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Complete spacelike CMC hypersurfaces
in a Lorentzian space form

By BIAOGUI YANG (Fuzhou) and XIMIN LIU (Guangzhou)

Abstract. Letx : M"™ — MT;H (¢) be a complete spacelike hypersurface immersed
into a Lorentzian space form, where M?H(c) is a Lorentz—Minkowski space L1 =
RTT!, a de Sitter space ST™ € RT"2 or an anti-de Sitter space H} ™ C R} "2, according
toc=0,c=1or ¢c = —1, respectively. Let ¢ = (z,a) and ¢ = (ﬁ,a), where H is the
mean curvature vector field of M™ and a is a fixed nonzero vector in the corresponding
pseudo-Euclidean space. We prove that if M™ has constant mean curvature (CMC),
and ¢ = A\, for some real number A, then M™ is a spacelike isoparametric hypersurface
of M?H(C)A Furthermore, it is either a totally umbilical hypersurface or a hyperbolic
cylinder.

1. Introduction

Let R be an (n + 2)-dimensional pseudo-Euclidean space with index ¢
endowed the indefinite inner product given by with flat semi-Euclidean metric

t n+2
(z,y) = _inyi + Z ZiYj,
i=1 j=t+1
where (21,...,2n42) is a rectangular coordinate system of R, The de Sitter
space and anti-de Sitter space [9] are defined by ST = {x € R} ™?|(z,2) = 1},
H T = {z € Ry™2?|(x, z) = —1}, respectively, with constant sectional curvature

Mathematics Subject Classification: 53C50, 53B25, 53C42.
Key words and phrases: spacelike hypersurface, constant mean curvature, linearized operator

L, isoparametric hypersurface, hyperbolic cylinder.
This work is supported by NSFC (10931005).



514 Biaogui Yang and Ximin Liu

¢ =1 and ¢ = —1, respectively. A hypersurface M" is said to be spacelike if the
induced metric on M™ from that of the ambient space is positive definite.

Constant mean curvature (CMC) hypersurfaces are often closely related to
either an eigenvalue problem or a differential equation stemming from the Lap-
lacian. At the same time, Maximal and CMC hypersurfaces play a chief role in
relativity theory. There are many interesting results in the study of spacelike
CMC hypersurfaces.

The study of this kind of hypersurface was inspired, in particular, by a con-
jecture posed by GODDARD [6], stating that every complete spacelike hypersurface
with constant mean curvature in S7t must be totally umbilical. The first result
in this direction was obtained by RAMANATHAN [10] in 1987. He showed that
if the constant mean curvature H of a complete spacelike surface in S3 satisfies
H? < 1, then the surface is totally umbilical. Independently, and still in 1987,
AKUTAGAWA [2] proved Goddard’s conjecture for the case H? < 1 if n = 2 and
for the case H? < 4(n — 1)/n? if n > 2. On the other hand, MONTIEL [8] proved
the conjecture for the compact case.

In [3], ALias, BrRASIL and PERDOMO studied the quadric constant mean
curvature hypersurfaces of spheres and gave a characterization of ones by a linear
relation between two functions on the position vector and a Gauss map of ones.
Inspired their works, we will investigate complete spacelike CMC hypersurfaces
in a Lorentzian space form.

Let z: M™ — M?H(c) be a complete spacelike hypersurface immersed into
a Lorentzian space form, where M?H(c) is a Lorentz—Minkowski space L"*1 =
R7* a de Sitter space ST € R"™ or an anti-de Sitter space Hf'"' ¢ Ry
according to ¢ = 0, ¢ = 1 or ¢ = —1, respectively. For some fixed nonzero vector
a € R?H, R?H or RS+27 according to ¢ = 0, ¢ = 1 or ¢ = —1, respectively, let
¢ = (x,a) and P = (ﬁ, a), where H is the mean curvature vector field of M™. In
this paper, we will prove that if M™ has constant mean curvature, and ¢ = A\,
for some real number A, then M™ is either a totally umbilical hypersurface or a
hyperbolic cylinder. In fact, we prove the following main results.

