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Classification of minimal Lorentz surfaces in indefinite space
forms with arbitrary codimension and arbitrary index

By BANG-YEN CHEN (East Lansing)

Abstract. Since J. L. LAGRANGE initiated in [18] the study of minimal surfaces
of Euclidean 3-space in 1760, minimal surfaces in real space forms have been studied
extensively by many mathematicians during the last two and half centuries. In cont-
rast, so far very few results on minimal Lorentz surfaces in indefinite space forms are
known. Hence, in this paper we investigate minimal Lorentz surfaces in arbitrary inde-
finite space forms. As a consequence, we obtain several classification results for minimal
Lorentz surfaces in indefinite space forms. In particular, we completely classify all mini-
mal Lorentz surfaces in a pseudo-Euclidean space EJ* with arbitrary dimension m and
arbitrary index s.

1. Introduction

Let EI* denote the pseudo-Euclidean m-space with the canonical metric of
index s given by

go = deo:f + Z dx?, (1.1)
i=1

Jj=s+1
where (z1,...,%,,) is a rectangular coordinate system of E™. The light cone LC
of E™*1 is defined by LC = {x € E™T!: (x,x) = 0}.
We put
Sk(c) = {x € EF*! | (z,2) = ¢ > 0}, (1.2)
HY(—e) = {w € B} | (a,2) = —~* < 0}, (1.3)
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where ( , ) denotes the indefinite inner product on Eff!. The S¥(¢) and H*(—c)
are complete pseudo-Riemannian manifolds with index s and of constant curvat-
ure ¢ and —c, respectively.

The S¥(c) and HF(—c) are called pseudo k-sphere and pseudo hyperbolic
k-space, respectively. The pseudo-Riemannian manifolds E¥, S* and HF are
known as the indefinite space forms. In particular, Ef, S¥ and HF are called
Minkowski, de Sitter and anti-de Sitter spacetimes, which play very important
roles in relativity theory.

The history of minimal surfaces goes back to J. L. LAGRANGE (1736-1813)
who initiated in 1760 the study of minimal surfaces in Euclidean 3-space (see [18]).
Since then minimal surfaces have attracted many mathematician. In particular,
minimal surfaces in real space forms have been studied very extensively during
the last two and half centuries (see, [4, pages 207-249] and [21], [23] for details).

In [24], [25], L. VERSTRAELEN and M. PIETERS studied some families of
Lorentz surfaces in 4-dimensional indefinite space forms with index 2. Recently,
parallel Lorentz surfaces in indefinite space forms with arbitrary codimension and
arbitrary index were completely classified in a series of articles [8]-[14] (see also
[1], [15], [16], [19]). Moreover, Lorentz surfaces with parallel mean curvature
vector in an arbitrary pseudo-Euclidean space were classified in [7] (see also [17]).
Further, minimal Lorentz surfaces in Lorentzian complex space forms M2 (c) with
complex index one were investigated in [5], [6].

In this paper, we study minimal Lorentz surfaces in indefinite space forms
R™(c) with arbitrary codimension and arbitrary index s. In particular, we comp-
letely classify minimal Lorentz surfaces in an arbitrary pseudo-Euclidean space in
Section 4. In Section 5, we classify minimal Lorentz surfaces of constant curvature
one in an arbitrary pseudo m-sphere S7*(1). The classification of minimal Lorentz
surfaces of constant curvature —1 in a pseudo-hyperbolic m-space H'(—1) are
obtained in Section 6. In the last two sections, we provide many explicit examples
of minimal Lorentz surfaces in S7*(1) and in H"(—1).

2. Basics formulas, equations and definitions

Let R?*(c) be an m-dimensional indefinite space form of constant sectional
curvature ¢ and with index s. The curvature tensor of R7*(c) is given by

R(X,Y)Z = (Y, 2)X — (X, Z)Y}. (2.1)

Let ¢ : M — R™(c) be an isometric immersion of a Lorentz surface M?
into R™(c). Denote by V and V the Levi-Civita connections on M? and R™(c),
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respectively. Let X, Y be vector fields tangent to M} and £ normal to M7 in
R (c). The formulas of Gauss and Weingarten are given by (cf. [2], [3], [22]):

VxY =VxY +h(X,Y), (2.2)
Vxé=—AcX + DxE¢. (2.3)

These formulas define h, A and D, which are called the second fundamental form,
the shape operator and the normal connection, respectively.

