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On natural Riemann extensions

By OLDRICH KOWALSKI (Praha) and MASAMI SEKIZAWA (Tokyo)

Abstract. A natural Riemann extension is a natural lift of a manifold with a
symmetric affine connection to its cotangent bundle. The corresponding structure on
the cotangent bundle is a pseudo-Riemannian metric. The classical Riemann extension
has been studied by many authors. The broader (two-parameter) family of all natural
Riemann extensions was found by the second author in 1987. We prove the equivariance
property for the natural Riemann extensions. We also prove some theorems for Ricci
curvature and scalar curvature.

Introduction

Riemann extensions of a manifold with a symmetric affine connection to its
cotangent bundle in the form of a pseudo-Riemannian metric of type (n,n) have
been studied by many authors. See e.g. (in the chronological order) [9], [15], [10],
[17], [16], [12], [14]. From the more recent time, see also [1], [2], [3], [4], [5], [6], [7],
and [13]. In [2], [7], the Riemann extension is related to the Osserman problem,
in [9] to the so-called Walker manifolds, and in [4], [6] to the theory of differential
equations. In [10], general Riemann extensions and in [2] modified Riemann ex-
tensions were defined. In this paper we study natural Riemann extensions which
form a geometrically significant two-parameter subclass of both previous classes
and still contain the “classical” Riemann extension ([9], [10]) as a special case (See
[8] for the general concept of naturality). These Riemann extensions have been
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described by the second author in 1987 ([11]). For the natural Riemann exten-
sions we prove an equivariance theorem as the main theorem. Further, we prove
some results about Ricci tensor and scalar curvature. As a consequence we obtain
a one-parameter family of Einstein spaces as natural Riemann extensions.

The authors would like to thank the referee for sending them critical com-
ments to Section 4. According to these comments, we revised Sections 4 and 5.

1. Preliminaries

Let M be a smooth and connected manifold of dimension n > 2. Then the
cotangent bundle T*M over M consists of all pairs (x,w), where x is a point
of M and w is a covector of M at x. We denote by p the natural projection of
T*M to M defined by p(z,w) = x. Let (U;zt,22%,...,2") be a local coordinate
system of M, and let w;, i = 1,2,...,n, be real valued functions of p~*(U)
which attain w((9/0x%),) to each point (z,w) € p~1(U) C T*M. Identifying
the function z% o p, on p~1(U) with x on U, we define a local coordinate system
(p~rW); 2t 22, ... 2 a2 ™) of T* M, where 2 = w;, i = 1,2,...,n.
A set

{(al)(z,w)a (82)(1,10)7 ceey (8n)(x,w)7 (61*)(13,11))7 (82*)(r,w)7 C) (an*)(:c,w)}

at each point (z,w) € T*M is a basis for the tangent space (T*M)(, ), where
0; = 0/0x" and O = /0wy, i = 1,2,...,n.

The canonical vertical vector field on T*M is a vector field W defined, in
terms of local coordinate systems, by

=1

This vector field does not depend on the choice of a local coordinate system and
it is defined globally on T*M. We denote by §(M) and X(M) the set of all
smooth functions of M and the set of all smooth vector fields tangent to M,
respectively. The wvertical lift of f € F(M) to T*M is a function f¥ of T*M
defined by f¥ = f op. The vertical lift of X € X(M) to T*M is a function X" of
T*M whose value at each point (z,w) € T*M is

XV (z,w) = w(Xy). (1.1)

In terms of local coordinate systems, we have XV(z,w) = > w;¢*(z), where we
put X = 3" €'9;. One can easily prove a very useful proposition saying that each
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vector field tangent to T* M is determined by its effect on the functions of the
form ZV for all Z € X(M). More precisely, we have

Proposition 1.1 ([17]). Let X and Y be vector fieldson T*M. If X (Z") =
Y (ZV) holds for all Z € X(M), then X =Y.

The vertical lift of a differential one-form « of M is a vector field o* tangent
to T*M defined by

a’(2%) = ((2))" (1.2)

for all Z € X(Z). In terms of local coordinate systems, identifying f¥ = fop €
F(T*M) with f € F(M), we have

n

i=1

for all one-forms a = 3~ a;da?. We have o?(f?) =0 for all f € F(M).
The complete lift of a vector field X tangent to M is a vector field X ¢ tangent
to T*M defined by
Xz =1X,2]° (1.4)

for all Z € X(M), where [X, Z] is the Lie bracket of X and Z. In terms of local
coordinate systems, we have at each point (x,w) € T*M

Xc(w,w) = ZSZ( Z 8 gh Z*)(w,w) (15)
for all X =Y £19;. We also have X¢(f¥) = (X f)? for all f € F(M).
The Lie bracket of T* M is given by
(XY =[X,Y], [X¢a'] = (Lxa)?, [a",B°]=0
[X¢, W] =0, [@", W] =a" (1.6)

for all X, Y € X(M) and one-forms «, § of M, where Lx denotes the Lie derivative
with respect to X.

