n=0 n=0

Then (8) gives the system of equations

boco = do, bico+boci —boco = di, bacy+bici +boca —bico—bocy = da, ...
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which is discussed in [7]. With @ = Y7  z,l,, and since
—tly, = (n+ )lpr1 — (2n+ 1), + nlyp—1,
(see [3] p. 188, formula (8)), it follows

i Tp|—1/4t + m]l, = i bl
n=0 n=0

or
00

Z[nxn,l —2n+1—4dm)z, + (n + D)azpyq]l Z 4b, 1y, .
n=0
This gives the system of equations
(—1 + 4m)x0 + x1 = 4bg
o+ (=3 +4m)xy + 225 = 4by

whose solution gives the coefficients of the Laguerre series of the inverse
of the solution u(z).
Summing (9) till ¢ = n we obtain the recurrence relation

Tr1 = 4b0 - (4m - 1)1‘0,

(n+1Dxps1 — (n+1)xn+4m2xi :4Zbi n €N, m <0,
=0 i=0

which gives the solution .
If m = 0 then one can easily obtain, in view of x1 = x¢ + 4bg,

Tnp1 =70+ ¥ b Y _4/(j+1), neNo,

and the inverse for @ is

o) n—1
u(z) =Y (2> (=1 + (—1)"z,)ln(2), (seel6]).
n=0 1=0

Finally, since 6 = >~ l,, the solution is

) =206+ ) (2 i(—w’ by 4/(k+1)
n=0 ;=0 k=0 k=i
Zb Z4//<;+1 n-
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