For each normal vector ¢ € TjMf7 the shape operator A¢ at £ is a symmetric
endomorphism of the tangent space T, M?, x € MZ. The shape operator and the
second fundamental form are related by

(h(X,Y),€) = (AcX,Y). (2.4)
The mean curvature vector H of M? in R™(c) is defined by
1
H = itrace h. (2.5)

A Lorentz surface in an indefinite space form is called totally geodesic if its second
fundamental form vanishes identically. It is called minimal if its mean curvature
vector vanishes identically.

The equations of Gauss, Codazzi and Ricci are given respectively by

RX,Y)Z =Y, 2)X — (X, Z2)Y} + Ay, )X — Anx,2)Y, (2.6)
(Vxh)(Y.Z) = (Vyh)(X, Z), (2.7)
(RP(X,Y)E,m) = ([Ae, Ag)X,Y), (2.8)
for vector fields X, Y, Z tangent to M2, £ normal to M2, where Vh is defined by
(Vxh)(Y,Z) = Dxh(Y, Z) = W(VxY, Z) = h(Y,Vx Z), (2.9)

and RP is the curvature tensor associated to the normal connection D, i.e.,
RP(X,Y)¢ = DxDy& — Dy Dx& — Dix y|€. (2.10)

A vector v in RJ*(c) is called spacelike (respectively, timelike, or light-like)
if (v,v) > 0 (respectively, (v,v) < 0, or (v,v) =0 and v # 0). A curve z(x) in
R™(c) is called spacelike (respectively, timelike or null) if its velocity vector z’(x)
is spacelike (respectively, timelike or lightlike) at each point.
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3. A special coordinate system on a Lorentz surface

Let M? be a Lorentz surface. We may choose a local coordinate system
{z,y} on M} such that the metric tensor is given by

g=—E*(z,y)(dz ® dy + dy ® dx) (3.1)

for some positive function E.
The Levi—Civita connection of g satisfies

0 2E, 0 0 0 2k, 0
p — = 2F o — =0 p — =¥ 3.2
75 O E 0z’ a7 Oy ’ V@%By E Oy (3:2)
and the Gaussian curvature K is given by
2FEE,, —2E.F,
K= #. (3.3)
If we put
10 10
_10 _19 3.4
€1 E axa €2 E aya ( )
then {e1, e} forms a pseudo-orthonormal frame satisfying
(e1,€1) = (e2,e2) =0, (e1,€2) = —1. (3.5)
We define the connection 1-form w by the following equations:
Vxer =w(X)ey, Vxes = —w(X)es. (3.6)
From (3.2) and (3.4) we fin
E E
Veer = Zzer Veser = —p5er, (3.7)
E E
Veleg = —Fgeg, ve262 = Fgeg (3 8)
By comparing (3.6) and (3.8), we get
E, E
oer) = 22, oler) = —1%. (39)

Let ¢ : M? — R™(c) be an isometric immersion of M? into R™(c). Then it
follows from (2.5) and (3.5) that the mean curvature vector of M? is given by

H= —h(el,eg). (310)

Therefore, M? is a minimal surface of R7(c) if and only if h(ej,ez2) = 0 holds
identically.
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4. Minimal Lorentz surfaces in ET*

In this section, we completely classify minimal Lorentz surface in an arbitrary
pseudo-Euclidean m-space E7*. More precisely, we prove the following.

Theorem 4.1. A Lorentz surface in a pseudo-Euclidean m-space E* is mi-
nimal if and only if locally the immersion takes the form L(x,y) = z(x) + w(y),
where z and w are null curves satisfying (' (x),w’(y)) # 0.

