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Some applications of Bochner formula to submanifolds
of a unit sphere

By GUOXIN WEI (Guangzhou)

Abstract. The aims of this paper are to give estimates for the eigenvalue of the
Laplacian on submanifolds in a unit sphere S"*?(1) and to give some new characteriza-
tions of spheres in S™*?(1).

1. Introduction

Let M be an n-dimensional closed oriented manifold immersed in a unit
sphere S™*P(1), where p is the codimension. One knows that minimal submani-
folds and submanifolds with constant scalar curvature n(n — 1) in S"*?(1) were
studied by many others, they are very interesting topics since they come from the
variational problems in differential geometry.

A well-known result about minimal submanifolds in S"*?(1) is due to SIMONS
[11], if M is a minimal hypersurface in S"**(1) and

S < n,

then S = 0 and M is a unit sphere S™(1). Many years later, LEUNG [8] has proved

Theorem 1.1 ([8]). Let M be a closed minimal submanifold in S™*P(1).
Let f be an eigenfunction of the Laplacian on M corresponding to a non-zero
eigenvalue \, then

/ (A+ S —n)|Vf2dv >0, (1.1)
M
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equality holds if and only if either M is totally geodesic and A is a non-zero
eigenvalue or n = 2 and n + p = 2m and M is isometric to SQ( %)
and \ is a non-zero eigenvalue, where S denotes the squared norm of the second

fundamental form of M.

On the other hand, by the study of Cheng—Yau'’s self-adjoint operator and
some new estimates, L1 [6] has obtained that if M is an n-dimensional closed
hypersurface with constant scalar curvature n(n — 1) in S"*1(1) and

n2

2(n—2)’
then S =0 and M is a unit sphere S™(1).
By comparing the results of Simons, Li and Leung, it is nature to ask the

S <

following:

Question 1. Does there exist the similar integral inequality with (1.1) for
the eigenvalue of the Laplacian on submanifolds with constant scalar curvature
n(n—1) in S"TP(1)?

In this paper, we answer the above question and prove the following integral
inequality:

Theorem 1.2. Let M be a closed submanifold in S™*P(1) with constant
scalar curvature n(n — 1). Let f be an eigenfunction of the Laplacian on M
corresponding to a non-zero eigenvalue \, then

/M ()\ + 2(”7_2)5 - n> |V f|2dv > 0, (1.2)

equality holds if and only if M is a geodesic sphere S™(1).

Finally, we do not assume that M has constant scalar curvature n(n— 1) and
obtain some other integral inequality which also involves the non-zero eigenvalue
of the Laplacian. In fact, we prove

Theorem 1.3. Let M be a closed submanifold in S"*P(1). Let f be an
eigenfunction of the Laplacian on M corresponding to a non-zero eigenvalue \,

then )
n 2 20
/M <)\+ 4(n_1)p n> |V f|“dv > 0, (1.3)

equality holds if and only if M is a sphere, where p? := S —nH? is a non-negative
function which vanishes exactly at the umbilical points of M, H is the mean
curvature of M.

Remark 1. We do not assume that p? is constant in the above Theorem.
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2. Preliminaries

In order to prove our results, we introduce some preliminaries and notations
in this section. Let S™*?(1) be a sphere of constant sectional curvature one.
Let M be an n-dimensional closed hypersurface in S"*P(1). For any p € M,

we choose a local orthonormal frame {eq,...,e,4p} in S"P(1) around p, such
that e1,...,e, are tangent to M and e,41, - ,entp are normal to M. Take the
corresponding dual coframe wy,...,wn4p. In this paper, we make the following

convention on the range of indices:
1<ABC<n+p, 1<ijk<n n+1<aqpb,v7v<n+p.

The structure equations of S"*?(1) are (see [7])

de:ZwAB AWB, WAB = WBA, (2.1)
B
deB:ZwAC/\wCB—wA ANwp. (2.2)
C

Restricted to M, we have w, = 0, thus

0=dw, = Zwm A wi, (2.3)

from Cartan’s lemma, we obtain

Wia = Y _h&w;,  hg = hS;. (2.4)
J

We then get the structure equations of M as follows:

dwi = Zwij AN Wj, Wij = wji, (25)
J

1
dwij = sz‘k NWrj — iRijklwk N wi, (2.6)
k

where R;j; is the component of the curvature tensor of induced metric on M. If
h{; denotes the component of the second fundamental form of M, S denotes the
squared norm of the second fundamental form, H denotes the mean curvature
vector and H denotes the mean curvature of M, then we have

