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Global signed total domination in graphs

By MARYAM ATAPOUR (Tabriz), SEYED MAHMOUD SHEIKHOLESLAMI (Tabriz)
and ABDOLLAH KHODKAR (Carrollton)

Abstract. A function f: V(G) — {—1,1} defined on the vertices of a graph G is a
signed total dominating function (STDF) if the sum of its function values over any open
neighborhood is at least one. A STDF f of G is called a global signed total dominating
function (GSTDF) if f is also a STDF of the complement G of G. The global signed
total domination number 7y::(G) of G is defined as vgs¢(G) = min{>_ v () f(v) | f
is a GSTDF of G}. In this paper first we find lower and upper bounds for the global
signed total domination number of a graph. Then we prove that if T is a tree of order
n > 4 with A(T) < n—2, then v45:(T) < vs:(T) +4. We characterize all the trees which
satisfy the equality. We also characterize all trees T of order n > 4, A(T) <n — 2 and
Yot (T) = vse(T) + 2.

1. Introduction

In the whole paper, G is a simple graph without isolated vertices and with
vertex set V(G) and edge set E(G) (briefly V and E). For every vertex v € V,
the open neighborhood Ng(v) = N(v) is the set {u € V | uwv € E} and its closed
neighborhood is the set Ng[v] = N[v] = N(v) U {v}. The open neighborhood of a
set S C V is the set N(S) = UyesN(v). The minimum and mazimum degrees
of G are respectively denoted by 6 and A. For a vertex v in a rooted tree T, we let
C(v) denote the set of children of v and let D(v) denote the set of descendants of
v and D[v] = D(v)U{v}. The mazimal subtree at v is the subtree of T induced by
D[v], and is denoted by T),. A leaf of T is a vertex of degree 1 and a support vertex

Mathematics Subject Classification: 05C69, 05C05.
Key words and phrases: signed dominating function, signed total domination number, global
signed total dominating function, global signed total domination number.



8 M. Atapour, S. M. Sheikholeslami and A. Khodkar

is a vertex adjacent to a leaf. The set of leaves and the set of support vertices
in T are denoted by L(T') and S(T), respectively. We use [7] for terminology and
notation which are not defined here.

For a real-valued function f : V' — R the weight of f is w(f) = > oy f(v),
and for S C V we define f(S) =3 g f(v),sow(f) = f(V). For a vertex v in V,
we denote f(N(v)) by f[v]. Let f:V — {—1,1} be a function which assigns to
each vertex of G an element of the set {—1,1}. The function f is said to be a
signed total dominating function (STDF) of G (see [8]) if flv] > 1 for every v € V.
Note that G admits a STDF if and only if G has no isolated vertices. The signed
total domination number of G, denoted by 7 (G), is the minimum weight of a
signed total dominating function of G. The signed total domination number has
been studied by several authors (see for example [1], [2], [4], [6])-

A signed total dominating function f of G is called a global signed total
dominating function (GSTDF) if f is also a STDF of its complement G. Note
that G admits a GSTDF if and only if G and G have no isolated vertices. The
global signed total domination number of G, denoted by 74s:(G), is the minimum
weight of a GSTDF of G. A 74 (G)-function is a STDF of G with w(f) = vst(G).
A v45:(G)-function is defined similarly. For a (global) signed total dominating
function f of G we define P=Py={veV | f(v)=1}and M =M;={ve V|
f(v) = —1}. Since every GSTDF of G is a STDF on both G and G, we have

Ygst(G) = max{ st (G), 75 (G) }. (1)

Our purpose in this paper is to initiate the study of the global signed total
domination numbers in graphs. First we find lower and upper bounds for the
global signed total domination number of a graph. Then we prove that if T is a
tree of order n > 4 with A < n — 2, then v,5(T") < 75:(T) +4. We characterize
all trees which satisfy the equality. Note that the condition A < n — 2 guaranties
that T, the complement of T, has no isolated vertices. We also characterize all
trees T' of order n > 4, A(T) < n — 2 and v45¢(T) = vs(T) + 2. Finally, we
calculate v4s:(G) for complete bipartite graphs G.
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2. Preliminary and bounds

We make use of the following results.