PROOF. Let L : M — E™ be an isometric immersion of a Lorentz surface
M% into a pseudo-Euclidean m-space E™ with index s > 1. We choose a local
coordinate system {x,y} on M? satisfying

g=—F*(z,y)(dz ® dy + dy @ dz) (4.1)

Then we have (3.2)—(3.10).
If M? is a minimal surface, it follows from (3.10) that h(e;,e2) = 0 holds.
Hence, we may put

h(er,e1) =&, h(ei,ez2) =0, h(ez,e2) =1 (4.2)

for some normal vector fields &, n. After applying (2.2), (3.2), (3.4), and (4.2),

we obtain

2E,
E

2F
L, + E%¢, Lay =0, Ly, = =Ly, + E*). (4.3)

Lacac = E

After solving the second equation in (4.3), we find

L(z,y) = 2(z) + w(y) (4.4)

for some vector-valued functions z(x), w(y). Thus, by applying (3.1) and (4.4),
we obtain (2/,2') = (w',w') =0, and (z/,w’) = —E?%. Therefore, z and w are null
curves satisfying (z/, w’) # 0.

Conversely, if L : M? — E™ is an immersion of a Lorentz surface M? into
E# such that L = z(x) + w(y) for some null curves z, w satisfying (2, w’) # 0,
then we obtain (L, L;) = (L,,L,) =0, (L;,L,) # 0, and Ly, = 0. Thus, M?
is surface with induced metric given by g = F(x,y)(dz ® dy + dy & dz) for some
nonzero function F. Moreover, it follows from (3.10) and L, = 0 that L is a
minimal immersion. ([

Remark 4.1. Flat minimal Lorentz surfaces in the Lorentzian complex plane
C? have been completely classified in [5]. Moreover, if m = 3, this theorem is due
to [20, Theorem 3.5].
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In particular, if M7 is a flat Lorentz surface, we have the following.
Corollary 4.1. A flat Lorentz surface in a pseudo-Euclidean m-space E7* is

minimal if and only if locally the immersion takes the form

L(z,y) = 2(x) + w(y), (4.5)

where z and w are null curves satisfying (z',w’) = constant # 0.

PROOF. Let L : M? — E™ be an isometric immersion of a flat Lorentz
surface M? into a pseudo-Euclidean m-space E™. Then we may choose a local
coordinate system {z,y} on M? satisfying

g=—(dz®dy+ dy ® dx) (4.6)
Then we find from (4.3) that the immersion L satisfies
Lyg=¢ Lyy=0, Ly =1 (4.7

for some normal vector fields £, 7. After solving the second equation in (4.7) we
find

L(z,y) = 2(z) + w(y) (4.8)

for some vector functions z, w. Thus, by applying (4.6), we find (2, z’) = (v, w’) =0
and (z’,w’) = —1. Consequently, z and w are null curves satisfying (z’, w’) = —1.

Conversely, consider a map L defined by L(x,y) = z(z) + w(y), where z and
w are null curves satisfying (2’, w’) = constant # 0 . Then we have

(L, Ly) = (Ly,Ly) =0, (Lg,L,) = constant # 0.

Thus, with respect to the induced metric, (4.5) defines an isometric immersion of
a flat Lorentz surface M? into E™. The remaining follows from Theorem 4.1. [

5. Minimal Lorentz surfaces in S7*(1)

Let v : M? — S™(1) be an isometric immersion of a Lorentz surface into
S™(1). Denote by L = 1ot : M — E™*! the composition of ¢ and the inclusion
t:8™(1) C E™H via (1.2).

Obviously, every totally geodesic Lorentz surface in an indefinite space form
R (c) is of constant curvature c. A natural question is the following:
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Question. Besides totally geodesic ones how many minimal Lorentz surfaces
of constant curvature ¢ in R7*(c) are there ?

Theorem 5.1 of [5] provides the answer to this basic question for ¢ = 0.

In this section, we give an answer to this question for ¢ > 0. More precisely,
we classify all minimal Lorentz surfaces of constant curvature one in the pseudo-
sphere S7*(1) with arbitrary m and arbitrary index s.

