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Minkowski-type inequalities for means generated
by two functions and a measure

By LASZLO LOSONCZI (Debrecen) and ZSOLT PALES (Debrecen)

Abstract. Given two continuous functions f, g : I — R such that g is positive and
f/g is strictly monotone, and a probability measure 1 on the Borel subsets of [0, 1], the
two variable mean My 4., : I? — I is defined by

My giu(,y) = (f) /olf (tz + (1 = O)y)du(?)

9

T (z,y € I).
/O g(tx 4+ (1 —t)y)dpu(t)

The aim of this paper is to study Minkowski-type inequalities for these means, i.e.,
to find conditions for the generating functions fo,g0 : Io =& R, fi,91 : [1 = R, ...,
frnygn : In = R, and for the measure p such that

My ,gosn(®1 + -+ Tnyy1 + - + Yn) My, gysp(m1,91) + -+ My g0 (Tn, Yn)

IV IA

holds for all z1,y1 € I, ..., Tn,yn € In wWith z1 +--- + xpn,y1 + -+ + yn € lo. The
particular case when the generating functions are power functions, i.e., when the means
are generalized Gini means is also investigated.
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1. Introduction

Throughout this paper the classes of continuous strictly monotone and con-
tinuous positive real-valued functions defined on a nonempty open real interval I
will be denoted by CM(I) and CP(I), respectively. Given two continuous func-
tions f,g: I — R with g € CP(I), f/g € CM(I) and a probability measure p on
the Borel subsets of [0, 1], the two variable mean M ., : I? — I is defined by

(x,y € I).

([ e )aut)
My gu(z,y) = <f) /01
/O g(tz + (1 —t)y)du(t)

g

If p= @ (where d5 denotes the Dirac measure concentrated at s € [0, 1]),
p € CM(I), and p € CP(I), then

_ afr@)e(x) +pY)e(y) .
Mygpn(w) = @ ( p(z) + p(y) ) @y el),

which was introduced and studied by BAJRAKTAREVIC [Baj58], [Baj69]. In the
particular case p = 1, we get the well-known quasi-arithmetic means (cf. [HLP34]).

If v is the Lebesgue measure on [0,1] and ¢,% : I — R are continuously
differentiable functions with ¢’ € @P(I) and ¢’ /¢’ € CM(I), then, by the Funda-
mental Theorem of Calculus, one can easily see that

T ife=y

(x,y € 1),

which is called a Cauchy or difference mean in the literature (cf. [BM00], [Los00]).
When ¢(x) = z, then this mean goes over into a Lagrangian mean (cf. [BM98§],
[Ber98]).

Consider now the setting when I = R, and the functions f, g are power
functions, more precisely, for p, ¢ € R, define

f(z) = =P, gle) =2t if p#gq,
f(z) = 2P Inz, g(x) =P if p=gq. (1)
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Then the mean My ., reduces to the following generalization of the so-called Gini

/ (tz + (1 —t)y) du(t) o
0. if p # q,
/0 (tz + (1 — t)y) du(t)
Gpgn(z,y) =
/ (tz + (1 —t)y)" In (tz + (1 — t)y)du(t)
exp | 22 T if p=gq.
/O (tz + (1 —t)y) du(t)

In the particular case when y = $(6y + 61), the mean G, 4, goes over into
the standard Gini mean (cf. [Gin38]) defined as

1
xp_|_yp P—q .
<mq r yq> ifp#q
Gpgn(,y) = Gpq(z,y) = (z,y € Ry).
2Plnx +yPlny it
ex _— 1 =
P e P=q

The other particular case of great importance is when p is equal to the Lebesgue
measure A. Then

Gp,q;)\(x,y) = Sp+17q+1(37»y) (z,y € Ry),

where S, , is the so-called Stolarsky mean (cf. [Sto75]) given by

_1
qufyp P—a .
<pgxq — yq§> if (p— q)pg # 0
1 Plnx — yP1
exp(—- 4 X 2TV 1Y ifp=gq#0
p xp—yp
1
S. ,Y) = P —yP H . ,y € RL).
) (p(lnm —ylny)) Hp#0.4=0 o K
1
24—y 7
- J fp=
(q(lnw—lny)> p=0.a70
/Ty ifp=q=0
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In [Los71], the first author obtained Minkowski-type inequalities for Bajrak-
tarevi¢ means. Investigating Minkowski-type inequalities for the standard Gini
means, CZINDER and the second author obtained the following result (cf. [CP0O,
Theorem 5]).

