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On measurable solutions of a general functional equation
on topological groups

By TOMASZ KOCHANEK and MICHAL LEWICKI (Katowice)

Abstract. We establish a theorem of the type “measurability implies continuity”
for solutions f of the functional equation

P(f(l‘), f(y)) = @(1‘, Y, f(alm + ﬁly)7 CERE f(OtnI + 5713/))

under reasonable conditions upon the integers «;, 8; and the mappings I, ®.

1. Introduction

The theory of regularity properties of functional equations is widely deve-
loped and has been perfectly described in the monograph of ANTAL JARAI [5].
However, while considering the following simple-looking equation

£ (@) = f(y)| = min{f(z +y), f(x —v)}, (1)

and trying to prove the continuity of, let’s say, Haar measurable solutions f :
G — R defined on a locally compact group G, we notice that none of the very
general results presented in [5, Chapter I11.8] is directly applicable. The reason
is that equality (1) does not give any explicit formula of the form

f(.%‘) = h(z,y, f(g1(z,¥)),. )
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with a continuous function h.

Equation (1) was introduced by A. SIMON and P. VOLKMANN [7] who were
considering the problem of characterizing functions being of the form |a(z)| with
an additive mapping a. However, as they observed, there exist solutions of (1)
which are not of such a form; the question about general solution remains open.
During his talk [8] P. VOLKMANN showed that a function f : R — R is a continu-
ous (at a point) solution of (1) if and only if either f(z) = c|z| for z € R and for
some ¢ > 0, or f(z) = clz| for |x| < p and f(z+2p) = f(x) for € R, with some
¢ >0, p>0. K. Baron [1] proved that if G is a metrizable topological group,
then the continuity of a solution f : G — R of (1) follows actually from the Baire
measurability of a restriction f|y; where M C G fulfils, for instance, one of the
two following conditions:

(i) M is a second category set with the property of Baire and f~({0}) C M,
(ii) M contains an open neighborhood of a point from f~1({0}).

Attempting to prove that Haar measurable solutions of (1) are necessarily
continuous we arrive at a more general regularity problem for the following func-
tional equation:

F(f(l‘), f(y)) = (b($7ya f(alx + Bly)’ ) f(OthZ =+ 6ny))’ T,y € G7 (2)

which will be dealt with in the case where G is a metrizable locally compact group
and «;, §; are integers.

To avoid undesirable behavior of the combinations «;z + 8;y we need some
special assumptions. A reasonable condition was proposed by A. Jérai in [2,
Proposition, p. 32]; see also [5, pp. 238-239]. Unfortunately, we need a little
stronger hypothesis:

(H) There exists a compact zero neighborhood (i.e. a compact set which contains
an open neighborhood of zero) W C G such that for any compact subset
K C W with positive right Haar measure the set {ayz : * € K} has a
positive right Haar measure as well.

The difference is that Jarai’s condition requires W only to be a compact set with
positive Haar measure which automatically follows from (H), since any non-empty
open set has a positive Haar measure. Nevertheless, the reasoning presented on
[5, p. 238] shows that hypothesis (H) holds true in any Lie group G provided, of
course, «; # 0.

Another difference between our main result and results of Jarai is that in
general we are not able to obtain the continuity of f at an arbitrary point of G.
Actually, we show only the continuity at zero, leaving the problem of the global
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continuity for separate considerations. In many particular cases of equation (2)
one can easily deduce the continuity of f having already its continuity at zero
and it is like that in the case of equation (1).

2. Main result

In the sequel we will use the additive notation in the group G although we
do not assume its commutativity. Let us recall that if A is a Haar measure in G,
X is a topological space, then a function f : G — X is called Lusin A-measurable
if and only if for every measurable set A C G with A\(4) < oo and every ¢ > 0
there is a compact set K C A such that A(A\ K) < € and f|x is continuous.

For completeness we quote here several theorems which we will apply in the
proof of our main result.