Theorem 5.1. Let M? be a Lorentz surface of constant curvature one.
Then an isometric immersion v : M? — S™(1) is minimal if and only if one of
the following three cases occurs:

(a) M? is an open portion of a totally geodesic S7(1) C S™(1).
(b) The immersion L = 1o : M — S™(1) C E™*! js locally given by

2(x)  A(x)
T+y 2

L(z,y) = , (5.1)

where z(x) is a spacelike curve with constant speed 2 lying in the light cone
LC satisfying (z"”,2") =0 and 2" # 0.
(¢) The immersion L = 1o : M — S™(1) C E™*! is locally given by
2(x) +wly)  2(x) +w'(y)

L(z,y) = o 5 , (5.2)

where z and w are curves in E™T satisfying

(HE00) @) )ty L0y
r+y 2 Toxty 2 ’ '

2(zz+w, 2"y = (x+y) & +w',2"), (c.2)

2z+w,w"y=(z+y)Z +w,w"). (c.3)

PROOF. Assume that ¢ : MZ — S™(1) is an isometric immersion of a Lo-
rentz surface M? of constant curvature one into S™(1). If M} is totally geodesic
in S™(1), we obtain case (a). Hence, let us assume that M7 is non-totally geodesic
in S™(1).

Since M? is of constant curvature one, we may choose local coordinates {x,y}
such that the metric tensor is given by

g= ( (dzr @ dy + dy ® dz). (5.3)

z+y)?
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Hence the Levi-Civita connection satisfies

0 -2 0 0 0 -2 0
V%Gx x+yozr’ vé%ay ’ Va%ay x+ydy (54)
Let us put
0 o \/561 2 \/562 (5 5)
or x+y’ oy z+y '
Then we get
<€1,61> = <€2,62> = 0, <61,€2> = —1 (56)

Because M7 is minimal in S™(1), it follows from (3.10) and (5.3) that h(eq, e2)=0.
Hence, we may put

hiei,e1) =&, h(er,ea) =0, h(es,es) =1 (5.7)

for some normal vector fields &, n. Without loss of generality, we may assume
& # 0. Since K = 1, it follows from the equation (2.6) of Gauss and (5.3) that
(&m =0.
Case (i): n = 0. From formula (2.2) of Gauss, (5.3)—(5.5), and (5.7), we get
2% oL, 2L 2L

Lyw = = , o Lyy= ———, Ly =-——%. (58
(@+y)? z+y ety W= ary 09

After solving the last two equations in (5.8) we obtain

2z) A=)

L = -

(5.9)

for some E™*1-valued function z(z). Since the metric tensor is given by (5.3),
one finds

2
(x+y)*

(LosLa) = (Lyy L) =0 and  (Lu, L) = -

Thus, it follows from (5.8), (5.9) and (L, L) = 1 that z(z) satisfies
(2,2) =(2",2")y =0 and (2,7') =4.

Moreover, by substituting (5.9) into the first equation (5.8) we find

(z+y)*2" (@)

£=- 4

(5.10)
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Combining this with £ # 0 gives 2"/ (x) # 0. Consequently, we obtain case (b).

Conversely, suppose that L is given by (5.1), where z(x) is a spacelike curve
with constant speed 2 lying in the light cone LC' C E™*! satisfying (2", 2") = 0
and 2" # 0. Then L satisfies (5.9) with & given by (5.10). From the assumption,
we have

(z,2) = (z,2') = (2", 2") =0, (z',2) = —(2,2") = 4. (5.11)

By using (5.9) and (5.11) we know that (L, L) = 1 and the induced metric tensor
is given by (5.3). Moreover, the second equation in (5.8) shows that the second
fundamental form of ¢ satisfies h( %, a%
a minimal immersion.

Case (ii): n # 0. After applying formula (2.2) of Gauss, (5.3)—(5.5), and
(5.7), we obtain

) = 0. Consequently, the immersion ) is

2 2L oL 2 oL
Lyw = 3 5 . s Loy = YR Ly, = L 2 - (512)
(x+y)? z+y (x+y) (z+y)? z+y

The compatibility conditions of (5.12) are given by

3
:r;—|—y7

2n
1‘+y'

@a%f: @8%772 (5.13)

Solving (5.13) gives

£=(x+y°Alx), n=(x+y)°By) (5.14)

for some E™*1-valued functions A(z), B(y). Substituting (5.14) into (5.12) yields

oL, 2L 2L
Ly, = A(x) — ) Ly ="+—"—, Ly, = B(y) — —%. (5.15)
Tty (x+y)? r+y
After solving system (5.15), we obtain
z(x) +wly)  2(x) +w'(y)
L = — 5.16
(z,y) oy 5 ) (5.16)
where z(z), w(y) are E™*l-valued functions satisfying
2" (x) = —4A(z), w"” (y) = —4B(y). (5.17)