Theorem A. Let n > 2 and po,p1,---,Pn>90,q1,---,qn € R. Then

Gpougo (1 + -+ Tp,y1 + - +yn) < Gpy gy (T1,01) + - + Gy, g, (T, Yn)

holds for all x1,...,Zn,y1,---,Yn > 0 if and only if
(a) OSmin{p17QI7~-~apnaQn}7
(b) min{panO} Smin{lyp17q1;-~,pn7Qn},
() max{l,po+ qo} <min{p1 +q1,...,pn + qn}-

The particular case pg = p1 = -+ = pn, G0 = q1 = *++ = (p, i.e., when
all the Gini means are the same, was investigated by the authors in [LP96]. It
is interesting to note that the characterization of the reversed Minkowski-type
inequality even in this particular setting is still unknown.

In the context of Stolarsky means, in [LP98], we obtained the following result
(formulated in the case n = 2 only).

Theorem B. Let n > 2 and p,q € R. Then the inequality

<
=]

holds for all x1,...,Zn,Y1,---,Yn > 0 if and only if

Spg(x1+-+ T, y1 + -+ Yn) Spa(@1,y1) + -+ + Spg(Tn, Yn)

3 S o4 d 1.5 minfp g}
p+q an min{p, q}.
[>] [>]

In order that the more general inequality

Sporgo (T1 + -+ T, y1 + -+ Yn) Sp1.a1 (x1,91) + -+ Spn (T Yn)

<
[>]
be valid for all x1,...,Zn,¥y1,-..,Yn > 0, CZINDER and the second author obta-
ined necessary conditions and also sufficient conditions for the parameters pg, p1,
e sPny 40,41, - - -, Gn € R in [CPO3].
Motivated by the above preliminaries, the aim of this paper is to study
Minkowski-type inequalities for the means My 4., i.e., our purpose is to find
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conditions for the generating functions fy,g90 : Ip — R, f1,91 : 1 = R,
frs Gn + I — R, and for the measure p such that

Mfg,go;p,(ajl + - +xnay1 + - +yn)

<
[;] My, g, y1) + -+ My, g0, yn) - (2)

be valid for all z1,y1 € I, ..., Tp,yn € I, with 1 + -+ -+ 2,91 + - + yYn € Io-
In the main results of the paper we give sufficient conditions (which, in a certain
sense, are also necessary) for (2) to hold. As an important particular case, we
also consider Minkowski-type inequalities involving the generalized Gini means.

2. Main results

In order to describe the regularity conditions related the two generating func-
tions f, g of the mean Mjy 4., in a convenient way, we say that the pair (f,g) of
functions is in the class C1([) if f, g are continuously differentiable functions such
that g € CP(I) and the Wronski determinant

— () (;Eg) (wer 3)

f'(x) f(x)
g(x) g(x)

does not vanish on I. Obviously, the latter condition implies that f/g is strictly
monotone, i.e., f/g € CM(I). For (f,g) € C1(I), we define the deviation function
D}, I* = Rby

f(@; fgys o) <f(x) (y))
9\x) 9y g(x) gy
D3 4(x,9) = ; (x,yel). (4
Py W] (fy !
9@ 9y) 9(y)

< <
Clearly, we have that D} (v,y) = 0if and only if z = y.
’ > >

The next result characterizes the mean My 4., via an implicit equation and
signifies the role of the function D} / (cf. [LPO8]).
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Lemma 1. Let (f,g) € C1(I) and p be a Borel probability measure on [0, 1].
Then for all z,y € I and u € [z, y],

1
u if and only if / bo(tr 4+ (1= t)y,u)dpu(t)
0

VIIA

VIIA
=
G

Mfyg;#(xv y)

As a consequence of (5), we have the identity

[ Drat+ (= 0 My o)) =0 yeD. @

By Lemma 2 below, the function D7}  is also connected to the sequence of
means My g.m, , where (my,) is the sequence of measures defined by

my = (1 — ;) 50 + %51 (k S N) (7)

For its proof, the reader should consult [LP0S].
Lemma 2. Let (f,g) € C1(I). Then

lim k[Mygm, (2,y) —y] = D} o(z,y)  (z,y € ). (8)

k—o00

Now we can formulate our main result which gives a sufficient condition for
the general Minkowski-type inequality (2) which does not involve the measure p.