Theorem 1.1. Let 2 : M™ — L"! be a complete spacelike CMC hyper-
surface immersed into the Lorentz—Minkowski space L"T!. If for some nonzero
constant vector a € R?‘H and some real number A\, we have that ¢ = A, then
M™ is one of the following hypersurfaces, up to rigid motions:

(i) R* = {z e R 2y = 0};

(i) H*(sinht) = {z € R?™' : ||z|> = —sinh®t}, where t € R;



Complete spacelike CMC hypersurfaces in a Lorentzian space form 515

(il) HF(sinht) x R" % ={z e R{"" : —af +a2d + - +a?,, = —sinh®t}, where
teR.

Theorem 1.2. Let x : M™ — ST C R} be a complete spacelike CMC
hypersurface immersed into the de Sitter space S?H. If for some nonzero constant
vector a € R?"'z and some real number A\, we have that ¢ = Ay, then M™ is either
a totally umbilical hypersurface or a hyperbolic cylinder, i.e. M™ is one of the
following hypersurfaces, up to rigid motions:

(i) R™ = {(f(y) +sinht, f(y) +cosht,y) € ST C R} :y € R"}, wheret € R
and f(y) = —(e'/2)lly[1*;

(ii) S™(cosht) = {(sinht,ycosht) € S} c R} .y € S*(1) € R"*'}, where
teR;

(iii) H"(sinht) = {(ysinht,cosht) € ST c R} : y € H*(1) € R}™'}, where
t € (0,+00);

(iv) H*(sinht) x " *(cosht) = {(y,z) € R¥1 x R*=F+1 . ||y||? = —sinh?¢,
||2]|2 = cosh® t}, where 0 < k < n, t € (0, +00).

Theorem 1.3. Let z : M" — H} ' (¢) C R} be a complete spacelike CMC
hypersurface immersed into the anti-de Sitter space H?H. If for some nonzero
constant vector a € RZH and some real number A, we have that ¢ = A\, then
M™ is either a totally umbilical hypersurface or a hyperbolic cylinder, i.e. M™ is
one of the following hypersurfaces, up to rigid motions:

(i) H"(sint) = {(cost,ysint) € RF?:y c H* c R}, where t € (0,7/2];

(i) H*(cost) x H" F(sint) = {(y, z) € RETL x RPF - |jy||2 = — cos? ¢, |z||?
= —sin?t}, where 0 < k <n, t € (0,7/2).

2. Preliminaries and auxiliary results

In this section, we give some formulas and notions of submanifolds in the
space forms by using the method of moving frames. Let z : M — M?H(c) -
R?*2 be a isometric immersion from Riemannian manifold M™ to Lorentz space
forms H?H(c) with constant sectional curvature ¢. Let V, ¥V, V be the Levi-
Civita connection on M™, M?H(c) and RP*2,

For any p € M, we can choose a local orthonormal frame fields e, ..., e,12
(ént2 = « when ¢ = £1) in a neighborhood U of M such that ey,..., e, are
tangential to M, e, 41 is a unit timelike normal vector field of M™. In the following
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we shall make use of the following convention on the ranges of indices:
1<AB,C<n+2 1<ijkil<n n+l1<aqfB,v<n+2.

Let w4 be the corresponding dual frame. The smooth connection 1-forms
are denoted by wap. Then we have the structure equations of R?”

dr = E EAWAEA,
A

desy = E €BWABER, WaB +wpa =0,

s (2.1)
dwa = Z€BWAB ANwp,
B
dwap = 260%40 AweB,
c
where e4 = (ea,ea), € = 1, epy1 = —1, €442 = ¢. A well-known argument

shows that the forms w;,+1 may be expressed as w;,4+1 = Zj hijwj, hij = hjs.
From (2.1) we obtain structure equations of M in M7 (c)

dr = Zwiei,
i
de; = Zwijej — Z hijwjent1 — cw;T, (2.2)
J J
d67l+1 = — Z hijwjei.
%,J

The second fundamental form is defined

%]

and the square of the length of & is given by S = |h[* = 3=, . hZ,.
The Gauss and Codazzi equations are

Rijii = c(8irdj1 — 0udjx) — (harhji — hihjr), (2.4)
hijk = hikj, (2:5)

where the covariant derivative of h;; is defined by

Z hijrwr = dhgj + Z Pijwri + Z hipwr; . (2.6)
k k k
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Associated to the shape operator A of M one has n invariants S,, 1 <r < n,
given by the equality

det(tl — A) = zn:(fl)kskt”*k.