From (L, L) =1 and (5.16), we obtain condition (c.1) in Theorem 5.1.
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By combining (5.15) and (5.17), we obtain

2" 2L, 2L w’(y) 2L
me:_i_ , zy = = L = — I —— . 518
4wty Y @ty Y 1 ary O
Since the metric tensor of M7 is given by (5.3), we find
(Lo Le) = (Ly L) =0, (LasLy) = ——— (5.19)
Ty Hx ) — ysHy/ — xy Hy/ — (,I+y)2 .

Because (L,L) = 1, we have (L., L) =
condition (c.2) from (5.16), (5.18) and (5.19)
Similarly, due to (Lyy, L) = —(Ly,Ly) = 0, we may also derive condition
(c.3) from (5.16) and (5.18).
Conversely, assume that L is defined by

—(Lz,Ly) = 0. Thus, we obtain

Lo = 20 ZE@ 4l (5.20)

where z(z),w(y) are curves satisfying conditions (c1), (c.2) and (c.3). Then it
follows from (5.20) that L satisfies system (5.18). Also, it follows from (5.20) and
condition (c.1) that (L, L) = 1. Thus, we have

(L,Ly) =(L,Ly) =0, (5.21)
which implies that

<L:v7Lz> = = <L7LM>> <LwaLy> = = <LaLzy>> <Ly7Ly> = = <L7Lyy>- (5-22)

By applying (5.22), (c.1) and the first equation in (5.22), we obtain

2

(LyyLy) = — (L, Lyy) = m

(Ly, L), (5.23)

which shows that (L, L;) = 0.

Similarly, from (5.22) and (c.3) we find (L,, L,) = 0. Also, after applying
(c.1), (5.22) and the second equation in (5.18), we find (L, L,) = —2/(x + y)*.
Consequently, the induced metric tensor via L is given by (5.3). Finally, it follows
from (3.10) and the second equation in (5.18) that ¢ : M — S™(1) is a minimal
immersion. O
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6. Minimal Lorentz surfaces in H*(—1)

Let ¢ : M? — H™(—1) be an isometric immersion of a Lorentz surface into
H™(—1). Denote by L = 1ot : M} — Eﬁ_ﬁl the composition of ¢ and the
inclusion ¢ : H™(—1) C EI'' via (1.2).

In this section, we provide the following answer to the basic question proposed
in Section 5 for ¢ < 0.

Theorem 6.1. Let M} be a Lorentz surface of constant Gauss curvature —1.
Then an isometric immersion 1 : M? — H™(—1) is a minimal immersion if and
only if one of the following three cases occurs:

(i) M? is an open portion of a totally geodesic H?(—1) C H™(—1).
(i) The immersion L = 101 : M? — H™(—1) C IE;T;I is locally given by
x+ y) (=)
V2 V2
where z(x) Is a timelike curve with constant speed V2 lying in the light cone
LC C Eﬁ_"il satisfying (z",z") =4 and 2" # 22’.
(ili) The immersion L = 1o : MZ — H™(—1) C E'}! is locally given by

L(z,y) = z(x) tanh ( (6.1)

2ty)_ 2+ u) 62)

Lix.y) = (=(2) +w<y>>tanh( - T,

where z and w are curves satisfying

<(z+w)tanh (x\gy> - Z/\J;iw/,(ww) tanh (x\;%y> - Z/:;Ewl> =1, (iii.1)

V2 (z +w,22 — ") tanh <x\;r§y> = +w' 22 = 2"), (iii.2)
V2 (z +w, 2w’ — w") tanh (;U\—};) =+ w20 —w"). (iii.3)

PROOF. Assume that ¢ : MZ — H™(—1) is an isometric immersion of a
Lorentz surface M? of constant curvature —1 into H™(—1). If M is totally
geodesic in H™(—1), we obtain (i). Hence, let us assume that M? is non-totally
geodesic.