Theorem A ([4]). If G is a graph of order n with minimum degree 6 > 2
and maximum degree A, then

5—1 A—1
Sl -] +1
’Yst(G) > [5311 LA271J n.
[l 5]+t
An immediate consequence of Theorem A now follows.

Corollary 1. For every graph G of order n > 13 with 2 < § < A < 3,
VQSt(G) = 75t(G).

PROOF. Let f be a 4 (G)-function and v € V. We show that f is also a
STDF of G. By Theorem A, we have v, (G) > n/3 and so vs(G) > 5. Since
A <3, f(Ng[v]) < 4. It follows that

f(Ng(v)) = 7st(G) —4 > 1.

Now the result follows by (1). O

Theorem B ([4]). If T is a tree of order n > 2, then v5t(T') > 2 with equality
if and only if every vertex v € V(T') \ L(T) has odd degree and is adjacent to
at least %ﬂ)_l leaves. Moreover, if v5;(T) = 2 and [ is a vs(T)-function, then
> zen(w) f(x) =1 for each v € V(T') and also My C L(T).

Theorem C ([8]). For every graph G of order n > 2 and §(G) > 1, vs:(G)=n
(mod 2).

Theorem D ([8]). Forn > 3, y(Cy) = n.
We conclude this section with some propositions on .4 (G).

Proposition 2. Let G be a graph of order n such that G and G have no
isolated vertices. Then v45:(G) =n (mod 2).

PROOF. Let f be a v45:(G)-function . Obviously, n = |Py| + |My| and
Ygst(G) = |Pg| — |My|. Therefore, n — 7,4 (G) = 2|My| and the result follows. [

By Theorem C and Proposition 2 we have:

Proposition 3. Let G be a graph such that G and G have no isolated
vertices. Then 45 (G) = v5:(G) (mod 2).
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The next proposition shows that the global signed total domination number
of a graph is a positive integer.

Proposition 4. Let G be a graph such that G and G have no isolated
vertices. Then

’Ygst (G) Z maX{S, Vst (G)7 75t(G)}
Furthermore, this bound is sharp.

PROOF. By assumption n > 4 and by (1), v45¢(G) > max{vs(G),vs:(G)}.
Thus, it suffices to prove v,4:(G) > 3. Let f be a 45 (G)-function. Obviously,
P #£ (). Assume x € P. Then

|INg(z) N P| > |Ng(z) N M| +1 (2)

and
[Ng(x) N P| > [Ng(x) N M| + 1. (3)

By (2) and (3),
|INa(xz) N P|+ |Ng(xz) N P| > [Ng(x) N M| + |[Ng(x) N M|+ 2.

Since « € P, it follows that |P| > |M| + 3 and so v4s:(G) = |P| — |M] > 3.
In order to prove the sharpness, assume k£ > 1 and let G be a graph with
vertex set

V(GQ) = {ui,vi, xj,y5,2j | 1 <i<3and 1 <j<2k+1}
and edge set
E(G) = {uiui+1,uivi,ui+1vi | 1 S ) § 3} U {Ulfﬂj,UQyj,U:ng | 1 § ] S 2k + 1},

where uy = uy. Define £ : V(G) = {~1,1} by f(w) = f(a;) = f(;) = f(25) =
—1for1<i<3,1<j<kand f(x) =1 otherwise. It is easy to see that f is a
GSTDF of G with w(f) = 3. Thus 74s(G) = 3 and the proof is complete. O

The next theorem shows that the difference 745t (G) — max{vs:(G),vs¢(G)}
can be arbitrarily large.

Theorem 5. For every positive integer k, there exists a connected graph G
such that G is connected and

Vst (G) — max{yst(G), vs:(G)} > 2k + 1.

PROOF. Let G be the graph with vertex set V(G) = {u;,v; | 0 <i <4k —1}
and edge set E(G) = {vv; | 0 <4 # j < 4k — 1} U {wv;, 4viq1, . . ., UiVipop—1 |
0 < i < 4k — 1}, where the indices are taken modulo 4k. Obviously, G ~ G and



Global signed total domination in graphs 11

50 Yst(G) = vst(G). Define f: V(G) — {-1,1} by f(v;) =11ifi € {0,1,...,3k}
and f(xz) = —1 otherwise. It is easy to see that f is a STDF of G which implies
that vs(G) < w(f) = 2 — 2k. Therefore max{vs(G),vst(G)} < 2 — 2k. By
Proposition 4, vyt (G) — max{vs:(G),vs¢t(G)} > 2k + 1 and the proof is complete.