k=0

If p € M and e, is basis of T, M formed by eigenvectors of the shape operator
Ap, with corresponding eigenvalues \j, one immediately sees that

ST‘ = UT'()‘la . 'a)‘n)7

where o, € R[xy,...,2,] is the r-th elementary symmetric polynomial on the
indeterminates x1,...,z,. The r-th mean curvature of M is given by
1
H,=—85,

In particular, when r =1
1 1
H =- AN=-5=H
==

is nothing but the mean curvature of M.
The classical Newton transformations P, : X(M) — X (M) are defined in-
ductively from the shape operator A by

1, r=20,
P. = (2.7)
S I—AoP._1, r=1,...,n,

where I denotes the identity transformation in X'(M). Equivalently,
Po=Y (-1)S,_;A. (2.8)
3=0

Thus P,, = 0 by Cayley—Hamilton Theorem. Moreover, since P, is a polynomial
in A for every r, it is also self-adjoint and commutes with A. Therefore, all bases
of T,M, diagonalizing A at p € M, also diagonalize all of the P, at p. Let {e}
be such a basis. Denoting by A; the restriction of A to span{e;}+ C T}, M, it is
easy to see that

det(tI - A,) = ni(—l)ksk(Ai)tn_l_k, (29)
k=0
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where

Sk(A;) = S NN
1<j1 < <jr<n
J1seeesJk 70

With the above notions, it is also immediate to check that P.(e;) =
Sy (Ai)e;, where T]: = (P, (e;), e;). Thus, according to [4], [5], [11], [1
the following lemma.

> T
2], we have
Lemma 2.1. Foreach1 <r<n-—2
( ) Sy — )\iSrfl(Ai);
r(F) = (n—1)5;
(Ao P.) = (r+1)S,41;
(
(

(a
(b
(c
(d
(e

I A2 ) = SlST_H — (7" + Q)Sr_;_g,'

t
t
t
tr(Pr o VxA) =(VSy41,X) for X € X(M).

) S
)
)
)
)

Associated to each Newton transformation P,, we consider the second-order
linear differential operator L, : C*°(M) — C*°(M) given by

Lr(f) = tr(Pr © V2f)7

where V2f : X(M) — X (M) denotes the self-adjoint linear operator metrically
equivalent to the Hessian of f and given by

(V2f(X),Y) =(Vx(V[),Y), X,YeX(M).
Using that P, is a symmetrical operator, we have

L.(fg) = fLrg+ gL f +2(P-(V[),Vg) (2.10)

for every f,g € C*®(M).
Since H is parallel to e, 1, then H=H en+1. Furthermore,

(b = <'T7a>7 ,(/J = H<€’I’L+17a/>;

where a is a fixed vector in R} if ¢ = 1; or a is a fixed vector R+ ? if ¢ = —1.
Then we have that

Proposition 2.2. If M" is a spacelike hypersurface of M?H(c) with non-
zero mean curvature vector field. Then the gradients of functions ¢ and 1) are
give by

Vé=a", Vip=V(In|H|)p - HA(a"), (2.11)

where o denotes the tangential component of a.
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PROOF. Since

<V¢, ei> = el(¢) = <%eix’a> = <dx(ei)va> = <eiﬂa>7

and
(V{ent1,0),e0) = (Vesens1,a) = (densi(es), a)
<Zh”e], a) = —(Aes,0) = (e, A(a")),

thus

Vo = Z(ei, aei =a', Viens1,a) = —Aa")

Vi =V(H(ept1,a)) = VH{ept1,a) + HV{e,i1,a)

=VHlepi1,a) — HA(a") = V(In|H|)yp — HA(a"). O
Now, we have the following result.