2. Natural Riemann extensions and the invariance theorem

Let V be a symmetric affine connection of M. Then the metrics g on T*M
naturally lifted from V have been described by the second author in 1987. (See [11]
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for the classification theorem and [8] for the general theory of naturality.) Each
such metric g is defined at (xz,w) € T*M, in terms of classical lifts, by

I(@w) (X5 Y) = —aw(Vx,Y + Vy, X) + bw(X)w(Yz),
9(a,w) (X4 B") = aBu(Xa),
g(w’w) (ai)’ B’U) =0 (2.1)

for all vector fields X, Y and all one-forms «, 8 on M, where a and b are arbitrary
constants. We can assume a > 0 without loss of generality. Equivalently, g is
given, in terms of local coordinate systems, by

n
gij = —2a Z th‘f] + bwiwj,
h=1

Gijx = Gjxi = aéﬁ}
Gixjx = 0, (2.2)

where a and b are arbitrary constants, g;; = g(dz!,0x7) for I,J = 1,2,...,n,
1%, 2%, ..., n%, and FZ, h,i,7 =1,2...,n, are the local components of V defined
by Vo, (0;) = > h_, F?j(?h. We call (T*M, g) the natural Riemann extension of
(M,V). We shall show in Section 4 that the signature of g is (n,n). If a = 1
and b = 0, then (T*M, g) is the classical Riemann extension of (M, V) (see for
example [9], [15]). On the other hand, the class of natural extensions is a special
subclass of general Riemann extensions as defined in [10, p. 202].

Let ¢ be a (local) diffeomorphism of M. Then we define a lift ® of ¢ to T*M

by

(b(wix) = (¢($), (d)il)*(wx)) (2'3)
for all (z,w,) € T*M, where, for the sake of more explicit notation, we denote
(x,w) € T*M as (z,wy,) € T*M.

In the rest of this section, after proving some preliminary facts, we shall
prove that, if ¢ is an affine diffeomorphism (or, a local affine diffeomorphism,
respectively) of (M, V), then ® is an isometry (or, a local isometry, respectively)
of (T*M, g).

Proposition 2.1. We have Z' o ® = ((¢™ "), Z)" for all Z € X(M).

PRrROOF. Evaluating Z¥ o ® at (z,w,) € T*M, we have
(270 @) (x,ws) = Z°(P(w,wa)) = Z°((9(2), (671) (wa)) = (67 1) (w))(Z° ()
=ws(((071),(Z2")s)) = wal(¢71),2)2) = ((07) ) (2, w2)-

This implies the assertion. (|
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Proposition 2.2. We have ®,(X¢) = (¢.X)¢ for all X € X(M).

PROOF. Let (z,w,) be an arbitrary point of T*M. Then, using Proposit-
ion 2.1, (1.4) and (1.1) we have for all Z € X(M)

(@e(X))d(2,w.)(Z2")
= X ) (20 ®) = Xy ((¢71),2)")
=X, (¢7"), 2" (2, w5) = wa([X, (071), Z]a). (2.4)

On the other hand, using (1.4) and (1.1), we have

((é*X)c@(z,wz)(ZU)
= (QZS*X)C((#(QJ)’(¢71)*(wL))(Zv) = [¢*X7 Z]’U(d)(l.)? (¢_1) (wz))
— (67 W)[6X. Zloa) = wa(67) o (6 X, Zlo)). (25)
Since, in general, (¢~') ([¢«X, Z]) = [X, (¢~ '), Z] holds on M, using Proposit-
ion 1.1, (1.1) and (1.4), we have the assertion. O
Proposition 2.3. We have ®,(a’) = ((¢>_1)*a)” for all one-forms o on M.
PROOF. Let (z,w,) be an arbitrary point of T*M. Then, using Proposit-
ion 2.1, (1.2) and (1.1), we have for all Z € X(M)
®.(a")(2")(®(z, wz))
= av($7wm)(ZU o q)) = av(rvwm)((¢_1)*z)v) = (a((gb_l)*Z))v(szw)
= a2 ((671),2)2) = ((671) @) (Zo()) = ((071) a)(2)(6(x))
=((07) )" (Z2")(2 (2, wy)).

This implies the assertion. O

Now we shall prove the main theorem of this Section.