O

Theorem 6. For every graph G of order n,

G en 2min{ {5(0;— 1J | V(G;_ 1J }

PROOF. Let, without loss of generality,

o= |2 {2 | HE2 )

Suppose that v1,...,vg are distinct vertices of G. Define f : V(G) — {—1,1} by
flo))=—-1fori=1,...,0 and f(z) =1if = & {v1,...,vg}. It is easy to see that
f is a GSTDF of G and w(f) = n — 260. Now the result follows. O

3. Trees

In this section we study the global signed total domination numbers in trees.
We note that a tree T of order n > 4 admits a GSTDF if and only if A(T) < n—2.
The condition A(T') < n—2 guaranties that T has no isolated vertices. Recall that,
for every pair u, v of distinct vertices in V', the distance d(u,v) is the minimum
length of a (u-v)-path. We begin with the following lemma.

Lemma 7. Let T be a tree of order n > 4 with A(T) < n—2. If f is a signed
total dominating function of T, then ZueNf(v) f(uw) >0 for every v € V(T).

PROOF. Let T be rooted at a vertex v. If v is a leaf with support vertex w,
then f(w) =1 and by Theorem B,

S o= Y f@) - fw) = fw) =1 f(v) 2 0.

u€ N=(v) zeV(T)

Now assume that v is not a leaf and N(v) = {v1,va,...,v:}. We consider two
cases.
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Case 1. f(v) = —1. Then v is not a support vertex and f, restricted to T,,,
is a signed total dominating function of T}, for each 1 < i < ¢. By Theorem B,
F(NF(v) N V(Ty,)) = f(V(Ty,)) = f(vi) = 2 = f(vi) = 1. Hence,

t

S fw) =Y F(Np(v) N V(T,)) = 2.

w€ Ne(v) i=1

Case 2. f(v) = 1. Since A(T) < n — 2, v has some neighbors which are not
leaves. Without loss of generality, we may assume v1, ..., vs are the neighbors of
v with deg(v;) > 2 for 1 <i < s <t Let T; = T[V(Ty,) U{v}] be the subgraph
induced by V(Ty,) U {v} for each 1 <14 < s. We consider two subcases.

Subcase 2.1. f(v;) = 1 for each 1 < i < s. Then f, restricted to T, is a
signed total dominating function of T; for each i. By theorem B,

f(Nz(v) " V(T3)) = f(V(T3)) = f(vi) — f(v) = 0. (4)
Hence,
D> fw) =) f(Np(v) N V(T;)) > 0. (5)
u€ No(v) i=1

Subcase 2.2. f(v;) = —1 for some 1 < i < s. Let, without loss of generality,
flo)=—=1. Set S=V(T)\ (L(T)U {v}) and S; = V(T;) \ L(T;). Then

> f) =3 fNp)NV(T)) =3 > F(Clu). (6)

u€ N7 (v) =1 u€eS;

Since flu] > 1 for each u € S and N(u) consists of the parent and children
of u, it follows that f(C(u)) > 0. On the other hand, since f(vi) = —1, vy
is not a support vertex and for each v € C(vy) we have 1 < flu] = f(v1) +
f(C(u)) = =1+ f(C(u)). Therefore for each u € C(v1), f(C(u)) > 2 and so

f(Np() NV(Th)) = 3 yes, f(C(u)) = 2. By (6),
Do fwy =37 f(Cw) =2
uw€ N-(v) i=1 u€eS;
This completes the proof. (I

A closer look at the proof of Lemma 7 shows that:

Corollary 8. Let T be a tree of order n with A(T) <n —2,v € V(T) and
f a signed total dominating function of T'. If ZueN?(v) f(u) =0, then either v is
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aleaf or f(v) =1 and [ assigns the value 1 to every neighbor of v whose degree
is at least two.

Theorem 9. Let T be a tree of order n > 4 with A(T) <n — 2. Then

Ygst(T) < st (T) + 4.

PROOF. Let f be a 4 (T)-function. If |[M;| < 2, then define g : V(T) —
{—1,1} by g(x) =1 for each = € V(T'). Obviously, g is a GSTDF of T and so

Ygst(T) S w(g) S w(f) +4 =va(T) + 4.

