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Mean values of L-functions and relative class numbers
of cyclotomic fields

By STEPHANE R. LOUBOUTIN (Marseille)
Dedicated to Florence F.

Abstract. Using formulas for quadratic mean values of L-functions at s = 1, we
recover previously known explicit upper bounds on relative class numbers of cyclotomic
fields. We also obtain new better bounds.

1. Introduction

Various authors have given elementary proofs of upper bounds on relative
class numbers h; of cyclotomic fields Q((y) of conductors f # 2 (mod 4). For
example, we have

o <27 (277132) (> 9) (1)

(see [Met3]) and
_ (p—1)/4 .
h, <2p(p/32)" (p > 3 a prime number) (2)

(see [Feng]). H. Walum broached this question by studying mean values of L-
functions of prime conductors. In [Lou93] (and [Lou01]) we extended H. Walum’s
result on mean values of L-functions and obtained new and better bounds on
relative class numbers. Here, in Lemmas 3 and 6, we obtain a general result
for mean values of L-functions. By using Lemma 2, we recover these bounds on
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relative class numbers and improve upon them (see (16), (17), (18), (19) and (20)
below). We show that for p or m large enough, we can replace the constant 32
by any given constant less than 472 = 39.47841...:

Proposition 1. Fix C' < 472 = 39.47841 ... . For p effectively large enough
we have
- —1)/4
hy, < 2p(p/C)P= 1%,
For m effectively large enough we have
2m—3

hom < 27V2(2™71/C)

Using more sophisticated results, a better bound is known (see [MM]):

- 314 (P \P/4
hy <9 (5)

2. The method

Let Ky = Q(¢y) be a cyclotomic field of prime power conductor f = p™ > 2,
p > 2 a prime, and of degree 2n = ¢(f) = p™*(p —1). Let K;{ be the maximal
real subfield of Ky, of degree n. Let df and d;{ be the absolute values of the
discriminants of Ky and K;‘. Hence,

pd; = p+p™ pm=—m=1)/2 ¢ > 3

VAd; = 212" m=) if p=2

(see [Was, Lemma 4.19 and Proposition 2.1]). Let

dy/dj =

2f =2p™ ifp>3

wf:
f=2m  ifp=2

be the number of complex roots of unity in K. In particular,

9p - /A if f=p>3
wfudf/d}”': _1 4 - (3)
V2 2m.(2mm e/ f = 2m > 4,
Let X, be the set of the ¢(f)/2 odd Dirichlet characters mod f > 2. Then,

_ 1
hy =wp\Jdg/df ] 5-Lx)

XEX



Mean values of L-functions and relative class numbers of cyclotomic fields 649

(use [Was, Corollary 4.13 and page 42]). Now, we fix fy > 1, a product of small
distinct prime numbers ¢ > 2. We let xo be the trivial character mod fy. We
assume that f run over integers coprime with fj, and for y € X;, we let xox be
the odd character mod fyf induced by x. We have

IT .= (HH% ))_1 IT £ xox),

XEXf

q| fo X€X;

where

)= I (1-X2)

_ q
xEXf

(throughout the paper, ¢ is a prime divisor of fy, and p a prime divisor of f).
The geometric mean being less than or equal to the arithmetic mean, we obtain:

Lemma 2. If ged(fo, f) =1, then

h— wf,/df/d+

#(f)/4
> qufo ( ) (fO;f) ) (4>

where

S(fo, f) = Z ’ L, Xox)

To use Lemma 2, we need formulae for the sums S(fy, f). If F is an n-
periodic function, we let ) .. F(a) denote a summation over any set of
representatives of (Z/nZ)*. Recall from [Lou93] that if x is an odd Dirichlet
character mod n > 3 (we do not assume that y is primitive), then

L= Y xaeor (20) o)

amod* n

and that, for n > 2, we have

Sn):= > cot? (%) = %2 11 <1 - 1) —¢(n). (6)
amod* n pln
By (5), we have

S(fo, )= 16f2f2 Z Z &(ZX(G)M)CO‘“(%)C%(E)'

amod* fof bmod* fof XGXf
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Changing b into ab and using |x(a)| = 1 for ged(a, f) =1 and

o(f)/2 ifb=1 (mod f)
xX(b) =< —¢(f)/2 ifb=-1 (mod f)

exs .
XE2y 0 otherwise,

we obtain

1 Ta mab
S = fof fof )
(anf) 8f02f2 am(;fof bmo((iz*fof)COt <f0f) C0t<f0f.)
b=1 mod f

Using (6) with n = fof, we obtain:

