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Absolutely indecomposable representations of a twisted group
algebra of a finite p-group over a field of characteristic p

By LEONID F. BARANNYK (SÃlupsk)

Abstract. Let G be a non-cyclic finite p-group and K an infinite field of characte-

ristic p. For every 2-cocycle λ ∈ Z2(G,K∗) such that the twisted group algebra KλG is

not uniserial, we find the integers m ≥ 1 for which KλG has infinitely many absolutely

indecomposable representations of dimension m. The main results of the paper imply

a solution of the second Brauer–Thrall conjecture for the twisted group algebras KλG,

under some assumption on G and K.

Introduction

Let A be a finite-dimensional algebra with identity over an infinite field K.

We say that A is of strongly unbounded representation type, if there exists an

infinite sequence of positive integers di such that, for each i, the algebra A has

an infinite number of indecomposable representations of dimension di.

Let p ≥ 2 be a prime, G a finite group of order |G|, such that p divides |G|,
Gp a Sylow p-subgroup of G and K a field of characteristic p. Higman [14] proved

that if Gp is a cyclic group then the group algebra KG is of finite representa-

tion type, and if Gp is non-cyclic then KG is of unbounded representation type,

that is KG has indecomposable representations of an arbitrary large dimension.

Bondarenko and Drozd [8] have established that if Gp is non-cyclic then KG

is tame if and only if |Gp : G′
p| = 4 (see also the paper [7] which uses the method

of self-repeating matrix problems, first proposed in [20]). Let H be a non-cyclic
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abelian p-group and K be an infinite field of characteristic p. Bashev [6] showed

that if |H| = 4 then KH has infinitely many absolutely indecomposable represen-

tations of dimension 2n for any integer n ≥ 1, see also [1, Section V.5]. Gudivok

[13] and Janusz [16], [17] proved that in the case |H| 6= 4 the group algebra KH

has infinitely many absolutely indecomposable representations of each dimension

n ≥ 2. It follows, by Higman’s theory of relative projectivity [14], that if K is

an infinite field and KG is of infinite representation type then KG is of strongly

unbounded representation type. This result is the confirmation of the second

Brauer–Thrall conjecture for group algebras of finite groups (see [1, p. 138] and

[22, pp. 341–2] for a formulation and a discussion of the conjecture).

Given a 2-cocycle λ ∈ Z2(G,K∗), we denote by KλG a twisted group algebra

of a finite group G over a field K of characteristic p corresponding to λ (see [18,

p. 66]). We recall from [5] that KλG is of finite representation type if and only if

KλGp is a uniserial algebra.

In the present work we find all positive integers m for which a non-uniserial

algebra KλGp has infinitely many absolutely indecomposable representations of

dimension m.

Assume that K is an infinite field of characteristic p, G is a non-cyclic p-

group, KλG is a non-uniserial algebra and d = dimK(KλG/ radKλG). Since

KλG is a local algebra (see [18, p. 74]), the dimension of every indecomposable

representation of KλG is a multiple of d. Let G be an abelian p-group and

l =




1 if 4d 6= |G|,
2 if 4d = |G|.

We prove that the algebra KλG has infinitely many nonequivalent absolutely

indecomposable representations of dimension nld for any integer n ≥ 2 (The-

orem 2.4). Suppose that G is a non-abelian p-group, G′ is the commutant of G

and

t =




1 if p 6= 2,

2 if p = 2.

If G′ is non-cyclic or pd 6= |G : G′| then KλG has infinitely many nonequivalent

absolutely indecomposable representations of dimension nptd for any integer n≥2

(Propositions 3.4, 4.1 and Theorem 3.5). If G′ is cyclic and pd = |G : G′|, under
some assumptions on G or K, we prove in Propositions 4.4–4.9 that the algebra

KλG has infinitely many nonequivalent absolutely indecomposable representa-

tions of dimension 2nd, for any integer n ≥ 1. Hence the result is valid if one of

the following conditions holds:
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(i) p 6= 2 and |G′| ≥ p2,

(ii) p = 2 and |G′ ∩ Z(D)| ≥ 4, where D is the subgroup of G such that G′ ⊂ D

and D/G′ = soc(G/G′), or

(iii) [K : Kp] ≤ p2.

Assume now that G is an arbitrary finite group and K is an infinite field

of characteristic p. By Higman’s theory of relative projectivity [14], the algeb-

ras KλG and KλGp are of the same representation type. Consequently, from

the results obtained in this paper it follows that KλG is of strongly unbounded

representation type if KλGp is not a uniserial algebra and one of the following

conditions holds:

(a) Gp is an abelian group,

(b) G′
p is a non-cyclic group,

(c) p 6= 2, G′
p is cyclic and |G′

p| ≥ p2,

(d) p = 2, G′
2 is cyclic and |G′

2 ∩Z(D)| ≥ 4, where D is the subgroup of G2 such

that G′
2 ⊂ D and D/G′

2 = soc(G2/G
′
2), or

(e) [K : Kp] ≤ p2.

Hence, the second Brauer–Thrall conjecture (see Remark 4.10) is valid for twisted

group algebras of finite groups satisfying one of the conditions (a)–(d) and also

for twisted group algebras of arbitrary finite groups over an infinite field K of

characteristic p such that [K : Kp] ≤ p2.

Preliminaries

Throughout this paper, we use the following notations: K is an infinite field

of characteristic p; K∗ is the multiplicative group of K; Kp = {αp : α ∈ K}; G is

a finite p-group; G′ is the commutant of G and G′′ is the commutant of G′; Z(G)

is the center of G; e is the identity element of G; |g| is the order of g ∈ G; socB is

the socle of an abelian p-group B. Moreover, we denote by Z2(G,K∗) the group

of all K∗-valued normalized 2-cocycles of the group G, where we assume that G

acts trivially on K∗ (see [18, Chapter 1]).

Given a cocycle λ : G×G → K∗ in Z2(G,K∗), we denote byKλG the twisted

group algebra of the group G over the field K with the cocycle λ and by radKλG

the radical of KλG. We set KλG = KλG/ radKλG. We recall that in our case

KλG is a finite purely inseparable field extension of K (see [18, p. 74]). A K-basis

{ug : g ∈ G} of KλG satisfying uaub = λa,buab for all a, b ∈ G is called natural

(corresponding to λ). All KλG-modules are assumed to be finite-dimensional left
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modules. If H is a subgroup of G, we often use the same symbol for an element

λ : G × G → K∗ of Z2(G,K∗) and its restriction to H ×H. In this case, KλH

is a subalgebra of KλG.

If M is a KλG-module, we denote by MKλH the module M viewed as a

KλH-module. If N is a KλH-module, NKλG = KλG ⊗KλH N is the induced

KλG-module. Let L be a field extension of K. If A is an L-algebra, we denote

by AK the algebra A viewed as a K-algebra.

Given λ ∈ Z2(G,K∗), the kernel Ker(λ) of λ is the union of all cyclic subgro-

ups 〈g〉 of G such that the restriction of λ to 〈g〉× 〈g〉 is a coboundary. We recall

from Lemma 1 of [4] that G′ ⊂ Ker(λ), Ker(λ) is a normal subgroup of G and

the restriction of λ to Ker(λ)×Ker(λ) is a coboundary (see also [3, p. 197] for a

simple proof). Up to cohomology in Z2(G,K∗), λg,a = λa,g = 1 for all g ∈ G and

a ∈ Ker(λ). In what follows, we assume that every cocycle λ ∈ Z2(G,K∗) under
consideration satisfies this condition.