Since M7 is assumed to be of constant curvature —1, we may choose local
coordinates {x,y} such that the metric tensor is given by

g = —sech? <x\;—§y> (dz @ dy + dy ® dzx). (6.3)
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Hence, the Levi—-Civita connection satisfies

0 x+y\ 0
9]

0 x 0

Vaayay\[tanh< 2>8y (6.4)
Let us put
8% = sech (x\jiy> e1, (% = sech (J:\}—gy) es (6.5)
Then we get

(e1,e1) = {ea,e2) =0, (e1,eq) = —1. (6.6)

Because M? is minimal, it follows from (3.10) and (6.3) that h(ey, e2) = 0 holds.
Hence, we may put

h(el7el) = 57 h(eheQ) = 07 h(62>€2) =1 (67)

for some normal vector fields £, . Without loss of generality, we may assume
€ # 0. Since M? is of curvature —1, the equation of Gauss and (6.7) imply that

{&m = 0.
Case (i): n = 0. By applying formula (2.2) of Gauss, (6.3)-(6.5), and (6.7),

we obtain
Ly, = sech? (WJ) ¢ —V/2tanh <x+y> L.,

¥ V3
Loy = — sech? (%) L,
Ly, = —V2tanh (x\g’) Ly. (6.8)
After solving the last two equations in (6.8) we have
L(z,y) = 2(x) tanh (xf@y) - Z;? (6.9)

for some E!"}'-valued function z. It follows from (6.3), (6.8), (6.9) and (L, L) =
—1 that z(z) satisfies (z,2) = 0, (z/,2') = =2, and (z”,2”) = 4. Moreover,
substituting (6.9) into the first equation (6.8) yields

;
(fz EAC )cosh( ) . (6.10)
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Combining this with £ # 0 gives 2"/ (x) # 22'(z). Consequently, we obtain (ii).

Conversely, suppose that L is given by (6.2), where z(z) is a timelike curve
with constant speed v/2 lying in the light cone £C' satisfying (z”,2"”) = 4 and
2" # 22'. Then, L satisfies (6.8) with & given by (6.10). Moreover, from the
assumption, we have

(2,2) = {2,2/) =0, (2,2 = — (¢, 7)) =2, (2", 2"y = 4. (6.11)

Hence, we know from (6.9) and (6.11) that the induced metric tensor is given by
(6.3). Consequently, we see from (6.8) that the second fundamental form of

satisfies h(%, a%) = 0. Therefore, the immersion ? is minimal.

Case (ii): n # 0. By applying formula (2.2) of Gauss, (6.3)-(6.5) and (6.7),
we obtain

L. = sech? <x+y> & — V2 tanh (W) L,,

V2 V2
x+y
ny = 7sech2 (ﬂ) L7
Ly, = sech? <x\j§y> 1 — V2tanh (m\%y) L, (6.12)

The compatibility conditions of (6.12) are given by

@8%5 = V/2¢ tanh (%) , @%n = v/2ntanh (x\—/gy) . (6.13)

Solving (6.13) gives

¢ = A(z) cosh? (i};) . 1= Bly)cosh’ (x\j’;)

for some E™*!valued functions A(z), B(y) satisfying (A, B) = 0. Substituting
these into (6.12) yields

Lu» = A(z) — v2tanh (%’) L.,

z+y
Lg, = —sech? [ =—2 | L,
r+y

Ly, = B(y) — V2tanh (\/§> Ly. (6.14)
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After solving system (6.14) we obtain

L(z,y) = (2(z) + w(y)) tanh (x\g’) _ Z/(””);;"(y), (6.15)
Aw) = VB (@) - 2 B = VA - (60)
for some E™*!valued functions z, w. From (6.15) and (L, L) = —1, we obtain

condition (iii.1) of the theorem.
After differentiating (6.15) we get

L, = Z'(z) tanh (x +y) + z(x)j/—iw(y) sech? (W) - z”(;z:),

V2 V2 V2
L, = w'(y) tanh (z i y) + @)+ wly) sech? <x+y) - LMD (6.17)
! V2 V2 V2 V2 '
Since the metric tensor of M? is given by (6.3), we find
r+y
(Ly, Ly) = (Ly, L) =0, (Ly, L,) = —sech? ( 7% > : (6.18)
From (6.14) and (6.16), we obtain
"
L =V2(0) = 2~ Vatann (270 1,
(z) a 7
L, — sech? (
v V2
Lyy = V2u'(y) — w\éy) V2tanh <f”}2y> L,. (6.19)