Now let |Mf| > 3. First let there exist vertices u and v in M such that d(u, v) > 3.
Define g : V(T) — {-1,1} by

g(z) =11if x € Py U {u,v} and g(x) = —1 otherwise.

We claim that ¢ is a GSTDF of T. Obviously, g is a STDF of T. Let x € V/(T).
Since d(u,v) > 3, u € Ng:(x) or v € Ny(x). By Lemma 7,

Z 9(z) = Z f(z) - Z fz)>1+1=

2€ N7 () 2ENg(x)—{uv} 2ENz(z)N{u,v}
and so g is a GSTDF of T. Therefore

Vst (T) S w(g) < w(f) +4 = va(T) + 4.

Now let for each pair u,v in My, d(u,v) < 2. Then T has a subgraph isomor-
phic to a star K, (t > 2) with center, say z, and leaves {z1,...,z;} such that
x1,...,x4 € My and My C {z,x1,...,2¢}. Define g : V(T) — {—1,1} by

g(z) =1if z € PfU{x1,22} and g(z) = —1 otherwise.

We claim that g is a GSTDF of T'. Obviously, g is a STDF of T. It suffices to
prove that g is a STDF of T. Let y € V(T). First let y = z. Since g(z) = 1 for
each z € V(T) \ Np(x), it follows that ZZGN?(:E) g(z) > 1.

Now let y # x. Then either yx; ¢ E(T) or yxo & E(T). Therefore yz; €

E(T) or yzo € E(T). Then

S o= Y fw- Y fw

u€N7(y) u€(Ngp(y)—{z1,22}) u€(Ngp(y)n{z1,22})
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= Y flu)-2 > Flu) > 2.
u€ N (y) w€(Np(y)N{z1,z2})

~—_——
>0 by Lemma 7

Therefore g is a GSTDF of T" and

'Ygst(T) < w(g) < W(f) +4= 'Vst(T) +4,
as desired. 0

In what follows, we characterize all trees T" which achieve the bound in The-
orem 9.

Lemma 10. Let T be a tree of order n > 4 with A(T) < n—2. If v5(T) = 2,
then vgs:(T) = vse(T') + 4.

PROOF. Let v5+(T) = 2 and let f be a v(T)-function. By Theorem B,
My C L(T), (7)

and each vertex v € V(T') \ L(T) is a support vertex. Assume that g is a GSTDF
of T such that |M, N M| is maximum. Since g is a STDF of T and each vertex
v e V(T)\ L(T) is a support vertex, g(v) = 1. Hence,

M, C L(T). (8)

We claim that M, C M¢. Suppose to the contrary that M, € My and u €
M, — M;y. Let v be the support vertex of u. Since w(f) =vs(G) =2 and g is a
STDF of T, we have g[v] > 1 = f[v] and hence |My N L(v)| > |My N L(v)|, where
L(v) is the set of leaves adjacent to v. Let w € (M;NL(v)) \ (Mg N L(v) — {u}).
Then the function h : V(G) — {—1, 1} defined by

h(u) =1, h(w) = —1 and h(z) = g(z) if z € V(G) — {u, w}

is obviously a GSTDF of T such that |M, N M| < |Mj, N M/| which is a contra-
diction. Thus M, C M. Since 74 (T') = 2 and by Proposition 4, v4.:(T") > 3, we
have |My| > |My| + 1. Assume |[My| = [My| + 1. Let My \ My = {u} and let v
be the support vertex of u. Then by Theorem B,

2=7a(T)= > f@)+ > gl@)+g)=2+ > gla)
€N (v) € N (v) €N+ (v)

which implies that ZmENT(U) g(x) = 0, a contradiction. Therefore |[My| > |My|+2
and so Ygst(T) > 75t (T) + 4. Now the result follows by Theorem 9. O
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Lemma 11. Let T be a tree of order n > 4 with A(T) < n—2. If v,4(T) =
Vst (T') + 4, then v5(T) = 2.