Let H be a normal subgroup of G, H ⊂ Ker(λ) and T = G/H. We set

µxH,yH = λx,y, for all x, y ∈ G. Then µ ∈ Z2(T,K∗). Assume that {ug : g ∈ G}
is a natural K-basis of KλG corresponding to λ and {vgH : g ∈ G} is a natural

K-basis of KµT corresponding to µ. The formula

f

(∑

g∈G

αgug

)
=

∑

g∈G

αgvgH

defines a K-algebra epimorphism f : KλG → KµT with the kernel U = KλG ·
radKλH (see [18, p. 88]). Hence KλG/U ∼= KµT . We recall that

radKλH =
⊕

h∈H\{e}
K(uh − ue)

is called the augmentation ideal of the group algebra KλH. If G′ ⊂ H then KµT

is a commutative algebra. We often identify ug + U with vgH .

Let V be a finite-dimensional vector space over K and Γ : G → GL(V ) a

projective representation of G with a 2-cocycle λ ∈ Z2(G,K∗). We refer to Γ

as a λ-representation of G over the field K (see [18, p. 106]). The dimension

of V is called the dimension of Γ. If we view V as a module over KλG we say

that V is the underlying module of the λ-representation Γ (see [10, p. 74]). Let

PGL(V ) = GL(V )/K∗ · 1V and π : GL(V ) → PGL(V ) be the canonical group

homomorphism. The kernel of the homomorphism π ◦ Γ : G → PGL(V ) is called

the kernel of Γ and is denoted by Ker(Γ). If Ker(Γ) = {e}, the representation Γ

is called faithful. Recall that if G is a finite p-group, K is a field of characteristic
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p and Γ is an irreducible λ-representation of G over K then Ker(Γ) = Ker(λ) (see

[3, p. 198]).

Let R be a finite-dimensional algebra with identity over a field K. All R-

modules are assumed to be finite-dimensional left modules. We recall from [12,

p. 437] that an R-module V is defined to be absolutely indecomposable if for

every field extension L of K, L⊗K V is an indecomposable module over L⊗K R.

Applying Lemma 18.7 from [10, p. 72], we can see immediately that an R-module

V is absolutely indecomposable if for every finite field extension L of K, L⊗K V

is an indecomposable module over L ⊗K R. If an absolutely indecomposable R-

module V is the underlying module of a representation Γ of R, we say that Γ is an

absolutely indecomposable representation of R. Denote by [M ] the isomorphism

class of R-modules that contains M . We denote by AInd(R, s) the set of all [V ],

where V is an absolutely indecomposable R-module of K-dimension s. Moreover,

we denote by FAInd(KλG, s) the set of all [W ], where W is the underlying KλG-

module of a faithful absolutely indecomposable λ-representation of G over K of

dimension s.

Let G be an abelian p-group, K a field of characteristic p and λ ∈ Z2(G,K∗).
We recall from [5, p. 175–176] that the following statements hold:

(i) The algebra KλG is uniserial if and only if G = H ×B, where H is a cyclic

group and KλB is a field.

(ii) If G = H × B, where H is a cyclic group and KλH is not a field, then the

algebra KλG is not uniserial if and only if KλB is not a field.

(iii) Let G = B×〈c1〉× · · ·×〈cs〉 and Di = B×〈ci〉 for i = 1, . . . , s. Assume that

KλB is a field and KλDi is not a field for every i ∈ {1, . . . , s}. The algebra

KλG is not uniserial if and only if s ≥ 2.

The reader is referred to [10], [18] and [19] for basic facts and notation from group

representation theory and to [1] and [9] for terminology, notation and introduction

to the representation theory of finite-dimensional algebras over a field.

1. On induced modules

Let R be an algebra with identity 1 6= 0 over a field K, AutK(R) the group

of all K-automorphisms of R, U(R) the unit group of R and H a finite group

with the identity element e. By a crossed product of H over R we understand a

K-algebra R ∗ H which is a free left R-module with a basis {uh : h ∈ H} such

that

(rug)(suh) = rsσ(g)λg,hugh
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for all r, s ∈ R, g, h ∈ H, where σ : H → AutK(R) and σ(e) = idR, λ : H ×H →
U(R) and λx,e = λe,x = 1 for any x ∈ H.

The element 1ue = ue is the identity element of R ∗H. Every uh is a unit of

R ∗H. The embedding of R into R ∗H is given by r 7→ rue.

Lemma 1.1. Let R be a finite-dimensional algebra with identity over a field

K of characteristic p, G a finite p-group and A = R ∗G.

(i) If V is an absolutely indecomposable R-module then the induced A-module

V A = A⊗R V is absolutely indecomposable of K-dimension |G| · dimK V .

(ii) If AInd(R,n) is an infinite set for some integer n ≥ 1 then AInd(R ∗G,n|G|)
is infinite as well.

Proof. (i) See [19, p. 538].

(ii) Let [V ] ∈ AInd(R,n). Then, by (i), [V A] ∈ AInd(R ∗ G,n|G|). Since

(V A)R ∼= V ⊕ W , where W is an R-module, the set of all isomorphism classes

[V A] is infinite, in view of the Krull–Schmidt Theorem. ¤

Lemma 1.2. Let L be a finite purely inseparable field extension of a field

K of characteristic p, G a non-cyclic p-group and fn = nl[L : K], where

l =




1 if |G : G′| 6= 4,

2 if |G : G′| = 4.

Then AInd
(
(LG)K , fn

)
is infinite for any integer n ≥ 2.

Proof. Let En be the identity matrix of order n, Jn(µ) the upper Jordan

block of order n with the eigenvalue µ and

Bn(µ) =




µ

0
...

0




the n × 1-matrix, where µ ∈ K is a parameter. Denote by H = 〈a〉 × 〈b〉 an

abelian group of order p2.

If p 6= 2 then, by [13], the group H has the indecomposable linear matrix
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representations over K of the form:

Γµ : a 7→
(
En Jn(µ)

0 En

)
, b 7→

(
En En

0 En

)
;

∆µ : a 7→



En 0 En

0 E1 0

0 0 En


 , b 7→



En En 0

0 En Bn(µ)

0 0 E1


 . (1)

Since K is an arbitrary field, these representations are absolutely indecomposable.

The group G has a normal subgroup N such that G/N ∼= H. Hence in the

case p 6= 2 the set AInd(KG,m) is infinite, for any integer m ≥ 2.

Let p = 2. The group H = 〈a〉 × 〈b〉 has the absolutely indecomposable

matrix representations Γµ of dimension 2n over K of the form (1). Let D =

〈a〉×〈b〉×〈c〉 and T = 〈x〉×〈y〉 be abelian groups of order 8 with |x| = 4. Gudivok

in [13] established that these groups have the absolutely indecomposable matrix

representations of dimension 2n+ 1 over K of the form:

a 7→



En 0 En

0 E1 0

E1 0 En


 , b 7→



En En 0

0 En 0

0 0 E1


 , c 7→



En µEn 0

0 En 0

0 0 E1


 ;

x 7→



En En 0

0 En Bn(µ)

0 0 E1


 , y 7→



En 0 En

0 E1 0

0 0 En


 ,

where µ ∈ K is a parameter.