Theorem A (A. JARAIL 1979). Let G be a locally compact topological group
and let A be the right Haar measure in G. If ; € Z satisfies (H) then for every
e > 0 there is § > 0 such that for every measurable set A C W with \(A) > ¢ we
have Maa:a € A} > 6.

A similar statement appeared first in the proof of [2, Proposition, pp. 32-33].
Precisely the same assertion as the one above is shown on [5, p. 239] for a; = 2.
For any other a; € Z \ {0} the proof is the same.

Theorem B (T. Krausz, 1980). Let T, Y and X; (i = 0,1,...,n) be
locally compact Hausdorff spaces and let v and u; be finite Radon measures on T
and X;, respectively. Given continuous functions g; : T X Y — X; assume, with
the notation

9iy(t) = gi(t,y),
that for every € > 0 there is § > 0 such that for every set B C T with v(B) > ¢
we have p1;(g;4(B)) > 6 whenever y € Y and 0 < ¢ < n. Then for arbitrary
;-measurable sets A; C X; the function

oly) =v (ﬂ g{,j(&)) (3)
1=0

is continuous on Y .

Such a generalization of the Steinhaus—Weil theorem appeared in this form
in the paper of T. KrRAUSZ [6]. It was further generalized by A. JARAI; see [3,
Corollary 1].
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Theorem C (A. JARAI, 2003). Let Y be topological space, T, Z be Haus-
dorff spaces and let v and p be finite Radon measures on T and Z, respectively.
Given a continuous function ¢ : T X Y — Z assume, with the notation

oy(t) = o(t,y),

that for every € > 0 there is § > 0 such that for every set B C T with v(B) > ¢
we have (¢, (B)) > 0 whenever y € Y. Suppose, moreover, that yo € Y and f is
a Lusin p-measurable function on Z taking values in a topological space. Then
the following condition holds true:

(R) For each sequence y,, — yo there exists a subsequence (y,, ) such that for
v-almost all t € T we have

f(‘p(tym;c)) - f(‘p(tayO))'

The above statement is just a part of a much wider theorem of A. JARAI [4,
Theorem 2.6].

We are going to apply the above results only in the case where all the un-
derlying measures are simply Haar measures on compact subsets of a topological
group. For a precise definition of Radon measure see [5, §2.5]. Haar measure is
a special case of Radon measure, in particular — it is defined on all subsets of an
underlying group G. Not all of them are measurable (only those which satisfy the
Carathéodory condition), but for each A C G one may find a Borel set B C G
such that A C B and Haar measures of A and B are equal. This means that Haar
measure is Borel regular (see [5, §2.5 and §2.8]).

Theorem. Let G be a metrizable locally compact group with the right
Haar measure A and let o, (B; be integers such that «; fulfils condition (H) for
i=1,...,n. Let also X be a Hausdorff topological space and ' : X x X — X,
d: G x G x X" — X be mappings which satisfy the following conditions:

(i) for all z,y € X if I'(z,x) =T'(x,y) =z then x =y,

)

(ii) forallyy,ys € X, y1 # yo there is at most one x € X withT'(z,y1) = I'(x, y2),
(iii) for all x € X the function I'(z,-) is continuous,

(iv) for all x € X and every sequence (x,) in X, if there exists a limit

lim,, 00 I'(x, 2,,) then (x,) has a convergent subsequence,

(v) for all z,y € G, z € X we have ®(z,y,2,2,...,2) = 2,

(vi) for allz € G, y € X" the function ®(x, -, *) is continuous at the point (0,y).
Then every Lusin A-measurable solution f : G — X of equation (2) is continuous

at zero.
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PRrOOF. Let W C G be a compact zero neighborhood such that condition
(H) holds true for every ¢ = 1,...,n. Fix arbitrarily a sequence y,, — 0 in
G and suppose on the contrary that there is no subsequence (y,,,) such that
f(Ym,) — f(0). We may assume that y,, € W for all m € N.