Theorem 3. Let Iy, I, ..., I, be open real intervals, and let (f;, g;) € C1(I;)
fori=0,1,...,n. Then the following three assertions are equivalent:

(i) For all Borel probability measures p on [0, 1],

Mfoago;u(xl +ed T,y o yn)

<
[;] My, gy, y1) + -+ My, g0, yn) - (9)
holds for all z1,y1 € I, ..., Ty, Yn € I, withx1+-- -+ Ty, y1 4+ +yn € Ip.

(ii) For all k € N,

My goimy (T + -+ Ty yr + - 4 Yn)

<
[>

] M-flvgﬁmk ($1, yl) +eet an,gmmk (mm yn) (10)

holds for all x1,y1 € I, ..., Tp,Yn € I withx1+-- 4+ Tp, Y1+ +yn € Iy
(where (my,) is the sequence of measures defined by (7)).
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(iii)
* S * *
Di o @1 T,y ) 5 D} g (@, y) + -+ DY (Tn,ya) (11)

holds for all x1,y1 € I, ..., Ty, Yn € I, withx1+-+ -+ 2y, y1 4+ +yn € Ip.

PrOOF. The implication (i)==-(ii) is obvious. To prove (ii)==-(iii), for
21,91 € L1y ooy Tpyyn € I with 21 + -+ + zp, 1 + -+ + yn € Io, use (10)
and Lemma 2 to get

Diygo(@1+ -+ Zpyr + -+ yn)
= i KMy g, (21 1+ ) = (1 )]

< .
[;] lim k& [(Mflagl§mk(x1’y1) - yl) +eee (Mfmgmmk (mnayn) - yn)]

k—oc0

=D g @)+ + D, g (20, Yn),

which proves (11).
(iil)=(i) Let u1,v1 € I, ..., Up, Up € I, with ug+- -+ up,v1+---4v, € Ip.
Substituting

xi=tu; + (1 —t)v, i = My, g0 (wi,v;) (i=1,...,n)

into (11) and integrating on [0, 1] with respect to ¢ by the measure u, we get

1
/ }ng(J(t(ul +"'+un) + (1 775)(”1 +"~+Un),y1 JF"'JFyn)d,u(t)
0

1
[g A Dfl 91 (tul +(1- t)vl’yl)du( )+

/Df g (tug 4+ (1 =)o, yn ) dp(t). (12)

By Lemma 1 and the choice of yq, ..., y,, the right hand side of this inequality is
zero. Thus, we obtain from (12) that

1
<
/OD7o,go(f(u1+'~+un)+(1*t)(vl+-~+vn),y1+-~+yn)du(t) =, 0.

Bd

This inequality, by Lemma 1 again, yields that

Mfo;go;u(ul +tup, v+t o)
<
Bd

which proves (9) on the domain indicated. O

Y1+t yn = My g, vn) + 00+ My, g (Un, vn),
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The following result concerns generalized quasi-arithmetic means when a
stronger statement can be obtained.

Theorem 4. Let Iy, I1,...,I, be open intervals with Iy + --- + I, C I.
Assume that f; : I; — Iy are continuously differentiable functions such that
fl(x) £0ifz e I;1=0,1,...,n (the latter conditions ensure that (f;,1) € €1(I;)
fori=0,1,...,n). Then the following three assertions are equivalent:

(i) For all Borel probability measures p on [0, 1],

Mfo,l;p(ifl +-r T,y + + yn) Mfl,l;,u(xla yl) + an,l;,u(xmyn)

]

holds for all x1,y1 € I, ..., Tn,Yn € In.
(ii) For all k € N,

<
My, 13m, (331 o2, Y1+ '+yn) [;] My, 1my, (3317 yl) -+ My, 1my, (xn, yn)

holds for all x1,y1 € Ii, ..., Tp,yn € I, (where my is the sequence of
measures defined by (7)).

(iii)
* S * *
Dfo,l(xl+"'+xn>y1+"'+yn) [>] ’Dflﬁl(xhyl)+"'+Dfn,1(‘rn7yn) (13)

holds for all x1,y1 € I, ..., Tn,Yn € In.
(iv) The function F : fi(I;) X -+ X f,(I,) = R defined by

F(ul,...,un) = fo(fl_l(ul) ++f,fl(un)) (Ui S fz(Iz), 1= 1,...,n)

concave . . . . . convex .
is on its domain provided that fy is increasing and on its
[convex) [concave]

domain provided that fy is decreasing.