If G is a non-cyclic 2-group and |G : G′| 6= 4 then G has a normal subgroup

N such that G/N is isomorphic to D or T . Hence in this case AInd(KG,m) is

infinite for any integer m ≥ 2. In the case |G : G′| = 4 the set AInd(KG, 2n) is

infinite for any integer n ≥ 1.

Suppose that [L : K] = ps. Then L = K(θ1, . . . , θs), where θp1 ∈ K, θp2 ∈
K(θ1), . . . , θ

p
s ∈ K(θ1, . . . , θs−1). Let L0 = K and Li = K(θ1, . . . , θi) for i ∈

{1, . . . , s}. The group algebra Li+1G is a crossed product of the cyclic group of

order p over the group algebra LiG for every i ∈ {0, 1, . . . , s − 1}. Let [V ] ∈
AInd(KG,nl). Applying Lemma 1.1 and transitivity of induction, we establish

that V LiG is an absolutely indecomposable module over the K-algebra LiG and

dimK V LiG = nlpi for any i ∈ {1, . . . , s}. Since
(
V LG

)
KG

∼= V
⊕

· · ·
⊕

V (ps times),
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we obtain

V LG ∼= WLG ⇔ V ∼= W.

Therefore AInd
(
(LG)K , fn

)
is infinite for any n ≥ 2, where fn = nl[L : K]. ¤

We note that |G : G′| = 4 if and only if G is a dihedral, semidihedral or

(generalized) quaternion group [15, p. 339].

Proposition 1.3. Let G be a finite p-group, T a non-cyclic subgroup of G

and

l =




1 if |T : T ′| 6= 4,

2 if |T : T ′| = 4.

If λ ∈ Z2(G,K∗) and T ⊂ Ker(λ) then AInd(KλG, fn) is infinite for every integer

n ≥ 2, where fn = nl|G : T |.

Proof. Apply Lemmas 1.1, 1.2 and transitivity of induction. ¤

Lemma 1.4. Let R = K +Ku+Kv be the algebra over an infinite field K

of characteristic p with the defining relations:

u2 = 0, v2 = 0, uv = vu = 0. (2)

The set AInd(R, 2n) is infinite, for any integer n ≥ 1.

Proof. Denote by Mα an underlying R-module of the matrix representation

Γα : 1 7→
(
En 0

0 En

)
, u 7→

(
0 Jn(α)

0 0

)
, v 7→

(
0 En

0 0

)
,

where En is the identity matrix of order n ≥ 1 and Jn(α) is the upper Jordan

block of order n with the eigenvalue α. By the proof of Lemma 1.2, Mα is an

absolutely indecomposable R-module of K-dimension 2n. If α 6= β, the modules

Mα and Mβ are non-isomorphic. ¤

Proposition 1.5. LetG be a finite p-group and R the algebra over an infinite

fieldK of characteristic p with the defining relations (2). Then AInd(R∗G, 2n|G|)
is infinite for any integer n ≥ 1.

Proof. Apply Lemmas 1.1 and 1.4. ¤
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2. On absolutely indecomposable representations

of a commutative twisted group algebra

The aim of this section is to prove Theorem 2.4 that is the first main result

of the paper. We use this theorem to obtain other main results.

Lemma 2.1. Let K be a non-perfect field of characteristic p and θ a root of

the irreducible polynomial Xpn −α ∈ K[X]. If ρ ∈ K(θ), ρp
r ∈ K and ρp

r−1 6∈ K,

then r ≤ n, ρ ∈ K(θp
n−r

) and ρ 6∈ K(θp
n−r+1

).

Proof. There is the chain of fields

K ⊂ K(θp
n−1

) ⊂ K(θp
n−2

) ⊂ · · · ⊂ K(θp) ⊂ K(θ),

where, for every i ∈ {0, 1, . . . , n − 1}, K(θp
i

) is a field extension of K(θp
i+1

) of

degree p. Assume that ρ ∈ K(θp
j

) and ρ 6∈ K(θp
j+1

), for some j ∈ {0, 1, . . . , n−1}.
Then

ρ =

p−1∑

i=0

σiθ
ipj

,

where σi ∈ K(θp
j+1

), for every i ∈ {0, 1, . . . , p − 1}, and σi0 6= 0 for some i0 ∈
{1, . . . , p − 1}. It follows that ρp

n−j ∈ K. At the same time σpn−j−1

i ∈ K,

for every i ∈ {0, 1, . . . , p − 1}, and θp
n−1

is a root of the irreducible polynomial

Xp − α over K. Hence, ρp
n−j−1 6∈ K. Since pr and pn−j are degrees of minimal

polynomials of the element ρ over K, we conclude that r = n− j. Consequently,

ρ ∈ K(θp
n−r

) and ρ 6∈ K(θp
n−r+1

). ¤

Lemma 2.2. Let K be a non-perfect field of characteristic p and L a finite

purely inseparable field extension of K. Suppose that α, β ∈ L∗ and α, β 6∈ Lp;

G = 〈a〉 × 〈b〉 is an abelian group of type
(
pk+1, pm+1

)
where k ≥ 1 and m ≥ 1

are integers; µ ∈ Z2(G,L∗), {ug : g ∈ G} is a natural L-basis of

LµG =

pk+1−1⊕

i=0

pm+1−1⊕

j=0

Lui
au

j
b, upk+1

a = αpue, upm+1

b = βpue;

d = dimL LµG and

l =

{
1 if 4d 6= |G|,
2 if 4d = |G|.

The set AInd
(
(LµG)K , fn

)
is infinite for any integer n ≥ 2, where fn = nld[L : K].
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Proof. We can suppose that k ≤ m. Let U = LµG(upk

a − αue), L̃µG =

LµG/U and w̃ = w + U , for every w ∈ LµG. Then

L̃µG =

pk−1⊕

i=0

pm+1−1⊕

j=0

Lũi
aũ

j
b,

where ũpk

a = αũe and ũpm+1

b = βpũe.

Since α 6∈ Lp, F := L[ũa] is a field. We can view L̃µG as a twisted group

algebra of the group 〈b〉 of order pm+1 over the field F . Assume that βũe = ρp
r

,

where r ≥ 1, ρ ∈ F and ρ 6∈ F p. We have r ≤ k and

L̃µG/ rad L̃µG ∼= F (θ), θp
m−r

= ρ.

Hence d = pk · pm−r = pk+m−r and, by Lemma 2.1,

ρ =

pr−1∑
t=0

αtũ
tpk−r

a , αt ∈ L.

Let

z =

pr−1∑
t=0

αtu
tpk−r

a .

Then

zp
r+1

=

pr−1∑
t=0

αpr+1

t utpk+1

a =

pr−1∑
t=0

αpr+1

t αptue =

(
pr−1∑
t=0

αpr

t αt

)p

ue = βpue.