PROOF. Let v45:(T) = vs(T) + 4 and let f be a 75 (T)-function. By as-
sumption, f is not a GSTDF of T. By Lemma 7, there exists a vertex v € V(7))
such that ZuENTw) f(u) = 0. By Corollary 8, either v is a leaf or f(v) =1 and
f assigns the value 1 to every neighbor of v whose degree is at least two. First

assume v is a leaf and w is its support vertex. Since v4(T) > 2, by Theorem B,
and ZueNﬂ ) f(u) =0, we have f(v) = f(w) = 1. This implies that

Yst(T) = Z flw)+ flv) + flw) = 2.

uENT(v)

Now suppose that v is not a leaf. Let Np(v)={v1,ve,...,v:} and deg(v;)>2
for 1 < i < s < t. By Corollary 8, f(v) = f(v;)) = 1for 1 < i < s. Let
T, = T[V(T,,) U {v}] be the subgraph induced by V(T,) U {v} for each 1 <
i < s. Clearly, f restricted to T; is a STDF of T; for each 1 < ¢ < s. Since
Sueny,,, (1) = 0. by (1) and (5).

f(Ng(v) N V(T,,)) =0 (9)

for 1 < i < s. Hence, v5:(T;) = 2 for 1 < i < s. We claim that f[v] = 1, which
implies that

Yat(T) = f(0) + flo] + Y fF(Np(v) NV(T,,)) = 2.
=1

Let, to the contrary, f[v] > 2. Since 4 (71) = 2 and the order of T} is at least 3,
by Theorem B, f must assign the value —1 to a leaf in T}. Let z € V(T1) be a
leaf in T" such that f(z) = —1. Define g : V(T) — {—1,1} by

g(z) =1 and g(z) = f(x) otherwise.

We claim that g is a GSTDF of T. Obviously, g is a STDF of T. It suffices to
prove that g is a STDF of T. Let y € V(T). If y = v, then by (9)

Y 9(@) = gWNg()NV(T,) + Y f(Ng(v) NV(T,)) = 2.

(I;EN?('U) > 1=2
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Let y # v. First assume y € {vgq1,...,v:} if t > s. Then

o= Y e+ eNr) V) 2 1

€N+ (y) z€N(v)—{y}

>1 since f[v]>2

Now let y € {v1,...,vs}. By the definition of g, g(V(T1)) = 4 and ¢(V(T;)) = 2
for 2 < 4 < s and we also have g[v;] = 1 for i = 2,...,s and g[v;] = 3 when
vy is adjacent to z and g[v1] = 1 otherwise. Since g(y) = 1, g(V(T1)) = 4 and
g(V(T3)) = 2 for 2 < i < s, it follows that

g(Ng(y) N (V(Ty,) —{wn})) =2  ify=wv andyz ¢ E(T),
g(Nz(y) N (V(Ty,) ={n1})) =0  ify=wv1 andyz € E(T),
g(Ngz(y) N (V(Ty,) — {v1})) =2 if y € {vg,vs3,...,vs}, and
g(NF(y) N(V(Ty,) —{vi})) =0  if2<i<s.

Therefore

S og@ = S g@+ > gWVay) N (VT {uh) > 1.
2EN=(y) zeN(v)—{y} i=1
>1 since f[v]>2

Finally, if y & Np[v], then as above we can see that ZweN?(y) g(z) > 1. There-

fore g is a STDF of T. This implies that v4s¢(T) < vs¢(T) + 2, a contradiction.
This completes the proof. ([l

By Lemmas 10 and 11, for a tree T of order n > 4 and A(T) < n — 2,
Yast(T) = vs1(T) +4 if and only if v, (T") = 2. Hence, by Theorem B we can state
the following characterization.

Theorem 12. Let T be a tree of order n > 4 with A(T) < n — 2. Then
vVgst(T) = vst(T') + 4 if and only if every vertex v € V(T') \ L(T) has odd degree

deg(v)—1
2

and is adjacent to at least leaves.

4. Trees T with vg5¢(T) = vse(T) + 2

In this section first we characterize the trees T with s (7) = 3. Then we
characterize the trees T' for which 745 (7)) = 7s:(T) 4+ 2. Note that by Proposit-
ion 3, there is no tree T with 45 (T) = vs¢(T) + 3. Throughout this section ¢(v)
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denotes the number of pendant edges at vertex v. We begin with the following
observation.

Observation 13. Let f be a STDF of G and let v € V(G). If deg(v) is
even, then f[v] > 2.

Let 77 be the collection of all trees of order n > 2 with exactly one vertex of
even degree and ¢(v) > |(deg(v) — 1)/2] for every vertex v.