—n+1
Proposition 2.3. If M™ is a spacelike hypersurface of M ;H (¢) with nonzero
mean curvature vector field. For each 1 <r <n — 2, we have

Ly =—c(n—7)Sp¢ — H 1 (r +1)S,419, (2.12)
Lep=c(r+1)S,y 1 Ho+ (H 'L H 4 518,41 — (1 +2)Sp42)1)
— H(VS,;1,a) —2({Ao P.(VH),a). (2.13)

PROOF. Since
o = e;(x,a) = (e;,a), (2.14)
then

Z Pijw; = do; + Z Pjwjii = (de;,a) — Z<€j, a)wij
i Z

J
<§ wij€j — E hijwjent1 — cwiz, a> g €, AYWjj

J
=—c¢25uw] H™ z/JZhUw]

Thus
¢ij = —cddi; — H™ 'hy;. (2.15)

With that in mind we calculate
Legp=> Ty = —c¢21;g(sij —H 'Y ZT;;h ;

= —cotr(P,) — w tr(Ao P,) = (n —7)Spp — (r+1)S, 1  H 1.
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Next we let n = (ep41,a)
i = eilent1,a) = (denta(er),a) = = hije;,a), (2.16)
J
thus we can make the suggestive calculation
D mijws =dni+ Y nmiwji = — Y dhijlej a) =Y hij{de;,a) Z nWij
J J J J

= — Z(hijkwk — hijwri — hirwij)(ej, a)
gk

_ < Z hijwjkek — Z hijhjkwk€n+1 - CZ hijwjm, CL> + Z hjk<ek7 a)wij
J.k J J 4,k

= _ Z hijrw;(ex, a) + cqﬁz hijw; + nz hirhjrw;.

J.k

This shows that

nij = —hij(ex, a) + cohij + 772 hirhjk. (2.17)
%

With this, then we have
Lyn = ZTL]TIW ==Y Thhirler,a) +co > Tihij+nY  Thihixhs
.7,k ,J 4,5,k

= Z hiji (e, a) + cptr(Ao P.) + ntr(A2 oP,)
1,5,k

—(VSiq1,a) + cd(r + 1)1 +n(S1Sr41 — (1 +2)Spi2).
Thus

L. =L.(Hn)=HLn+2(P.(VH),Vn) +nL.H
= H(—(VS,11,a) + co(r + 1)Srp1 + 151541 — (7 +2)5r42))
2(P,(VH),—A(a")) + H 'L, Hy
=c(r4+1)S, 1 Ho+ (H 'L, H + 818,41 — (r +2)S,42)0
—2(Ao P.(VH),a) — H(VS,41,a). O
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3. Proof of the main theorems

In this section, using Proposition 2.3, we will prove Theorem 1.1, Theorem
1.2 and Theorem 1.3 in a union form.

Since ¢ = A, if H =0 or A =0, then ¢ =0 and M™ is a totally geodesic
submanifold in M?H (¢). In the following ,we suppose AH # 0. From Proposition
2.3, we obtain

Lr¢ = —c(n —1)S;d — (r + 1) S H ')
= —[eA(n —7)S, + (r +1)S, 1 H |
=Mc(r +1)S, 1 Hop+ (H 'Ly H + 818,11 — (1 +2)Sr12)0
— H(VS,11,a) —2(Ao P.(VH),a)}

= —H(VS,i1,a)\+ [e(r +1)S, 1 HN? + (518,41 — (r +2)S,y2) A0
This imply
{e(r+1)S 1 HX? +[S18,41 — (r +2)Spso +c(n —7)S A+ (r +1)S, 1 H 1 1ap

= >\<VS7~+1, CL>H

If ¢ = 0, then ¢ = 0 and M" is a totally geodesic submanifold in M’f“(c). There
is nothing to prove. Therefore we can assume v # 0, then
c(r+1)S, 1 HN? + (81841 — (r +2)Spso +c(n —7)S A+ (r +1)S, . H !

=MV S, 41, a)H. (3.1)

Taking r = 0, and since H is constant, then
enH?\? + (57 — 285 + cn)A +n = 0.
Thus
-

Sy = 2)\[0]—[2)\2 + (nH? + )X + 1]

is constant.
Using (3.1), by inductive method, we show that S, is constant for every 1 <

r < n. This means that M"™ is a complete spacelike isoparametric hypersurface
of M?H(c). According to Theorem 1 and Theorem 2 in [7] or by the congruence
theorem of ABE, KOIKE and YAMAGUCHI [1], we conclude that M™ is either
a totally umbilical hypersurface or a hyperbolic cylinder, i.e. M™ is one of the
following hypersurfaces, up to rigid motions:

(i) R™, H"(sinht), H*(sinht) x R*~* in L7+1;

(ii) R™, S"(cosht), H"(sinht), H*(sinht) x S*~*(cosht) in S}*';
(iil) H"(sint), H*(cost) x H**(sint) in H} L.
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4. Some examples

In this section, we give some examples for hypersurfaces appearing in the
main theorems and verify further our results.