Theorem 2.4. Let ¢ be an affine diffeomorphism (or, a local affine diffeo-
morphism, respectively) of a manifold M with a symmetric affine connection V.
Then the metric § of the natural Riemann extension (T*M, g) of (M, V) is inva-
riant by the lift ® of ¢ defined by (2.3). In other words, ® is an isometry (or, a
local isometry, respectively) of (T*M, g).
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PROOF. Firstly, because ¢ is an affine diffeomorphism (or, a local one) of
(M, V), we have ¢, (VxY) = V4 x(¢.Y) for all X,Y € X(M). We have, at each
point (z,w,) € T*M,

g@(w,ww)(@*(Xc)v (I)*(YC)) = g(ac,wm)(Xca YC) (26)
for all X,Y € X(M). In fact, using Proposition 2.2 and the first formula of (2.1),
we have

G (z,w,) (P (X), @ (Y)) = Go2),(6-1)* (wa)) (2:X), (6:Y))

= —a((¢7") (W) (Vo x(0:Y) + Vv (0:X)) ()
+0((671) (W) (82 X) o)) ((671) (w2)) (64 ) ()

= —a((07") () (Gea (VXY + Vy X),))
F0((671) * (we)) (D (X)) ((671) " (w2)) (D (Y2)

= —aw,;((VxY + Vy X)) + bw, (X )w, (Yz)

= J(aw,) (X YC).

Secondly we have, at each point (z,w,) € T*M,

g@(m,wx)(q)*(Xc)7 (b*(ﬁv)) = g(m,wz)(Xc7 /Bv) (27)
for all X € X(M) and all one-forms « of M. In fact, by Propositions 2.2 and 2.3
and the second formula of (2.1), we have

g{)(m,wm)(q)*(XC); q)*(ﬂv))
= Gga, (6=1) " (wny ((B+X)° (@) ) = al((671) Blo) (6:X)p0)

= a(((ﬁil)*(ﬁx))((ﬁ*m(*xm’)) = aﬂr(Xx) = g(m,ww)(Xc’ﬁv)'
Finally we notice that, by definition (2.1), gz, (a”, 8”) = 0 for all one-forms
«a and S of M.
Thus we proved the assertion. O

Remark. If we start with a Riemannian metric g on M (and its Levi-Civita
connection V) then there is the canonical isomorphism of T* M onto T'M induced
by g. In this situation, the classical Riemann extension, say (7% M, §), determines
a unique pseudo-Riemannian metric of signature (n,n) on TM. According to [12]
this new metric is the complete lift g° of g to the tangent bundle (see [16] for
the definition of ¢¢). If (M, g) is homogeneous with the isometry group G then
(T'M, ¢g°) is homogeneous with respect to the tangent group TG (see [16]). Hence,
(T*M, g) is also homogeneous with respect to TG. But it is never homogeneous
with respect to the isometry group I(T*M, g).



On natural Riemann extensions 715
3. The Riemannian curvature

In the subsequent sections we shall need additional conventions and formulas.
Let T'be a (1, 1)-tensor field on M and (z,w) a point of T* M. Then the contracted
vector field C,,(T') is a vector field tangent to T*M and given, at each point
(x,w) € T*M, by its value on any vertical lift (¢f. Proposition 1.1) as follows:

(Co (T)(X?) (2, w) = (TX)" (2, w) = w((TX)y) (3.1)

for all X € X(M). In terms of local coordinate systems, we have

(C (z w) = Z th ( w) (32)
h,i=1
at each point (z,w) € T*M, where we put T = > T0, ® da’. For the Lie
bracket, we have

(X, Cu(T)] = Cu(LxT),  [Cu(S), Cu(T)] = Cu([S,T)) (3-3)

for all X € X(M) and (1, 1)-tensor fields S, T' of M.
We assume that ¢ > 0 in (2.1) and the n x n-matrix [g;;] is nonsingular.
Then the (2n) x (2n)-matrix [g;s] has the inverse matrix [g/”], which is given by

g7 =0,

1] * — gj*l _ 62

g
a’’

gi*j* ( — 29”) = Z ’LUhF wzwj, (34)

where 07 is the Kronecker’s delta. Using (2.2) and (3.4), we obtain easily the
Chrlstoffel symbols T, H,I,J = 1,2,...,n,1%,2%,...,n%, of the Levi-Civita
connection V of g as follows:
- c
F?j = Ffj - 5(5?1@ + wiéél),
n 8F§.h arl,h 8Fl

f?j*zzwl(i Pra 8le 2ZFlkF )