Theorem 14. For any tree T, v4(T) = 3 if and only if T € Ty . Also, if
T € Ty and f is a vs(T)-function, then flv] = 1 if v is an odd vertex and f[v] = 2
when v is an even vertex, for every vertex v € V(T).

PROOF. Let f be a 4 (T)-function. We claim that the only vertices v for
which f(v) = —1 are leaves. Let, to the contrary, v be a non leaf vertex of T and
f(w) = —1. Then v is not a support vertex. Suppose that N(v) = {v1,...,v}.
Root T" at v. It is clear that f, restricted to T,,, is a STDF of T,, for each
1 <i <t. By Theorem B, we have f(V(T,,)) > 2 for each 1 <14 < t. Since

[

3 =7u(T) =w(f) = _Zf(vmi)) -1,

we must have ¢ = 2 and vs¢(Ty,) = 7st(T,) = 2. By Theorem B, f(Nr, (v1)) =1
which implies that f(Nr(vi)) =0, a contradiction. Therefore, the only vertices v
for which f(v) = —1 are leaves.

Since v5t(T) = 3, by Theorem B, T has an even vertex or every vertex
v € V(T)\ L(T) has an odd degree and at least one of them, say v, is adjacent
to at most % — 1 leaves. First let v € V(T') \ L(T") have odd degree and be
adjacent to at most % — 1 leaves. Root the tree T at v. Then f[v] > 3 and
v has at least three children which are not leaves. Let S = V(G) — L(T) — {v}.
Since f[u] > 1 for each u € S, and since N (u) consists of the parent of u and the
set of children of u, it follows that f(C(u)) > 0 where the set C'(u) denotes the
set of children of u. Now the sets C(u), u € S, together with the two sets C(v)
and {v}, partition V(7). Thus

3=u(T) =w(f) = f(v) + flo] + Y F(Cw) > 1+3+ > 0>14,

uesS uesS

which is a contradiction.
Thus T has an even vertex, say v, and f(v) = 1 because v is not a leaf. Root
the tree T at v. Then f[v] = f(C(v)), where C(v) consists of children of v. If
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every child of v is a leaf, then 3 = w(f) = f(v) + f[v] which implies that f[v] =2
and so T € T;. Hence we may assume that at least one child of v is not a leaf. Let
S=V(T)\ (L(T)U{v}). Since flu] > 1 for each u € S, and since N(u) consists
of the parent and children of w, it follows that f(C(u)) > 0. Now the sets C(u),
u € S, together with the two sets {v} and C(v) partition V(T"). Thus

3 =7st(T) = f(v) + flo] + D F(C(w). (10)

uesS

By (10) and Observation 13, f[v] = 2 and f(C(u)) = 0 for every u € S. It follows
that every vertex in S, and therefore every vertex of V(T') \ {v} has odd degree.
Furthermore, f[v] = 2 and f[w] = 1 for every vertex w € V(T) \ {v}.

Let y € V(T)\ L(T). Then y € SU {v}. If y = v, then fv] = f(C(v)) = 2,
and so (deg(v) — 1)/2 children of v are assigned the value —1 under f. Hence, v
is adjacent to at least (deg(v) — 1)/2 leaves. Suppose, then, that y # v. Since
f(C(y)) =0, |C(y)|/2 = (deg(y) — 1)/2 children of y are assigned the value —1
under f. Hence, y is adjacent to at least (deg(y) — 1)/2 leaves. Thus every vertex
y € V(T)\ (L(T) U {v}) has odd degree and also every vertex y € V(T')\ L(T) is
adjacent to at least (deg(y) —1)/2 leaves. Thus T' € T;.

On the other hand, let T' € 77 and let u be the even vertex of T. Let g be
the function defined as follows: for each v € V(T) \ L(T), assign the value —1
to | (deg(v) — 1)/2] leaves adjacent to v. Assign to all other vertices the value 1.
Then, g[u] = 2 and g[v] = 1 for each vertex v € V(T) \ {u}, and every vertex
that is assigned —1 under g is a leaf. It follows that ¢ is a STDF of T. We now
root T at w. Then, g(C(u)) = g[u] = 2 and for each v € V(T) \ (L(T) U {u}),
g(C(v)) = 0. It follows that

Yat(T) < w(g) = g(u) + glu] + > 9(C(v)) = 3.
veEV(TH)\(L(T)U{u})
By Theorem B, 74(T') = 3 and the proof is complete. O

Lemma 15. Let T be a tree of order n > 4 with A(T) < n—2. If v(T) = 3,
then vgs:(T) = vse(T') + 2.