Ezxample 4.1. let f:L"t" — R be a real function defined by
f(@o,. o wn) = 01(=25 + 25 + -+ 2%) + 2h 1 + S2(wh g+ + 7). (41)

where 81, 62 € {0,1} and 67 + 65 # 0. Taking r > 0 and € = =+1, the set
M™ = f=1(er?) is a hypersurface of L"*! provided (81, d2,€) # (0,1, —1).

A straightforward computation shows the unit normal vector field is written
as

1
€nt+1 = ;(511‘0, ey §1Ik7 l’k+1, 521'k+2, ey 5235”) (42)

Moreover, the principal curvatures of M™ are given by

)
A= :)\k:_ila
T
0
M1 =-0 =A==,
r

and we also have that

_k51 + (ﬂ — k)52

H =
nr
Thus
(1) when (61,02,¢) = (0,1,1), M™ = L* x S*"7*(r), and if we take a =
0,...,0,a811,,an41) € RTT then we have ¢ = — s
(2) when (61,82,¢) = (1,0,—1), M™ = HF(r) x R** and if we take a =
(a1,...,ax41,0,...,0) € RT™! then we have ¢ = —”T’Jw;

(3) when (61,d2,¢) = (1,1,—1), M™ = H"(r), and if we take
a=(a,...,an41) € RYT,

then we have ¢ = —r2.

Ezample 4.2. Given any integer k € {1,...,n — 1} and any real number
r € (0,1), let

M" = {(z,y) € L*! x R"*+1 1 |22 = —r% and |jy||> = 1 + r?}

= HY(r) x 8" (V14 12).
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It is not difficult to see that for any (z,y) € M™ one gets
TlwyM™ = {(v,w) € LM x R" 1 (,0) = 0 and (y,w) = 0}.
Therefore, the unit timelike normal vector field e, 11 is given by
(2.9) (\/ 1+r2 T )
€En x, - T, — .
+1 Yy r my
Moreover, the principal curvatures of M™ are given by
V14712
A== =
r
Mgt = -+ = Ap = ——
k41 == N
and we also have that
o (n — 2k)r? —k.
nrv/'1+r?
Thus, when H # 0, i.e. n < 2k, or n > 2k and r # n_—k%,
(i) if we take a = (a1, ...,ar41,0,...,0) € RTT2 then we have that
2
nr
S — 4.3
6= Y (4.3)
(ii) if we take a = (0,...,0,ar42,. .-, ny2) € RTT2 then we have that
n(l+r?)
=———"—1). 4.4
¢ (n—2k)r2—k‘w (44)
Similarly, we have the following example.
Ezample 4.3. Given any integer k € {1,...,n — 1} and any real number

€ (0,1), let

M" = {(2,5) € LA X L7H ) = =12 and [y = =1+ 72}

= H*(r) x H*F (/1 —r2).
It is not difficult to see that for any (z,y) € M™ one gets

TlwyyM™ = {(v,w) € LM x L"*+1 : (z,v) = 0 and (y, w) = 0}.
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Therefore, the unit timelike normal vector field e, is given by

V1—r2 r
6n+1(xay) = r z, _my

Moreover, the principal curvatures of M™ are given by

V1—1r2

Al :';':Ak:—i’
r
r
)\ ) >\TL = —,
k+1 Vi
and we also have that
H = M
nry/1—r2
Thus, when H # 0, i.e. r # \/g,
(i) if we take a = (a1, ...,ax41,0,...,0) € R} then we have that
2
nr
= ——1; 4.5
b= (4.5
(ii) if we take a = (0,...,0,ar42,...,0ns2) € RTT2 then we have that
n(l —r?)
=———"9. 4.6
o=-"U"T)y (46)
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