Lemma 3. If ged(fo, f) =1, then

= {0 D 3) - 452 B

qlfo plf

where

™ mab
T(fo,f) = E E (1+cot (a) cot (a)>.
i amod* fof  bmod* fof Jo fof
b=1 (mod f)

b#1 (mod fof)

Since T(fo, f) = 0 for fo = 1 and fp = 2 (the sum over b is empty), from
Lemma 3, we deduce explicit formulae for S(1, f) and S(2, f):

Proposition 4. We have
1 1 o(f)
1, f)=— I | 1— =) — ==
S5 ( p?) 82
In particular,

s =55 (1-3) (1-2) (23 a prime) (7)

and
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Proposition 5. We have

1 1 o(f)
S(2,f) = @H (1—) ~mp

p2

In particular,
1 1
S(2,p) = o (1 - p) (p > 3 a prime). (9)

Now, assume that fo > 2. We will not be able to give explicit formulae for
T(fo, f) (see also [Lou99]), but Lemma 6 below will enable us to compute such
formulae for any given fy. Set (; = exp(2mi/l). Write a = A+ kfy = A (mod fy)
and b=1+ Bf =1 (mod f). We have

1+cot< )ct( )Qicot(WAB>< ! 1 >
fof fof) fo (a1 Cf(A(1+fB 1

and

fo—1
T(fo, f) =2 3 S ot (”’f )

Amod* fo B=1
ged(1+Bf, fo)=1

fi:l ( : :
X — .
KA AT /B) )
LIS (et -1

k=0 Cfcfof
ged(A+kfo,f)=1

Now, if A # 1, then
-1

> e
k SV
kZOCl)\fl A —1

(evaluate the logarithmic derivative of z! — 1 at = A™%, if A # 0). Hence, if
ng(fovf)_land(JJ—Cfof Orw_<1+fB then

f-1
TAB 1
> (%) X g
A mod* fo fO k=0 wa -1

ged(A+kfo,f)=1

_ zfocot( Sha zgll

A mod* d|f k=0
d|A+k fo
rdAB = 1
=Sty ¥ et (TEE) Y
df Amod* fo 0 k=0 °f

dldA+kfo
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mdAB\ &' 1
=2 _ud) > C0t< A )Z i1

d|f A mod* fo k=0

u(d) rdAB 1

= fz — Z cot ( =
dlf d Amod* fo fo wl4 —1

and
d 7dAB

I

af Amod* fo  0#Bmod fo 0

ged(1+Bf, fo)=1

(o ()22,

If ff*=d*d=A*A=1 (mod fy), changing B into f*(A*B —1) and A into fA
we change (dAB, A, A(1 4+ BYf)) into (d(B — A), fA, fB) with B # A. Finally,
changing A into d*A and B into d*B we obtain:

Lemma 6. Let fo > 2 be given. Assume that ged(fo, f) = 1. We have

T(fo ) =1y 5= M) g (fo. £/d),
d| f

where the coefficients

A(fo,d) = Z Z cot( m(B — A)) (cot(?>—

Amod* fo Bmo; fo

(%)

are rational numbers which depend on d mod fy only. Moreover,

A(fo, 1) = ¢(fo)* — H < >

qlf

PrOOF. Using cot(y — z)(cot x — coty) = (cot x)(cot y) + 1 we obtain
TA B
wwn= 3 2 (e () (%)
Amod* fo Bmod* fy 0
B#£A

Since Y p pod- £, €Ot (f—B) = 0 (change B into fy — B), we obtain

Alfo) = o) 0li0) - 1) = Y cort (T2) = alfa)(o) ~ 1) - 5070

Amod* fo fO
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and the desired result, by (6).