Denote by H the subgroup of G generated by the elements h1 = ap
k−r

and

h2 = bp
m−r

. Then

LµH =

pr+1−1⊕

i,j=0

Lui
h1
uj
h2
,

where uh1 = upk−r

a , uh2 = upm−r

b , and we have

upr+1

h1
= αpue, upr+1

h2
= βpue.

Let vh2 = z−1uh2 . Then

LµH = LνH =

pr+1−1⊕

i,j=0

Lui
h1
vjh2

, vp
r+1

h2
= ue.
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Denote by D the subgroup of H generated by the elements c = hpr

1 and h2.

If we set vc = upr

h1
, we get

LνD =

p−1⊕

i=0

pr+1−1⊕

j=0

Lvicv
j
h2
, vpc = αpue, vp

r+1

h2
= ue.

Hence, in view of Lemmas 1.1, 1.2, the set AInd
(
(LνH)K , n[L : K] · |H : D|)

is infinite, for every integer n ≥ 2, because LνD is the group algebra of the

non-cyclic group D over L and |D| = pr+2 > 4. Evidently, |H : D| = pr.

Applying again Lemma 1.1, we conclude that the set

AInd
(
(LµG)K , n[L : K]pr|G : H|)

is infinite. Since

pr · |G : H| = pr
|G|
|H| = pr

pk+1 · pm+1

pr+1 · pr+1
= pk+m−r = d,

the set AInd
(
(LµG)K , n[L : K]d

)
is infinite, for any n ≥ 2. We note that in this

case |G| = dpr+2, and therefore |G| 6= 4d.

Now we assume that βũe 6∈ F p. Then

L̃µG/ rad L̃µG ∼= F (θ), θp
m

= βũe.

It follows that d = pk+m. We denote by H the subgroup of G generated by the

elements ap
k

and bp
m

. Because H is of type (p, p) and LµH is the group algebra of

H over L, we conclude, by Lemma 1.2, that AInd
(
(LµH)K , nl[L : K]

)
is infinite

for any n ≥ 2. The algebra
(
LµG

)
K

is a crossed product of G/H over
(
LµH

)
K
.

Now, Lemma 1.1 implies that the set AInd
(
(LµG)K , nl[L : K] · |G : H|) is infinite

for any n ≥ 2. Clearly, |G : H| = d. ¤

Remark 2.3. d · [L : K] = dimK LµG, where d = dimL LµG.

We are now able to prove the first main result of this paper.

Theorem 2.4. Let G be an abelian p-group, K an infinite field of characte-

ristic p, λ ∈ Z2(G,K∗), KλG a non-uniserial algebra, d = dimK KλG and

l =

{
1 if 4d 6= |G|,
2 if 4d = |G|.

The set AInd(KλG,nld) is infinite, for arbitrary integer n ≥ 2.
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Proof. There exists a direct product decomposition G = B×〈c1〉×· · ·×〈cs〉
such that s ≥ 2, F := KλB is a field and the twisted group algebra KλDi of the

group Di := B × 〈ci〉 is not a field for every i ∈ {1, . . . , s}. The field F is a finite

purely inseparable field extension of K. First we suppose that 4d = |G|. Then

p = 2, s = 2 and

KλG =

2n1−1⊕

i1=0

2n2−1⊕

i2=0

Fui1
c1u

i2
c2 , u2n1

c1 = α2
1ue, u2n2

c2 = α2
2ue,

where |ci| = 2ni , αi ∈ F ∗ for i = 1, 2 and d = [F : K] · 2n1+n2−2. Hence

KλG = FµH, where H = 〈c1〉 × 〈c2〉. Let

xi = c2
ni−1

i , vxi = α−1
i u2ni−1

ci , i = 1, 2,

and T = 〈x1〉 × 〈x2〉. Then v2xi
= ue, therefore FµT is the group algebra of the

group T of order 4 over F . Now, Lemmas 1.1 and 1.2 imply that AInd(KλG,

2n[F : K] · |H : T |) is infinite for every n ≥ 2. Since [F : K] · |H : T | = d, the set

AInd(KλG, 2nd) is infinite, for any n ≥ 2.

Now assume that 4d 6= |G| and let

D =




B, if s = 2,

B × 〈c3〉 × · · · × 〈cs〉, if s 6= 2.

Clearly, G = D × H with H = 〈c1〉 × 〈c2〉. Then V := KλG · radKλD is an

ideal of KλG and KλG/V ∼= LµH, where L is a finite purely inseparable field

extension of K and L ∼= KλD/ radKλD. We have

LµH =

pn1−1⊕

i1=0

pn2−1⊕

i2=0

Lui1
c1u

i2
c2 , upn1

c1 = αpm1

1 ue, upn2

c2 = αpm2

2 ue,

where pnj = |cj |, αj ∈ L∗ and mj > 0 for every j ∈ {1, 2}. If mj ≥ nj , we can

assume that αj = 1. If mj < nj , we assume that αj 6∈ Lp. Since there exists a

K-algebra isomorphism KλG ∼= LµH = LµH/ radLµH, we get dimK LµH = d.

We start with the case |H| 6= 4 ·dimL LµH. If α1 = α2 = 1, then d = [L : K]

and, by Lemma 1.2, AInd
(
(LµH)K , n[L : K]

)
is infinite, for any n ≥ 2. Hence

AInd(KλG,nd) is infinite, for any n ≥ 2. If α1 = 1, α2 6∈ Lp then KλG ∼= L(θ),

where θ is a root of the irreducible polynomial Xpn2−m2 − α2 over L. It follows

that d = [L : K]·pn2−m2 . Since the order of the group 〈c1〉×〈cpn2−m2

2 〉 is not equal
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to 4, then, by Lemmas 1.1 and 1.2, AInd
(
(LµH)K , n[L : K]pn2−m2

)
is infinite for

every n ≥ 2. Hence AInd(KλG,nd) is infinite, for any integer n ≥ 2.

Let α1 6∈ Lp and α2 6∈ Lp. Denote by θi a root of the irreducible polynomial

Xpni−mi − αi

over L for i = 1, 2. If [L(θ1, θ2) : L] = pn1−m1+n2−m2 , then

d = [L : K] · pn1−m1+n2−m2 .

Since the order of the group 〈cpn1−m1

1 〉 × 〈cpn2−m2

2 〉 is not equal to 4, then, by

Lemmas 1.1 and 1.2, the set AInd
(
(LµH)K , nd

)
is infinite for every n ≥ 2. Con-

sequently AInd(KλG,nd) is infinite for arbitrary n ≥ 2.

Now, let [L(θ1, θ2) : L] < pn1−m1+n2−m2 and X = 〈x1〉 × 〈x2〉 be a group

of type
(
pn1−m1+1, pn2−m2+1

)
. There exists an L-algebra epimorphism LµH →

LνX, where

LνX =

pn1−m1+1−1⊕

j1=0

pn2−m2+1−1⊕

j2=0

Lvj1x1
vj2x2

, vp
n1−m1+1

x1
= αp

1ve, vp
n2−m2+1

x2
= αp

2ve.

Let d′ = dimL LνX. By assumption, d′ < pn1−m1+n2−m2 . According to

Lemma 2.2, AInd ((LνX)K , nd′[L : K]) is infinite for every n ≥ 2, because |X| 6=
4d′. But d′[L : K] = d. Hence AInd(KλG,nd) is infinite for any n ≥ 2.