PRrROOF. The equivalence (i)<=-(ii)<=>(iii) follows from the previous the-
orem. To complete the proof we show that (iii) and (iv) are equivalent too.
Assume, for the sake of definiteness that fj is increasing and the upper inequality
sign holds in (13). By known characterizations of differentiable concave functions
(see [RVT73, p. 98, Theorem A], or [NP06, p. 141, Theorem 3.9.1], F' is concave if
and only if

F(u) = F(v) <> 0:F(v)(u; — v;) (14)
i=1
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holds for all u = (uy,...,u,),v = (v1,...,v,) in the domain of F, where 9;F
denotes the partial derivative of F' with respect to its ith variable. A simple
calculation shows that

v
F(f )
Dividing (14) by f(f; *(v1)+- -+ f ' (vn)) > 0 and then substituting f;* (u;) =:

T, f[l (v;) =: y;, we obtain exactly (13), which proves the equivalence we claimed.
O

F(v) = fo(fi ' (01) + -+ f ' (vn)

3. Minkowski-type inequalities for generalized Gini means

Theorem 5. Let n > 2 and po,P1,---5Pn,q0,q1,---,qn € R. Then the
following three assertions are equivalent:

(i) For all Borel probability measures p on [0, 1],

Gpoqop(T1t+Tns Y1+ +Yn) < Gppgrn(@1,y1) + 4+ Gp, g (Tn, Yn) (15)

holds for all x1,y1,...,Zn,Yyn > 0.
(ii) For all k € N,

Gpoqosmp (@1 + -+ ZTn,y1 + -+ + Yn)
< Gprguime (@1,91) + 4+ G grsme (Tns yn) - (16)

holds for all x1,vy1,...,Zn,Yyn > 0.

(lll) (a) 0 S min{ph qi,---,Dn, q’n}a
(b) min{panO} Smin{17p17Q1,~~,men},
(C) maX{17p0>qO} < max{pia Ql}v (Z - ]-, cee ,Tl). (17)

Concerning the reversed Minkowski inequality, we have the following result.

Theorem 6. Let n > 2 and po,P1,---5Pn,q0,q1,---,q9n € R. Then the
following three assertions are equivalent:

(i) For all Borel probability measures p on [0, 1],

Gpo o1t +Tns Y1+ +Yn) > Gpy g1, 91) + - +Gp, i (Tn, Yn) (18)

holds for all x1,y1,...,Zn,Yyn > 0.
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(ii) For all k € N,

GPO,QO;mk (xl + T, + o+ yn)
> GPlv‘Ile«k (xlayl) ot Gpmqn:mk (xmyn) (19)
holds for all x1,y1,...,Zn,Yyn > 0.

(111> (a) 1 2 maX{pl; q1,---yPn; QTL}a
(b) maX{pOa QO} 2 max{07p17 q1y---yPn, Qn}a (20)
(C) min{oap()aQO} > mil’l{pi,Qi}, (7’ = 17...,71).

PROOF OF THEOREM 5 AND THEOREM 6. The equivalence of conditions (i)
and (ii) in both theorems is a consequence of the equivalence of conditions (i) and
(ii) of Theorem 3. To elaborate the third equivalent condition of Theorem 3,
observe that if f, g are defined by (1), then the function D3 g 1s of the form

X T
Dﬁg(x’y) = y(sp,q(g) (r,y € Ry),
where

P —q
— ifp#q
pq(t) =9 P71 (teRy). (21)

tPInt ifp=gq
Thus, by Theorem 3, inequalities (15) and (18) are satisfied if and only if

x1+---+xn> < 1 Tn,
) S () b (2)
ity [2] Y10p1,q1 " YnOp,,,q U

holds for all z1,y1,...,2Zn,yn > 0. With the notation u; := x;/y; and t; :=
yi/(y1 + -+ + yn), the above inequality is satisfied if and only if

(g1 +++ 9)Oposan

90,40 (trug + -+ + tnun) t10p, g, (ur) +---+ tn0p,, qn (un) (22)

<
Bd
for all uy,...,upn,t1,...,ty, >0 witht; +---+1¢, = 1.

The domain of parameters when (22) is valid on the indicated domain was
characterized in the paper [P4l82]. As it was proved in [P&l82], (22) holds with <
and > inequality signs if and only if condition (iii) of Theorem 5 and Theorem 6

holds, respectively. ([l
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