Finally, if @ and b are rational integers, then cot(ma/ fo) cot(wd/ fo) is in Q((y,),
and such that oi(cot(ma/fo) cot(wb/fo)) = cot(wat/fo)cot(wbt/fo) whenever
ged(t, fo) = 1, where o, is the automorphism of Q(¢y,) which sends (y, to C}O.
It follows that the A(fo,d)’s are in Q({s,) and are invariant under the actions of
the Galois group of Q(¢y,)/Q. Hence, they are rational numbers. O

3. Some explicit formulae for S(fo, f)

Lemma 3 yields explicit formulae for S(1, f) and S(2, f), in which cases
T(1,f) = T(2,f) = 0. We have not been able to come up with a fully explicit
formula for S(fo, f) for fo > 2. If fy > 2 is given, Lemma 6 shows that

T(fo,p) = PA(fo,p) — A(fo, 1), (10)

where A(fp,p) depends on p mod fy only. (In the same way, T(fo,p™) =
p™A(fo,p™) — p™ L A(fo,p™ 1) depends only on p mod fy and of m mod the
order of p in (Z/foZ)*). Therefore, for a given f; we can compute all the ¢(fo)
possible A(fo,p) depending only on p mod fo and we end up with an explicit
formula for T'(fo,p) and S(fo, p) which will depend on p mod fy.

For example, for p > 5 and f, = 30 we have A(30,1) = —128 and

p mod 30 1 7 11 13
A(30,p) —128 —112 160 64
T(30,p) | —128(p—1) —16(7p—8) 32(5p+4) 64(p+2)
SB0p) | #(-3) #-3) 50+ 75
f mod 30 17 19 23 29
A(30,p) —64 —160 112 128
T(30,p) | —64(p—2) —32(bp—4) 16(7p+8) 128(p+1)
SB0p) | (1-5) Hl-g) #0+z) 50+35)

Table 1.

In fact, if f = p is a prime, we have the following rather nice formula:
Theorem 7. Assume that fy > 2 and set

Clfo) = % <1—q12>.

qlfo
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If ged(fo, f) =1, set
A(fo, f) — o(fo)?

B(f()vf) =

813 7
which depends on f mod f, only. Then,
(o) = C(fa) + 222
In particular, if p =1 (mod f,), then
(o) = €l x (1-1). (1)
and if p= —1 (mod fo), then
:
St = Cl) < (143 ) - 48

PROOF. For the first assertion, use Lemma 3, Lemma 6 and (10). For the
other assertions, notice that A(fo, f) = A(fo,1) = A(fo,1)if f =1 (mod fy) and
A(fo, f) = —A(fo,1) = —A(fo,1) if f =—1 (mod fo). (]

Proposition 8. If 3 does not divide f, then

1 1 T(3,
S (R
plf

T(Svf): % (‘g

with

In particular,

s6.0 =5 (1-7500) 029
and i ) e
S(3,2") = o (1 e ) (12)

If ged(f,6) =1, then

1 1 o(f) | 16, f)
S(G’f)_gﬁn(l_p?)_72f2+ 2882’
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with
76,5 =17 () TTa- (5) 3
plf
In particular, ,
56.0) = 55 (1- 12;3)) >3, (13)

PROOF. Assume that fo = 3 or fy = 6. Then, f = £1 (mod fy) and
?(fo) = 2. In Lemma 6, A must be equal to +1 or —1 mod fy and B which can
take only one value mod fy must be equal to —A mod fy. Hence, we obtain

Afd\ .
27r> (m) 3(3) if fo=3
cot

A(fo,d) = 4cot <_ =
fo —4 (g) if fo = 6.

fo
The desired result follows. O

Lemma 9 (E.g., see [Lou93, Lemme (c)]). Let I be the order of ¢ mod f.
Then,

(1+q V%NV if lis even and ¢/?> = —1  (mod f)

Il(q, f) =
(@f) (1 — ¢ HeW/2 otherwise,

Moreover, if f = p* with p > 3 and [ is even, then ¢"/> = —1 (mod f).

Finally, e='/?' <TI(q, f) < e, hence I(q, f) = 1 + O(llggzlc).

PROOF. To prove the lower bound on Il(g, f), notice that ¢! > f + 1 and

(f)log(1 —1/(f +1)) > (f — 1) log(1 — 1/(f +1)) > —1 for f > 0. To prove
the upper bound, notice that in the first case we have ¢f/2 > f — 1 and (1+1/

(f =)D < (1+1/(f = 1)) <exp(1) for f>2. O
Lemma 10. We have:
m 2 3 >4
mn(3,2m) [ 1+31 1-32"" 1-32""

_gm—2 gm—2

eG,2m) [ 1-5"1 1-5 1-5-

and T1(2,3™) =1+ 25" for m > 1.