Let ag =1, By =0, go(z,y) = z and g;(z,y) = ayz+ By fori=1,...,n. All
these functions g; are continuous and map W x W to a compact set g;(W x W).
If y e Wand A C W is A-measurable then g; ,(A) = a; A + B;y and hence

Agiy(A)) = Masa:a € A}

Consequently, in view of Theorem A, for every € > 0 there is § > 0 such that for
every measurable set A C W with A(A) > ¢ we have A(g;,(A)) > § whenever
y€Wandi=0,1,...,n. Since A is a Borel regular measure, the above condition
remains valid if we replace A by an arbitrary, not necessarily measurable, set B C
W with A(B) > €. Applying Theorem C consecutively for the functions gy, ..., g,
we get a subsequence (Y, ) such that f(g;(x,ym,)) — f(gi(z,0)) = f(a;x) for
i =1,...,n and almost all z € W. By virtue of equation (2) and condition (vi),
we obtain

P(f(l'),f(ymk)) — <I>(x70,f(a1x),...,f(anm)) (4)

for almost all x € W.

Therefore, fixing for a moment any x € W for which (4) holds true and using
condition (iv), we infer that there exists a subsequence (ymkj) such that f (ymkj)
tends to an element zg of X. By condition (iii), we may pass to the limit in (4)
to obtain that

F(f(x), ZO) = (I)(xvov f(alm)v ey f(anx)) = F(f(x)v f(O))

for almost all x € W. According to our supposition we have zg # f(0). Hence
assumption (ii) implies that f is constant almost everywhere on W i.e. f(z) = 2
for some z € X and every x € W \ Wy, where \(Wy) = 0.

In the light of Theorem B, the function ¢, given by formula (3) with 4; =
W\ Wy and v = A, is continuous on W. We have

ﬂgi_,ol(W\WO) = ﬂ{x eW: oz € W}\U{x eW :axz e Wy}
i=0 i=0 i=0

If the set {x € W : ayz € Wy} had positive measure for any ¢ = 0,1,...,n,
it would contain a compact subset K being of positive measure as well. Then
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{a;z : x € K} C Wy which is of measure zero. This contradicts hypothesis (H).
Therefore

A(ﬂg&(W\W@) :/\<ﬂ{x6W:aiz€W}>. (5)

=0 i=0

If U C G is any symmetric zero neighborhood such that

U+U+---+U CW, where a:= max |a;l,
—_— 1<i<n
«

then N
UCﬂ{xEW:aixEW},
i=0
hence equality (5) yields ¢(0) > A(U) > 0.
By the continuity of ¢, there is a zero neighborhood V'C W such that ¢|y >0,
which implies that for every y € V there exists x € W with g;(x,y) € W\ W, for
1=0,1,...,n. For such z and y equation (2), jointly with condition (v), yields

F(Zaf(y)) = @(m,y,z,z,...,z) =z

Taking, in particular, any y € VN (W \ Wy) we get I'(z, z) = z. Hence, by virtue
of condition (i), we have f(y) = z for every y € V, which completes the proof. O

Remark. The above proof works with no essential changes in the case where
f is assumed to be Lusin A-measurable only on a certain zero neighborhood. By
virtue of Lusin’s theorem (see, e.g., [5, §2.7]), if the space X is supposed to be
second countable and f : G — X is Haar measurable on some measurable set
E C G then f is Lusin A-measurable on E. Consequently, in our Theorem it may
be assumed that f is Haar measurable on some zero neighborhood.

It is easily seen that every solution f : G — R of equation (1) which is
continuous at zero has to be continuous everywhere. As a consequence of our
Theorem and the above remark we obtain the following corollary.

Corollary. Let G be a metrizable locally compact group. If f : G - R is a
solution of equation (1) and is Haar measurable on some zero neighborhood then
f is continuous.
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