PROOF. By Proposition 3, Theorem 9 and Lemma 11, vg5:(T) < v (T) + 2.
Let, to the contrary, v45¢(T) < 7¥st(T) + 2. Then by Proposition 3, v4s:(T) <
vst(T). It follows that vgs: (1) = vs:(T') by Proposition 4.

Assume that g is a 74 (T)-function. Then g is a 74 (T)-function. Since
vst(T) = 3, T has an even vertex, say u. By Theorem 14, g(u) = 1 and g[u] = 2.
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Then

3=u(T) =w(g) =g(w) +glul+ > gla)=3+ > g

€N (u) €N (u)

It follows that erN?(u) g(z) = 0, a contradiction. This completes the proof. [

Let T2 be the collection of all trees T of order n > 2 with |V(T) \ (L(T) U
S(T))| =1, and every vertex v € S(T') has odd degree and is adjacent to at least

deg(u)—1 !
5 leaves.

Lemma 16. If T € T, then v45(T) = vs:(T) + 2.

PROOF. Let T € T3 and let v € V(T) \ (L(T) U S(T)). If deg(v) = 2, then
obviously T' € 77 and by Theorem 14 and Lemma 15, vgs:(T) = vot(T') + 2. Now
let deg(v) > 3. By Theorem 12, v45(T) < v5(T) + 2. Let, to the contrary,
Ygst(T) < ¥st(T) + 2. Then by Proposition 3, v45t(T) < vs:(T). It follows that
Ygst(T') = st (T) by Proposition 4. Assume that g is a 44 (7')-function. Then
g is also a 74 (T)-function. Suppose that N(v) = {v,...,v:}. Since V(T) =
L(T)YuS(T)U{v}and v & S(T), we have v; € S(T) for each 1 < i < ¢. It follows
that g(v1) =+ =g(vy) = 1.

Claim 1. g(v) = 1.

Proof of Claim 1. Let, to the contrary, g(v) = —1. By assumption, v; has
odd degree and is adjacent to at least % leaves in T for each 1 < i < ¢.
Since g[v;] > 1 for each 1 < i < ¢, g must assign the value 1 to a leaf, say w;,
adjacent to v; for each i. Define f: V(T) — {-1,1} by

f)y=1,f(wn) == f(w) = —1 and f(x) = g(x) otherwise.

It is clear that f is a STDF of T with weight less than g, a contradiction. Thus
g(v) =1.

Let T be rooted at v and let T; = T[V(T,,) U {v}] for each 1 < i < ¢
Obviously, g restricted to T; is a STDF of T;.

Claim 2. w(g|T,) = 2 for each 1 < i < ¢.
Proof of Claim 2. Let, to the contrary, w(g|r,) > 2 for some i, say i = 1. By
assumption and Theorem B, 74 (71) = 2. Let h be a 75 (T1)-function. Then
h[v1] = 1 by Theorem B. Since v; is adjacent to at least % +1 leaves in T7,
without loss of generality, we may assume h(v) = 1. Define f : V(T) — {-1,1}
by
fl@)=h(z)ifx e V(T1) and f(x)= g(z) otherwise.
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Clearly, f is a STDF of T with weight less than g, a contradiction. Thus
w(g|r,) =2 for each 1 <i < t.

Hence, g(Nz(v) NV (T;)) = 0 for each 1 < <t and so

9(Np(v)) = Y g(Ng(v) N V(T;)) = 0,

i=1

which contradicts the fact that g is a 745 (T)-function. This completes the proof.
O

Lemma 17. Let T be a tree of order n > 4 with A(T) < n—2. If v,(T) =
Yst(T) +2, then T € Ty U Ts.

PROOF. Let v45t(T) = vse(T) + 2 and let f be a 4 (T)-function. By The-
orem B and Lemma 10, v4(7T") > 3. If v(T) = 3, then by Lemma 15, T € Ty, as
desired. Now let v5:(T) > 3. Then by Theorems B and 14, either T has at least
two vertices of even degree or there is a vertex u which is adjacent to at most
|(deg(u) — 1)/2| — 1 leaves.