We may suppose that in previous reasonings H = 〈ci1〉 × 〈ci2〉 and |H| 6=
4dimL LµH, where i1 < i2 and i1, i2 ∈ {1, . . . , s}. Let us consider the case where

p = 2, H = 〈ci1〉 × 〈ci2〉 and |H| = 4dimL LµH for all distinct i1, i2 ∈ {1, . . . , s}.
Since 4d 6= |G|, there exists a K-algebra homomorphism of KλG onto

MνC =

2n1+1−1⊕

i1=0

2n2+1−1⊕

i2=0

2n3+1−1⊕

i3=0

Mvi1c1v
i2
c2v

i3
c3 , v2

nj+1

cj = α2
jve for j = 1, 2, 3,

where M is a finite purely inseparable field extension of K, C = 〈c1〉×〈c2〉×〈c3〉,
nj ≥ 0, αj ∈ M∗ and dimM MνC = 2n1+n2+n3 . The algebra MνC contains the

group algebra MT , where

T = 〈c2n1

1 〉 × 〈c2n2

2 〉 × 〈c2n3

3 〉

is of type (2, 2, 2). By Lemmas 1.1 and 1.2, AInd
(
(MνC)K , n[M : K] · |C : T |)

is infinite for any n ≥ 2. Since [M : K] · |C : T | = d, the set AInd(KλG,nd) is

infinite for any n ≥ 2. ¤
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Let us remark that Sobolewska in [23] has found some infinite subsets of

the set of all integers m ≥ 1 for which a non-uniserial twisted group algebra of a

finite abelian p-group over an infinite field of characteristic p has infinitely many

indecomposable representations of dimension m.

Corollary 2.5. Let G be an abelian p-group, K a non-perfect field of cha-

racteristic p, λ ∈ Z2(G,K∗), d = dimK KλG and

l =

{
1 if 4d 6= |G|,
2 if 4d = |G|.

If Ker(λ) = {e} and KλG is not uniserial, then the set FAInd(KλG,nld) is

infinite for any integer n ≥ 2.

Note that Corollary 2.5 generalizes Corollary 2.4 in [2].

Corollary 2.6. Let G be a finite p-group, K an infinite field of characteristic

p, λ ∈ Z2(G,K∗), d = dimK KλG and

l =

{
1 if 4d 6= |G : G′|,
2 if 4d = |G : G′|.

If KλG/KλG ·radKλG′ is not a uniserial algebra then AInd(KλG,nld) is infinite

for every integer n ≥ 2.

Remark 2.7. If we assume in Corollary 2.6 that the cocycle λ is trivial, then

KλG is the group algebra, d = 1, and we obtain the result of Gudivok [13].

3. On absolutely indecomposable representations

of a non-commutative twisted group algebra KλG

with pdimK KλG 6= |G : G′|

First we prove two useful lemmas that can be used to reduce a general case

to the case of a p-group G such that G′ is an elementary abelian group of type

(p, p) or a group of order p.

Lemma 3.1. Let G be a non-abelian p-group with non-cyclic commutant G′.
Then G contains a normal subgroup H such that H ⊂ G′ and (G/H)′ = G′/H
is an elementary abelian group of type (p, p).
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Proof. Let Φ(G′) be the Frattini subgroup of G′. Then Φ(G′) / G and

G′/Φ(G′) is a non-cyclic elementary abelian p-group. Since
(
G/Φ(G′)

)′
=G′/Φ(G′),

in what follows, we assume that G′ is a non-cyclic elementary abelian p-group.

Let |G′| = pn and n > 2. Let us choose an element a 6= e in G′ such

that a ∈ Z(G). Then the commutant of the factor group G/〈a〉 is a non-cyclic

elementary abelian group of order pn−1. If n−1 > 2, we inductively continue the

above construction. ¤

Lemma 3.2. Let G be a non-abelian p-group, G′ = 〈c〉, H = 〈cp〉, λ ∈
Z2(G,K∗) and V = KλG(up

c − ue). Then V is an ideal of KλG and KλG/V ∼=
KµT , where T = G/H and µxH,yH = λx,y for all x, y ∈ G. If KλG is not uniserial

then KµT is not uniserial either.

Proof. Since G′ ⊂ Ker(λ) and H is a normal subgroup of G, V is an ideal

of KλG and KλG/V ∼= KµT . Let K̂λG = KλG/V and ŵ = w + V for every

w ∈ KλG. Because V is a nilpotent ideal of the algebra KλG, we have

rad K̂λG =
(
radKλG+ V

)
/V =

(
radKλG

)
/V.

Assume that K̂λG is a uniserial algebra. Then rad K̂λG = K̂λG · θ̂, for some

θ ∈ radKλG (see [9, p. 170]). Consequently, for every w ∈ radKλG there is

z ∈ KλG such that w+V = (z+V )(θ+V ). It follows that w−zθ ∈ (radKλG)2,

because

up
c − ue = (uc − ue)

p ∈ (radKλG)2.

This yields

w + (radKλG)2 =
[
z + (radKλG)2

] · [θ + (radKλG)2
]
.

Hence the radical of the algebra KλG/(radKλG)2 is a principal left ideal; thus

KλG/(radKλG)2 is uniserial. But KλG/(radKλG)2 is uniserial if and only if

KλG is uniserial (see [9, p. 172]). Therefore KλG is a uniserial algebra. ¤

Lemma 3.3. Let G be a non-abelian p-group with G′ = 〈c〉 of order p,

H an abelian subgroup of G such that G′ ⊂ H and G′ 6= H. Assume that

λ ∈ Z2(G,K∗), KλG is not uniserial and KλG/KλG(uc − ue) is uniserial. If

KλH/KλH(uc − ue) is not a field then KλH is not a uniserial algebra.

Proof. If H = A × 〈c〉 then KλA ∼= KλH/KλH(uc − ue) is not a field.

Hence KλH is not uniserial.
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Now let 〈c〉 not be a direct factor of H. Then (see [11, p. 119]) there exists a

decomposition of H into a direct product H = 〈h1〉 × · · · × 〈hn〉, where c ∈ 〈hn〉
and |c| < |hn|. If KλH is a uniserial algebra, |hn| = pt+1 and c = hpt

n , then

KλH =
⊕

i1,...,in

Kui1
h1

. . . uin
hn

,

where

u
|hj |
hj

= δjue, δj ∈ K∗ for j = 1, . . . , n− 1,

upt

hn
= αuc, α ∈ K∗

and

L :=
⊕

i1,...,in−1

Kui1
h1

. . . u
in−1

hn−1

is a field. Since KλH/KλH(uc − ue) is not a field, we have αue = θp for some

θ ∈ L. From the equality

(
θ−1upt−1

hn
− ue

)p

= uc − ue

it follows that uc − ue ∈ (radKλH)2. Because KλG is a local algebra, we conc-

lude that radKλH ⊂ radKλG, consequently KλG(uc − ue) ⊂ (radKλG)2. By

hypothesis, the algebra KλG/KλG(uc − ue) is uniserial. Arguing as in the proof

of Lemma 3.2, we show that KλG/(radKλG)2 is a uniserial algebra. Then KλG

is also uniserial and we get a contradiction. Therefore, KλH is not uniserial. ¤

Proposition 3.4. Let G be a non-abelian p-group, K an infinite field of

characteristic p, λ ∈ Z2(G,K∗), d = dimK KλG and

l =

{
1 if |G′ : G′′| 6= 4,

2 if |G′ : G′′| = 4.