=1

2
—c E wy ].",”wJ + thwl + I‘ﬁjwh) + cCwpw;wy,
=1
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h h ; C e ;
Fi*j = 07 Fz*] = F;h + 5((5;’[1)]1 + 5;ij)7
h h
F?*]* = 03 F?**_]* = O (35)

for h,i,j = 1,2,...,n, where ¢ = b/a. Using (1.3), (1.5) and (3.5), we have the
formulas for the Levi-Civita connection V of g given in terms of lifts:

(VxeY)@w) = (VxY){p 0 + Co((VX)(VY) + (VY)(VX))
+ Cuw(Ra(-, X)Y + Ry (-, Y)X)

(z,w)

(z,w)’

— f{w )X+ w(X)Y° 4+ 2w(Y)CW(VX) + 2w(X)Cy (VY)
+w(VxY 4+ VyX) W}( ) + CQM(X)w(Y)W(x7w),

(VX/B)ww)_(VXB)mw)_'_ {U) ﬁv—i_ﬁ }zw)’
(?a”YC)(m,w) = _(La(vy))?m,w) + a{w(y)av + a(Y)W}(:r,w)’
(?a“/gv)(w,w) =0 (36)

for all X,Y € X(M) and all one-forms «, 8 of M. Here, for a (1, 1)-tensor field T
and a one-form « on M, 1, (T) is a one-form of M defined by (1, (T))(X) = a(TX)
for all X € X(M). Moreover, for X € X(M), VX is a (1,1)-tensor field of M
defined by (VX)Y = Vy X for all Y € X((M). In particular, (VX)(VY))Z =
Vv,vX forall X\Y,Z € X(M).

In addition we have

(?XCW)(:E,’LU) = _Cw(vX)(m,w) + cw(X)W(m’w), (VQUW)(LU;) = Oé?m,w)a
(vXC (Cw(T)))(ac,w) =Cly (LXT - T(VX))(w,w)
+ S {wTXOW +w(x)C
?a“ (Cw (T)))(m,w) = (LQ(T))q()m}w)’
vWW)(’EﬂU) = W(m,w)v (vcw(T)W)(:c,w) = Cw(T)(z,w)a

vVV(C'w(T')))(w,w) = Cw(T)(I,w)a
V() (Cou(T))) @) = Cuw(ST) (@) (3.7)

T)}(at,w)’
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After long calculations using (3.6) and (3.7), we obtain the Riemannian cur-
vature tensor R of (T*M,g). It is given in terms of lifts as follows:

Ry (X, V)2 = (R(X,Y)Z)° (g + g{(w(vzy) + Sw(Y)u(Z) x°

SW(Xw(Z)Y* —w(X,Y])Z°},

Co((VXR)(\Y)Z + (VxR)(-, Z)Y = (VyR)(, X)Z — (VyR)(-, 2)X
Z)

— (w(VZX) —+

z,W)

[VX R(-,Z2)Y]+ [VY,R(-,2)X] - (VZ)R(-, X)Y + (VZ)R(-, )X
— (R(- X)Y)(VZ) + (R( X)(VZ)(M
+ cw(X,)Cow (R(-, 2)Y ( Y)(VZ) = (VZ)(VY)) )
— cw(Yz)Cu (R(-, 2)X — (VX)(VZ) ~ ( Z) (VX)) (o)
—cw(Zz)Cw(R(X, )Y —R(Y, )X - 2[VX, VY]) ()
—g{w(X)w([Y,ZD—w(Y)w([X7Z])—2w([XY Wy, (38)

D c C\ AU v c v
R(I,w)(X 7Y )7 = 7(L’)’(R(Xa Y))) (z,w) + iw([Xv Y])’y (z,w)

= 51 NCL(VX) =1 (XOC(VY)}, .
02
+ T w(X) = A X)w(¥)}W ), (3.9)

Riay (X4, 8")2° = ~(15(R(- 2)X))" o + 5{B2)X + B Z°Y

4 E{w (VxZ) = sw(X)w(2)} B (o)

2

+ = {5 w(VX) +23(X)C (VZ)}(M)

- *{ﬂ )+ 6( X)W (gw)5 (3.10)
Ry (X, 817" = =5 {1(X)B” + BX)"} - (3.11)
Rg (@, 8")Z° =0, (3.12)
Rigwy(a”, B)y" =0 (3.13)

for all X,Y,Z € X(M) and one-forms «, 8, of M.