Because (L, L) = —1, we have (Lyy, L) = — (Ly, Ly) = 0. Thus, we derive from
(6.18) and (6.19) that

V2 (z +w,22 — 2") tanh (%) = (' + w22 = 2"). (6.20)

Similarly, from (L,,, L) = — (L, L,) = 0, we have

V2 (z 4+ w, 2w’ — w") tanh <:c\;r§y> = + w20 —w"). (6.21)

These give conditions (iii.2) and (iii.3). Therefore, we obtain case (iii).
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Conversely, if L is given by (6.2) such that z(z), w(y) satisfy conditions (iii.1),
(iii.2) and (iii.3), then we know from (6.2) that L satisfies (6.19). Also, it follows
from (6.2) and (iii.1) that (L, L) = —1. Thus, we have

(L,Ly) =(L,Ly) =0, (6.22)
which implies that
(Lgy Ly) = — (L, Laz) , <vaLy> = - <L7Lzy>v <Ly=Ly> == <L7Lyy>- (6.23)
By applying (6.19), (iii.1) and the first equation in (6.23), we obtain
z+y

(Lw,Lx)::——(L,wa>::\/Qtanh< 7% ) (Ly, L), (6.24)

which yields (L, L) = 0. Similarly, from (6.19) and (iii.3) we find (L,, L,) = 0.
Also, after applying (iii.1), (6.19) and the second equation in (6.23), we obtain
(Ly, L,) = —sech? ( %) Consequently, the induced metric tensor via L is given
by (6.3). Therefore, it follows from (3.10) and the second equation in (6.19) that

the immersion v : M? — H™(—1) is minimal. (]

7. Explicit examples of minimal Lorentz surfaces in S7*(1)

There exist infinitely many spacelike curves with constant speed 2 lying in
the light cone LC C E™+! satisfying (2", 2") = 0 and 2" # 0.

Example 7.1. Consider the curve z = z(x) in EJ defined by

VA2 + a?p?(p? —1?) VA + a?p*(p” — %)
z(x) = | acosh px, cosh gz, sinhrz,
= NG NG
A2 2,32 _ 12 102 - a2p2 (02 — o2
asinh px, \/ e o )sinhqx, \/ ¢+ PP~ )coshrx,

N /1% — g2
VI )+ = )

qr ’
where a, p, g, r are real numbers satisfying p > r > ¢ > 0. It is easy to verify that z

is a spacelike curve of constant speed 2 lying in L£C satistying (2", 2"y = 0,2"" # 0.
It is direct to verify that the immersion defined by

2(x)  A(x)
r+y 2

L($7y) =

gives rise to minimal Lorentz surfaces of constant curvature one in S$(1). Thus,
there exist infinitely many minimal Lorentz surfaces of type (b) of Theorem 5.1.
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There exist infinitely many pairs (z,w) of curves satisfying conditions (c.1),
(c.2) and (c.3) of Theorem 5.1. Here we provide some examples of such pairs.

Ezxample 7.2. Let p, q, r be positive numbers satisfying

315
T102 > 80 4 18912 — 64¢> > 35p°.

Consider curves z(z) and w(y) in Ei* defined by

/925602 2 /1602 2
z(x) = (56(1+369T cosh 2z, V1647 + 6097~ sinh 4z, r cosh 5z, 0, 0,0,
44/15 415

\/256¢2 + 36912 /1642 + 60972
-—————sinh 20, ———«———
415 4v/15

3 320 + 225p? + 75612 — 2564
w(y) = <O70,0,pcosh <y>7 /320 + 226" + T56r 1 sinh 2y,
2 8v/15

cosh 4z, rsinh 5x,0,0,0, g, 0) ,

15p2 + 102442 — 302472 — 12
\/3 bp” + 10244 3024r 80 sinhy, 0,0, 0, psinh (Sy)’
44/15 2
/320 + 225p2 + 75612 — 25642
cosh 2y,
8v/15
V/315p2 + 102442 — 302412 — 1280
cosh y,
415
0 /320 + 75672 — 35p2 — 256q2>
) 8 .