If KλG is not a uniserial algebra and d = |G : G′| then the set AInd(KλG,nld)

is infinite, for any integer n ≥ 2.

Proof. We have KλG = KλG/KλG · radKG′. Hence radKλG = KλG ·
radKG′. Since KλG is not uniserial, G′ is non-cyclic. By Proposition 1.3,

AInd(KλG,nld) is infinite for any integer n ≥ 2. ¤

Our second main result of this paper is the following theorem.
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Theorem 3.5. Let G be a non-abelian p-group, K an infinite field of cha-

racteristic p, λ ∈ Z2(G,K∗), d = dimK KλG and

l =

{
1 if p 6= 2,

2 if p = 2.

Assume that KλG is not a uniserial algebra and pd < |G : G′|. Then the set

AInd(KλG,nlpd) is infinite, for any integer n ≥ 2.

Proof. Let {ug : g ∈ G} be a natural K-basis of KλG, U = KλG · radKG′,

K̃λG = KλG/U and w̃ = w + U for every w ∈ KλG. Assume that G/G′ =

〈a1G′〉 × · · · × 〈amG′〉, where |ajG′| = psj for j = 1, . . . ,m. Then

K̃λG =
⊕

i1,...,im

Kũi1
a1

. . . ũim
am

,

where ũpsj

aj
= γj ũe, γj ∈ K∗. The algebra K̃λG is a twisted group algebra of

the non-cyclic abelian p-group G/G′ over K.

If K̃λG is not uniserial, then, by Corollary 2.6, AInd(KλG,nld) is infinite

for every n ≥ 2.

Assume now that K̃λG is uniserial and the K-algebra

F :=
⊕

i1,...,im−1

Kũi1
a1

. . . ũim−1
am−1

is a field. We have F = (KλD + U)/U , where D is the subgroup of G generated

by G′ and the elements a1, . . . , am−1. Evidently

K̃λG =

psm−1⊕

im=0

Fũim
am

.

Since dimK K̃λG = |G : G′|, dimK(K̃λG/ rad K̃λG) = d and pd < |G : G′|, we
conclude that K̃λG is not a field. There exists an element

ρ =

ps1−1∑

i1=0

· · ·
psm−1−1∑

im−1=0

αi1,...,im−1u
i1
a1

. . . uim−1
am−1

, (3)

where αi1,...,im−1 ∈ K, such that ρ̃p
r

= γ−1
m ũe with 2 ≤ r ≤ sm and ρ̃ 6∈ F p, if

r < sm. We have d = |D : G′| · psm−r, and hence dpr = |G : G′|.
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In view of Lemmas 3.1 and 3.2, we can suppose that G′ is an elementary

abelian group of type (p, p) or a group of order p. Denote by H the subgroup

of G generated by G′ and the elements

ap1, . . . , a
p
m−1, a

psm−r+1

m .

Now we show that H is abelian. Assume that G′ = 〈c1〉 × 〈c2〉, where |c1| =
|c2| = p and c1 ∈ Z(G). Since the center of the factor group G/〈c1〉 contains

c2〈c1〉, we have g−1c2g = c2c
i
1 for any g ∈ G. This implies c2g

p = gpc2 for every

g ∈ G. If h ∈ G then g−1hg = hcr1c
s
2 for some r, s ∈ {0, 1, . . . , p − 1}. It follows

that g−phgp = hct11 ct22 , where t1 = pr + isp(p−1)
2 , t2 = ps. Hence, if p 6= 2 then

hgp = gph. If p = 2 then g−2hg2 = hcis1 , g
−2h2g2 = h2. In the case G′ = 〈c1〉,

|c1| = p we obtain g−1c1g = c1, g
−1hg = hcr1, g

−phgp = h for arbitrary g, h ∈ G.

Let S be the subgroup of H generated by G′ and the elements ap1, . . . , a
p
m−1;

T = S/G′ and

w =

ps1−1∑

i1=0

· · ·
psm−1−1∑

im−1=0

αp
i1,...,im−1

upi1
a1

. . . upim−1
am−1

(see (3)).

Then w ∈ KλS and
(
wupsm−r+1

am

)pr−1

≡ ue (mod KλH · radKG′).

It follows that KλH/KλH · radKG′ is the group algebra of the cyclic group of

order pr−1 over the field

L := (KλS +KλH · radKG′)/KλH · radKG′.

Clearly,

L ∼= KλS/KλS ∩KλH · radKG′ ∼= KλS/KλS · radKG′ ∼= KµT,

where µxG′,yG′ = λx,y for all x, y ∈ S. Thus, dimK KλH = |T |.
If G′ is the group of type (p, p), then, by Proposition 1.3, KλH is of in-

finite representation type. Hence KλH is not uniserial. If G′ is the group

of order p, then KλH is not uniserial either, by Lemma 3.3. By Theorem 2.4,

AInd(KλH,nl|T |) is infinite for every n ≥ 2. Since H is a normal subgroup of G,

the algebra KλG is a crossed product of G/H over KλH. Applying Lemma 1.1,

we conclude that AInd(KλG,nl|T | · |G : H|) is infinite for every integer n ≥ 2.

This completes the proof, because

|T | · |G : H| = |G : G′|
|H : S| =

|G : G′|
pr−1

= pd. ¤
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4. On absolutely indecomposable representations

of a non-commutative twisted group algebra KλG

with p · dimK KλG = |G : G′|

Assume that G is a non-abelian p-group, K is a field of characteristic p,

λ ∈ Z2(G,K∗) and d = dimK KλG. If K is perfect then KλG is the group

algebra of G over K (see [18, p. 43]). In this case KλG ∼= K. Since G/G′ is
non-cyclic, |G : G′| 6= p. Therefore, if pd = |G : G′| then K is a non-perfect field.

The subalgebra KλG′ of KλG is the group algebra of G′ over K. Let {ug :

g ∈ G} be a natural K-basis of KλG, U = KλG · radKG′, K̃λG = KλG/U

and w̃ = w + U for every w ∈ KλG. We have K̃λG = KµT , where T =

G/G′ and µxG′,yG′ = λx,y for all x, y ∈ G. Suppose that pd = |G : G′|. Since

K̃λG/ rad K̃λG ∼= KλG, there exists a direct product decomposition T = A ×
〈bG′〉 such that F := KµA is a field and

KµT =

pn−1⊕

i=0

Fũi
b, ũpn

b = ρp,

where pn = |bG′|, ρ ∈ F ∗ and ρ 6∈ F p for n > 1. Moreover, d = |A| · pn−1. The

algebra KµT is uniserial.

Proposition 4.1. Let G be a non-abelian p-group, K a non-perfect field of

characteristic p, λ ∈ Z2(G,K∗) and d = dimK KλG. Assume that G′ is non-

cyclic, pd = |G : G′| and

l =

{
1 if |G′ : G′′| 6= 4,

2 if |G′ : G′′| = 4.