Remark. For classical Riemann extension, the formula for covariant derivati-
ves and the curvature tensor coincides with those of [16, pp. 269-270]. Yet, there
is a sign misprint in the fourth formula of Proposition 10.2 of [16].
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4. The Ricci curvature

We choose a point (x,w) of T*M and fix it. Let {a1,aq,...,an} be a basis
for the space M} of covectors at = such that oy = w, and let {Ey, Fa, ..., E,}
be the basis for M, dual to {a1, as,...,a,}. We denote the parallel extension
of each E; (along geodesics starting at z) to a normal neighborhood of z in M
by the same symbol E;, i = 1,2,...,n. In this case, the first formula of (2.1) is
reduced to the form g, .\ (E£;¢, E;¢) = bw(E;(x))w(E;(x)), i,j = 1,2,...,n.
Now we put at (z,w) € T*M that

1

Elc + 2040[1”)

Ek:L(Ekc-i-Ozkv), k=23,...,n,

V2a

1
E.=—((s—b)E° — 2aa1"
1 \/E(S—b) ((S b) 1 ao )
E —L(Ec—a”) k=23 n (4.1)
kx \/% k k ) 3Dy e ey lly .

where s = v/4a? + b%. Then, {E1, E,,...,E,, E ., Es,, ..., E,.} is an orthonor-
mal basis for the tangent space (T M), . such that g(E;, E;) = 1, g(Eu, Ei) =
—1,4=1,2,...,n. Thus, the signature of g is (n,n).

Let Ric be the Ricci tensor of g. Then we have

Ric(X,Y) = > eg(R(E;, X)Y ,Ey)

{9(R(E*, X)Y , ") + g(R(a”, X)Y , E) }

I
SHN
ngE

s
Il
-

d(R(a1", X)Y ,a1").

IS e

for all X, Y € X(T*M), where ¢; = g(Er,Er), I = 1,2,...,n,1%,2%,... nx.
After long calculations using (4.1) and (3.8)—(3.13), we obtain

Ric(z,0) (X, Y) = Ricy (X,Y) 4 Ric, (Y, X)

% , Ww(&c)w(yx), (4.2)

D, ), 43)

+

— o1
Rlc(z,w)(X Y ): 5 '
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ﬁ(z,w) (ﬁv, ’}/v) = 0. (4.4)

First we have

Theorem 4.1. Let M be a manifold of dimension n with a symmetric af-
fine connection V whose Ricci tensor is skew-symmetric. Then, there is a one-
parameter family of Einstein metrics

G=ag+2ab* a>0,

as natural Riemann extensions (T*M, g). The Ricci tensor of each g is

— 1
Ric:n+ g

a
and the scalar curvature is 2n(n + 1)/a.

PRrROOF. If the Ricci tensor Ric of V is skew-symmetric, then (4.2)—(4.4) can
be written as

1 da+(n—1)b

Rie(X“,Y*) = 5 G(X°,Y°),

CL2
Ric(X¢,7") =

Ric(8",7") = 0= g(8",7")

for all vector fields X, Y and one-forms 3, v of M. The metric g is Einstein if
and only if b = 2a. As concerns the scalar curvature, see the formula (5.1) in the
next Section. |

Next we have

Theorem 4.2. Let M be a manifold with a symmetric affine connection
V, and let (T*M, g) be its cotangent bundle with a natural Riemann extension
g = ag + bo? where a > 0 and b are constants. Then, (T* M, g) is never Ricci flat
if b # 0.

For the Riemann extension, that is, a natural Riemann extension with a =1
and b = 0, we have a well-known result (see for example Paterson—Walker [9]):

Theorem 4.3. The Riemann extension of a manifold with symmetric affine
connection V is Ricci flat if and only if the Ricci tensor of V is skew symmetric.
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5. The scalar curvature

Let Sc(g) be the scalar curvature of g. Then we have

_ 2 I
Sc(g) = Y erRic(Ey, Ey) = - > Ric(E;, 0:"),
I i=1

where e; = g(E[, E;), I =1,2,...,n,1%,2%, ..., n*. Now, using (4.3), we obtain

Se(g) = M2 (5.1)

Hence we obtain

Theorem 5.1. Let (M,V) be a manifold with a symmetric affine connec-
tion V, and let (T*M,g) be its cotangent bundle with a natural Riemann exten-
sion § = aj + bd? where a > 0 and b are constants. Then, the scalar curvature
Sc(g) of g is constant.

For the Riemann extension, that is, a natural Riemann extension with a =1
and b = 0, we have a well-known result (see for example Paterson-Walker [9]):

Theorem 5.2. The Riemann extension of a manifold with a symmetric affine
connection V is a space of constant scalar curvature 0.

Since b/a can take arbitrary constant, we have

Theorem 5.3. Let M be a manifold with a symmetric affine connection V.
Then, there exists a natural Riemann extension (T*M,g) of (M, V) whose scalar
curvature is a preassigned constant.
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