S=3(hg)? H=Y Ho., Hizh H=|d. @7

2,7,
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M is called minimal if H = 0, i.e., > ok hige = 0 for all o
The Gauss equations are

Rijii = (0051 — 0:10,1) + Z(h?k 51— hithSe),s (2.8)

Rip=(n—1)0x +n Y H WG — > hehs, (2.9)
o J»

R=n(n—1)+n*H?* -8, (2.10)

where R is the scalar curvature.
The Codazzi equations are

%k = ?kja (2'11)
where the covariant derivative of hf; is defined by
> hSwr = dhS + Y hwii + D hwig + Y hiwga. (2.12)
k k k B

3. Proofs of theorems

Firstly, we prove the following Lemma.

Lemma 1 (Cf. Theorem B of [8]). Let M be a closed submanifold in S"P(1).
Let f be an eigenfunction on M corresponding to a non-zero eigenvalue A\, then

2 n :
)\/M |V fl]2dv > E/M Ric(Vf, V). (3.1)

PrOOF OF LEMMA 1. For any smooth function v : M — R, one has from
Bochner formula that

1
5A(|vu\2) = Ric(Vu, Vu)+ < Vu, V(Au) > +| Hess u|*. (3.2)

Since M is closed, one deduces from (3.2) and Af + Af = 0 that

/ Ric(V f, Vf)dv — A/ IV f|?dv +/ | Hess f|2dv = 0. (3.3)
M M M

Let I denotes the identity operator on the tangent bundle TM of M. By a direct
calculation, we obtain for any t € R,

/ |Hessffth|2dv:/ (| Hess f|> — 2t fAf + nf?t?)dv
M M
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_ / | Hess f|dv + (2t + 9152) / IV f|2dv
M A M

AN A
> /M|Hessf|2dv+ (2 X (_n) +X <_n) )/M|Vf|2dv

A
:/ | Hess f|*dv — f/ |V f|2dv, (3.4)
M nJm
it follows that
A A
/ | Hess f|*dv :/ | Hess f — tfI*dv + f/ |V f2dv > f/ |V f|?dv. (3.5)
M M nJm nJuM
Equality holds if and only if
Hess f = —%fl. (3.6)
Thus, we conclude from (3.3) and (3.5) that

2 n .
A/M\Vﬂ dv > m/MRlc(Vf,Vf). O

In order to prove Theorem 1.2 and Theorem 1.3, we need the following
Lemma which can be found in [9].

Lemma 2. Let M"™ be a submanifold of S"*P(1). Let Ric denotes the
function that assign to each point of M the minimum Ricci curvature. Then

n—1 n—2
Ric > n+2nH? — S — VnH?\/S —nH? ;. 3.7
- oon { vn—1 (37)
PROOF OF THEOREM 1.2. Since M has constant scalar curvature n(n — 1),

one has from the Gauss equation (2.10) that

n?H?=28.

According to Lemma 2 and the above equation, we obtain

-1 —2)Wn—1
Ric > nn{n—l—QnHQ—S—(n)?\/nH%/S—an}

—(n—l){l—(Zn—4)H2}—(n—1){1—2n45}. (3.8)

n2

Substituting (3.8) into (3.1), we infer
2(n—2
/ ()\ A= n) IV f|2dv > 0.
M n

On the other hand, we obtain that equality holds if and only if M is a sphere
by using of OBATA’s result [10]. Combining with S = n?H?, one concludes that
M = S™(1). This completes the proof of Theorem 1.2. O
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PrROOF OF THEOREM 1.3. Using a well-known inequality, we have, for an
arbitrary real number a > 0,

1
2|H||p| < aH? + ap“‘. (3.9)

By using of Lemma 2, we infer

Riczn_l{n+nH2p2n(n_2)}

n Vn(n—1)[H|p

. n;l{n+ (n—%a)H2+ (—1— mClJp?}. (3.10)

Choosing a = %, one obtains from (3.10)
n—1 n?

ic > —~ >h. 11

Ric > - {n 4(n—l)p} (3.11)

Hence, we have from the above arguments and Lemma 1

/ <)\+n2 2—n> IV f|2dv >0
" itn— 1)’ =

Moreover, we then have that equality in the above formula implies that M is a
sphere according to OBATA’s result [10]. This finishes the proof of Theorem 1.3.
O
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