Then AInd(KλG,nlpd) is infinite for any n ≥ 2.

Proof. Apply Proposition 1.3. ¤

Lemma 4.2. Let p 6= 2 and G be a non-abelian p-group with cyclic commu-

tant G′. Then [a, b]p = e for all a, b ∈ G such that ap, bp ∈ G′.

Proof. Let G′ = 〈c〉, |c| = pm and m ≥ 2. If g ∈ G and gp ∈ G′ then
g−1cg = cr, where r ≡ 1 (mod pm−1). It follows that g−1cpg = cp. Let a, b ∈ G

and ap, bp ∈ G′. Suppose that a−1ca = cr and b−1ab = aci. Then b−1apb = apcit,

where t = 1 + r + · · · rp−1. It is easy to see that t ≡ p (mod pm). Hence,

b−1apb = apcip.
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Let H = 〈cp〉. If ap ∈ H, then b−1apb = ap and we conclude that ip ≡ 0

(mod pm). If ap 6∈ H, then we may assume that ap = c. This implies that

b−1ab = a1+pi. We have bp = apj for some j, since bp ∈ G′. Therefore, b−pabp = a.

At the same time

b−pabp = a(1+pi)p .

From this we deduce that (1+ pi)p ≡ 1 (mod pm+1). Thus pi ≡ 0 (mod pm) and

[a, b]p = e. ¤

Lemma 4.3. Let G be a non-abelian 2-group with cyclic commutant G′ and
D the subgroup of G such that G′ ⊂ D and D/G′ = soc(G/G′).

(i) If |G′ ∩ Z(D)| ≥ 4, then [a, b]4 = e, for all a, b ∈ D.

(ii) If G′ ⊂ Z(D), then [a, b]2 = e, for all a, b ∈ D.

Proof. (i) Let G′ = 〈c〉 and |c| = 2m. If m = 2 then G′ ⊂ Z(D). At first

let us investigate the case m > 2. If g ∈ D, then g−1cg = cr, where r ≡ 1

(mod 2m−1). It follows that g−1c2g = c2. Assume that a, b ∈ D, a−1ca = cr

and b−1ab = aci. Then b−1a2b = a2ci(1+r). Let H = 〈c2〉. If a2 ∈ H then

b−1a2b = a2, hence i(1+r) ≡ 0 (mod 2m). From this we obtain 2i ≡ 0 (mod 2m).

If a2 6∈ H, then we may suppose that a2 = c and r = 1. We get b−1c2b = c2 and

b−1c2b = c2c4i, thus c4i = e.

(ii) Now assume that G′ ⊂ Z(D). Then b−1a2b = a2c2i and b−1a2b = a2.

Hence c2i = e. ¤

We are now able to prove the third main result of this paper.

Proposition 4.4. Let p 6= 2, G be a non-abelian p-group with cyclic com-

mutant G′, K a non-perfect field of characteristic p, λ ∈ Z2(G,K∗) and d =

dimK KλG. Asssume that KλG is not uniserial, pd = |G : G′| and |G′| > p.

Then the set AInd(KλG,nd) is infinite, for any integer n ≥ 2.

Proof. Denote by D the subgroup of G such that G′ ⊂ D and D/G′ =

soc(G/G′). Let G′ = 〈c〉 and T = 〈cp〉. By Lemma 4.2, D/T is abelian. In

view of Lemma 3.2, we can assume that |G′| = p and D is an abelian group. By

Lemma 3.3, KλD is not uniserial, since KλD/KλD · radKG′ is not a field. Let

d1 = dimK KλD. Then pd1 = |D : G′|. By Theorem 2.4, AInd(KλD,nd1) is

infinite for every n ≥ 2. Consequently, by Lemma 1.1, AInd(KλG,nd1|G : D|)
is infinite. Hence AInd(KλG,nd) is infinite, for any n ≥ 2, because d1|G : D| =
p−1|D : G′| · |G : D| = p−1|G : G′| = d. ¤

Proposition 4.5. Let G be a non-abelian 2-group with cyclic commutant

G′, K a non-perfect field of characteristic 2, λ ∈ Z2(G,K∗), d = dimK KλG
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and 2d = |G : G′|. Denote by D the subgroup of G such that G′ ⊂ D and

D/G′ = soc(G/G′). If |G′ ∩ Z(D)| ≥ 4 and KλG is not a uniserial algebra, the

set AInd(KλG, 2nd) is infinite, for any integer n ≥ 1.

Proof. Apply Lemma 4.3 and modify the arguments used in the proof of

Proposition 4.4. ¤

Proposition 4.6. Let G be a non-abelian p-group, K a non-perfect field of

characteristic p, λ ∈ Z2(G,K∗), H = Ker(λ) and d = dimK KλG. Suppose also

that KλG is not uniserial, pd = |G : G′|, H 6= G′ and let

l =

{
1 if |H : H ′| 6= 4,

2 if |H : H ′| = 4.
.

Then the set AInd(KλG,nld) is infinite, for arbitrary integer n ≥ 2.

Proof. Let U = KλG · radKH and K̃λG = KλG/U . Since G′ ⊂ H,

G′ 6= H, dimK K̃λG = |G : H| and K̃λG/ rad K̃λG ∼= KλG, we get |G : H| = d

and U = radKλG. By the hypothesis, KλG is not uniserial, hence U is not a

principal left ideal of KλG. It follows that H is a non-cyclic p-group, and, by

Proposition 1.3, AInd(KλG,nld) is infinite, for arbitrary n ≥ 2. ¤

Proposition 4.7. Let G be a non-abelian p-group with cyclic commutant

G′, K a non-perfect field of characteristic p, λ ∈ Z2(G,K∗) and d = dimK KλG.

Assume also that KλG is not uniserial, pd = |G : G′| and soc(G/G′) = 〈a1G′〉 ×
· · · × 〈amG′〉, where [ai, aj ] = e, for all i, j ∈ {1, . . . ,m − 1}. Then the set

AInd(KλG, 2nd) is infinite, for any integer n ≥ 1.

Proof. In view of Lemma 3.2, we may suppose that G′ = 〈c〉 is of order p.
Denote by H the subgroup of G generated by the elements c, a1, . . . , am. First,

assume that H is abelian. By Lemma 3.3, KλH is not a uniserial algebra, since

KλH/KλH(uc − ue) is not a field. We also have dimK KλH = pm−1 and |G :

H| = dp1−m. By Theorem 2.4 and Lemma 1.1, AInd(KλG, 2nd) is infinite for

any integer n ≥ 1.

In what follows, we may assume that [aj , am] = e for all j = 1, . . . ,m − 2

and [am−1, am] = c. Let D be the subgroup of H generated by the elements

a1, . . . , am−1, c. If K
λD/KλD(uc − ue) is not a field, then, by Lemma 3.3, KλD

is not a uniserial algebra. By Theorem 2.4 and Lemma 1.1, AInd(KλG, 2nd)

is infinite for any integer n ≥ 1, since in this case dimK KλD = pm−2 and

|G : D| = dp2−m.
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Now we investigate the case when KλD/KλD(uc − ue) is a field. Let up
am

=

γux, where γ ∈ K∗ and x ∈ G′. Since KλH/KλH(uc − ue) is not a field, there

exists an element v ∈ KλD such that

vp ≡ γ−1ue

(
modKλD(uc − ue)

)
.