Then z, w are constant speed curves lying in the light cone LO' C Ei* satisfying

_ 64q2 — 18972 (W' ) = 80 + 18912 — 644>
20 ’ ’ 20 ’

<Z7w> — <Z7ZN/> — <ZI7Z/”> — <Z//’Z//> — <w7w///> — <w/)w//l> _ <w//7w//> _ O

Moreover, it is easy to see that conditions (c.1), (¢.2) and (c.3) are satisfied. It is
straightforward to verify that the immersion:

Lo = H2LE20)_ ZE@ )

via (z,w) defines a minimal Lorentz surface of constant curvature one in Sg3(1).



Classification of minimal Lorentz surfaces in indefinite space. .. 501
8. Explicit examples of minimal Lorentz surfaces in H*(—1)

There exist infinitely many timelike curves with constant speed v/2 lying in
the light cone LC C E’:ﬂl satisfying (2", 2") = 4 and 2" # 22.

Ezxample 8.1. Let a, b, p, q¢ be positive numbers satisfying

4+ a? a®(¢* = 1)1 —p*) + 20> +¢* — 2)
2 2 2
P <2+a2<q and b > e .

Consider the curve z = z(x) in E§ defined by

2(2 - a2) — (4 + g2 A+ a2 —02(2 + a2
VER+Ta) - (dta?) o Vit PR+ a?)
PV — p? q\/ q? — p?

22 2\ _ 4 2 4 2 _ 22 2
asinh px, \/Q( +a?) +a)coshpx,\/ +a—pR+a)
PV q* — p? qvq¢* — p?
V02 2q? — a?(q> — 1) (1 —p?) —2(p*> + > — 2))
Pq

z(x)= (b, acoshz, sinh gz,

cosh qx

It is easy to see that z is curve lying in L£C' satisfying (z/,2") = =2, (z",2") =4

and 2" # 22'. A direct computation shows that

defines a minimal Lorentz surfaces of constant curvature —1 in Hz(—1). Hence,

L(z,y) = 2(z) tanh (

there exist infinitely many minimal Lorentz surfaces of type (ii) of Theorem 6.1.

There are many pairs (z,w) of curves satisfying conditions (iii.1)—(iii.3) of
Theorem 6.1. Here we provide infinitely many examples of such pair of curves.

Ezxample 8.2. Let a, b, p, q, 7, s be positive numbers satisfying

1
2 2 2 2
a,b<1, p,q,7,8 > 1, p<m<q, T<1—a2<87
2, 2 24 2
9 D°H+q —2 9 T H45°—=2
Consider curves z(z) and w(y) in E}* defined by
21 2 _ p2p2a2 _ 2 1= 2(1 — 2
z(x) = | b, VP +g ba coshz, P ) sinh gz,
(r? - 1)(¢* - 1) V(@ =) 1)
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2 1_b2 _ 2 2_b2 2 2_2
¢( ) sinh pz, 0,0, 0,0, VPt a® — g
2 2 2 2 2

V(@@ =pH)([p® - 1) P -D(-1)
V1-p*(1-b?)

sinh z,

JEI—?) =1
cosh gz, 2 ) coshpz,0,0,0 |,
VIEZ =)@ -1) VI(EZ =) p? 1)
2 2 _ 027252 _ 9 1 —72(1 — a2
w(y) =10,0,0,0,a, vr +28 azs cosh y, = T; 2(1 sinh sy,
(r? =1)(s* = 1) V(2 =r2)(s? — 1)
2(1 —a2) =1 2 2 _ 029262 _
o ) sinhry, 0,0, 0, Vit st - ar?s? -2 sinh y,

V(2 =12)(r2 — 1) (r2—=1)(s2-1)

N ) Y (e
V=) 1) UGG

It is easy to verify that z and w satisfy conditions (iii.1), (iii.2) and (iii.3). The

cosh py

associated map

L(z,y) = (2(z) + w(y)) tanh (j;’) - “””)j;"(y)

defines a minimal Lorentz surface of constant curvature —1 in H3(—1).

Remark 8.1. There exist many positive numbers a, b, p, q, 7, s satisfying the
conditions given in (8.2). For instance,a =b=1/v2,p=r=1.1andg=s=1.5
satisfy all conditions given in (8.2).
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