PROOF. Using 32°° =1+ 21 (mod 2¥) for k > 4, and 52"~ =1 + 2k~1
(mod 2%) for k > 3, we obtain that the order [ of 3 mod 2™ is equal to 2™~2 and
31/2 £ —1 (mod 2™) for m > 3, and that the order I of 5 mod 2™ is equal to
2m=2 and 5Y/2 # —1 (mod 2™) for m > 3. Using 23"~ = —1+3%1 (mod 3*) for
k > 3, we obtain that the order [ of 2 mod 3™ is equal to 2-3™~ ! and 2/2 = —1
(mod 2™) for m > 1. O
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4. Proof of Proposition 1

Clearly, A(fo, f) = O(f&), and T(fo, f) = O(f&f Sus 3) = OUfdflog f).

Therefore,

s(fo,f>=214{ﬂ (1_;2) }{H(l_pg> }+O(f§1;gf>

qalfo plf

can be made less than 1/472 by putting enough prime factors in fy. By Lemma 9,
the desired result follows.

5. Upper bounds on relative class numbers

We are now in a position to obtain explicit upper bounds on relative class
numbers of cyclotomic fields. To simplify, we restrict ourselves to cyclotomic
fields of prime conductors p > 3 or of 2-power conductors f = 2" > 4.

5.1. The case f; = 1. Using (3), (4) and (7), which yields S(1,p) < 1/24, we
obtain

(p=1)/4
P ) 8 (p > 3 a prime) (14)

hy <2 (5

(see also [Lep], [Met1] and [Met2]). Using (3), (4) and (8), which yields S(1,2™) <
1/32, we obtain hg. < 2m/2(2m=1/32)2"° " a bound slightly weaker than (1).

5.2. The case f, = 2. Using (3), (4) and (9), and II(2,p) > (1 — 2~ H)(P=1/6 >
(1 —1/p)P=D/4 we obtain:

(p—1)/4
_ 2p D 1
< Ea - 1
Iy = I(2, p) (32 ( p)) ’ (15)

which implies (2), a better bound than (14) (see also [Feng], and the recent worse
bound in [Jak]).

5.3. The cases f; = 3. Using (3), (4), (12) and Lemma 10, we obtain

2'm73

h2_7n <

< I (B5) 2, (16

36

which is a better bound than all the previously known ones quoted in [Met3].
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5.4. The cases fy = 6. Using (3), (4) and (13), we obtain the following impro-
vement on (2):

_ 2p p A (P—1)/4 )
e () > . |
» S T p)(.p) \36 (p > 5 a prime) (17)
5.5. The cases fy = 15.
Proposition 11. We have

7 if m=0 (mod 4),
-8 ifm=1 (mod4),

T(15,2™) = 2m*3 x ( )
—4 if m=2 (mod4),
—10 if m=3 (mod 4).

Hence,

2 2 T(15,2™) 2 1
m —_ _ < _ - .
S15,27) = 7 (1 3.om 48-22m)75 (1+2m+1>

Using (4), and Lemma 10, we obtain a better bound than (16):

m—3
2m\/§ om+1 1 2

hom < , - > 2). 18

= (1—3 2" 7)1 -52"7) ( 150 ) (mz2). (18

5.6. The case fo = 30. According to Table 1, 5(30,p) < (1 + ﬁ) and we
obtain a better bound than (17):

he < 2p 2p+1
P I, p)IE, p)II(5,p) \ 75
5.7. The case p=1 (mod fy). Using (3), (4) and (11), we obtain

hESrﬁM(zi(H (1‘;2)) (“D)MM‘

qlfo

(p—1)/4
) (p > 7 a prime). (19)

By Lemma 9, we deduce that if p > po(fo) is large enough, then

(p—1)/4
hy §2p<2p4H (1-%)) (20)

ql fo

(more explicitly, by Lemma 9 we have II(g,p) > exp ( - ;i’fgqp), which yields

Hq\fo II(q,p) > exp ( — éol%gf;), and using (1 — 1/p)®~1/* < exp(—%) forp > 3
we see that is suffices to have p > po(fo) == f3&).
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