Put w = vuam
− ue. Then wp ≡ 0 (mod KλH(uc − ue)). It is easy to verify that

radKλH = KλH(uc − ue) +KλHw. (4)

Let V = KλG radKλH. Because H is a normal subgroup of G, V is a

nilpotent ideal of the algebra KλG. The K-dimension of the quotient algebra

KλG/V is equal to pm−1 · |G : H| = p−1|G : G′| = d. It follows that V is the

radical of KλG. Since KλG is not uniserial, radKλG is not a principal left ideal

of KλG. This implies that radKλH is not a principal left ideal of KλH, and

KλH is not a uniserial algebra.

Let K̂λH = KλH/(radKλH)2 and ŷ = y+(radKλH)2 for every y ∈ KλH.

Since KλH is not uniserial, K̂λH is not uniserial either (see [9, p. 172]). The

radical of K̂λH is equal to radKλH/(radKλH)2. Hence, in view of equation (4),

we get

rad K̂λH = K̂λH(ûc − ûe) + K̂λHŵ,

and (ûc − ûe)
2 = 0̂, ŵ2 = 0̂, (ûc − ûe)ŵ = ŵ(ûc − ûe) = 0̂. Since KλH =

KλD + radKλH, the algebra K̂λH is the K-linear span of the elements

ûi1
a1

· · · ûim−1
am−1

, ûi1
a1

· · · ûim−1
am−1

(ûc − ûe), ûi1
a1

· · · ûim−1
am−1

ŵ,

where ir = 0, 1, . . . , p− 1, for all r = 1, . . . ,m− 1. We prove that these elements

are K-linearly independent.

Let

S =

{
p−1∑

i1=0

· · ·
p−1∑

im−1=0

αi1,...,im−1u
i1
a1

· · ·uim−1
am−1

: αi1,...,im−1 ∈ K

}
.

SinceKλD/KλD(uc−ue) is a field, radK
λD = KλD(uc−ue) and S∩radKλD =

{0}. If
x̂+ ŷ(ûc − ûe) + ẑŵ = 0̂ (5)

for some x, y, z ∈ S, then x ∈ radKλH. Thus x is a nilpotent element and

x ∈ radKλD. Hence x = 0. If y 6= 0, then there exists y1 ∈ S such that y1y ≡ ue
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(mod KλD(uc − ue)). It follows that ŷ1ŷ = ûe + ŷ2(ûc − ûe) for some y2 ∈ S.

Hence, in view of (5), we get ûc − ûe + ẑ1ŵ = 0̂ for some z1 ∈ S. It follows

that rad K̂λH is a principal left ideal of the algebra K̂λH. This contradiction

proves that y = 0. If z 6= 0, then from ẑŵ = 0̂ we obtain ŵ = 0̂. Therefore,

x = y = z = 0.

From uam−1
uam

= ucuam
uam−1

we deduce ûam−1
ŵ =

(
ŵ + ûc − ûe

)
ûam−1

.

It is clear that ûaj ŵ = ŵûaj for j = 1, . . . ,m − 2. Hence K̂λH is a crossed

product of D/G′ over the K-algebra R = Kûe +K(ûc − ûe) +Kŵ. By Propo-

sition 1.5, AInd(K̂λH, 2n|D/G′|) is infinite, for any integer n ≥ 1, and, hence,

the set AInd(KλH, 2n|D/G′|) is infinite. It follows, by applying Lemma 1.1, that

AInd(KλG, 2nd) is infinite, since |D/G′| · |G : H| = d. ¤

Proposition 4.8. Let G be a non-abelian p-group with cyclic commutant

G′, K a non-perfect field of characteristic p, λ ∈ Z2(G,K∗) and d = dimK KλG.

Assume also that G/G′ has at most three invariants that equal p, KλG is not

a uniserial algebra and pd = |G : G′|. Then AInd(KλG, 2nd) is infinite, for any

integer n ≥ 1.

Proof. In view of Lemma 3.2, we may suppose that G′ = 〈c〉 is of order p.
Let G/G′ = 〈a1G′〉×· · ·×〈amG′〉, where m ≥ 3 and |ajG′| = pkj for j = 1, . . . ,m.

Assume also that km−2 = km−1 = km = 1, [am−1, am] = c and [am−2, am−1] = ct.

If we set bj = ap
kj−1

j for j = 1, . . . ,m − 3, and bm−2 = am−2a
t
m, bm−1 = am−1,

bm = am, then

soc(G/G′) = 〈b1G′〉 × · · · × 〈bmG′〉

and [br, bs]= e for r, s∈{1, . . . ,m−1}. By Proposition 4.7, the set AInd(KλG, 2nd)

is infinite, for any integer n ≥ 1. ¤

Our final main result of this paper is the following proposition.

Proposition 4.9. Let G be a non-abelian p-group with cyclic commutant

G′, K a non-perfect field of characteristic p, λ ∈ Z2(G,K∗) and d = dimK KλG.

Assume also that [K : Kp] ≤ p2, KλG is not a uniserial algebra and pd = |G : G′|.
Then the set AInd(KλG, 2nd) is infinite, for any integer n ≥ 1.

Proof. Let G/G′ = 〈a1G′〉 × · · · × 〈amG′〉 and G′ = 〈c〉. There is an

isomorphism KλG/KλG(uc − ue) ∼= KµT , where T = G/G′ and µxG′,yG′ = λx,y,

for all x, y ∈ G. Renumbering the set {a1, . . . , am}, if necessary, the algebra

KµT is a twisted group algebra of the cyclic group 〈amG′〉 over the field KµD,

where D = 〈a1G′〉 × · · · × 〈am−1G
′〉. We recall that if K is a non-perfect field of
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characteristic p and [K : Kp] = pt, then t is the largest element of the set that

consists of all integers r ≥ 1 such that a K-algebra of the form

K[X]/(Xp − α1)⊗K · · · ⊗K K[X]/(Xp − αr)

is a field, for some α1, . . . , αr ∈ K (see [3, p. 200]). Thus, if [K : Kp] = p then

m = 2, and if [K : Kp] = p2 then m ∈ {2, 3}. By Proposition 4.8, the set

AInd(KλG, 2nd) is infinite, for any integer n ≥ 1. ¤

Remark 4.10. The second Brauer–Thrall conjecture is discussed in the paper

[21]. The reader is referred to [22, Section XIX.3] for a discussion of the second

Brauer–Thrall conjecture and the tame-wild problem for algebras, that is related

to the problems discussed in the paper (see [22, pp. 341–4, 355–6]).
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[22] D. Simson and A. Skowroński, Elements of the Representation Theory of Associative
Algebras. Vol. 3. Representation-Infinite Tilted Algebra, London Math. Soc. Student Texts
72, Cambridge Univ. Press, 2007.

[23] K. Sobolewska, Modular Projective Representations of Finite Groups, Ph.D. Thesis,
Univ. of Toruń, 2005.
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