Since vgst(T) = vst(T) + 2, f is not a GSTDF of T. By Lemma 7, there
exists a vertex v € V(T') such that

> flw)=o.
wENT ()
Let Np(v) = {v1,...,v¢} and assume deg(v;) > 2 for 1 <i < s <t.
Claim. f(v)=1andv e V(T)\ (L(T)US(T)).
Proof of Claim. By Corollary 8, either v is a leaf or f(v) = f(v;) = 1 for
1 <i<s. Ifvisaleaf and w is its support vertex, since v5:(T) > 4, it follows
that >
It remains to show that v & S(T). Let, to the contrary, v be a support vertex and
let v; be a leaf. Since ZueNﬂu) flu) =0, Z’;:l f(v;) = vse(T) — 1 > 3. Define
g9:V(G) — {-1,1} by g(vs) = —1 and g(z) = f(z) for each z € V(T) \ {v}. It
is clear that g is a STDF of T' of weight less than f, a contradiction. Therefore, v

wen..  J(u) > 2, a contradiction. Hence, we may assume v is not a leaf.
T (v)

is not a support vertex and hence f(v;) =1 for 1 <4 < t. This proves our claim.

Assume T is rooted at v. Let T; = T[V(T,,) U{v}] be the subgraph induced
by V(T,,) U{v} for each 1 <4 < ¢. Since ZueNT( >f(u) =0, by (4) and (5) we
have

f(Ng(v) N V(Ty,)) =0 (11)
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for each 1 <4 < t. Hence, v5t(T;) = 2 for each 1 <i < ¢ by (11). It follows that
each vertex v € V(T;) \ {v} has odd degree in T;. Now since v is a leaf adjacent to
v; in T; with f(v) =1 and My, C L(T;), v; is adjacent to at least L%Q)_lj +1
leaves in T; for each i. Hence v; is adjacent to at least L%;)_lj leaves in T
Now let uw € V(T;) \ {v,v;}. Again since v.(T;) = 2, u is adjacent to at least
L%J leaves in T; and hence in 7T'. This implies that 7" € 73 and the proof is
complete. O

By Lemmas 15, 16 and 17, we can state the following characterization.

Theorem 18. Let T be a tree of order n > 4 with A(T) < n — 2. Then
Ygst(T) = vet(T) + 2 if and only if T € T1 U T5.

5. The global signed total domination number
of complete bipartite graphs

As the parameter v,45:(G) is new, it is important to determine its values for
some familiar graphs. In this section we find the exact value of the global signed
total domination number for complete bipartite graphs.

Theorem 19. Let K, be a complete bipartite graph with the bipartition
classes A, B such that |A| =a, |B| =b,2 <b<a. Then

4 if a,b are both even
Ygst(Kap) = {6 if a,b are both odd
5 if a and b have different parity.

PrROOF. Let A = {x1,29,...,2,} and B = {y1,¥2,...,ys} be the partite
sets of K, . We consider three cases.

Case 1. a and b are both even.
Define f : V(Kap) — {—1,1} by f(z;) = 1 for 1 < i < § 41, f(y;) = 1if
1<5< % + 1 and f(x) = —1 otherwise. Obviously, f is a GSTDF of G and so
Ygst(Kap) < w(f) = 4. On the other hand, since a + b is even, vyt (Kap) = 0
(mod 2) by Proposition 2. Therefore v45:(K45) > 4 by Proposition 4. Thus
’Ygst(Ka,b) =4.

Case 2. a and b are both odd.
By (1) , we have ’YQSt(m) > 'Yst(m) = Yst(Ka) + 75t (Kp) > 6. Define f :
V(Kap) = {=1,1} by f(z;) = fly;) = 1for 1 <i<[2]+1,1<j<[b]+1
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and f(z) = —1, otherwise. It is easy to verify that f is a GSTDF with w(f) = 6.
This implies that vgs:(Kap) = 6.
Case 3. a and b have different parity.

Assume a is even and b is odd (the case “a is odd and b is even” is similar). By (1),
we have Wgst(m) > Vst(m) = Vst(Ka) + 'Yst(Kb) > 5. Define f : V(Ka,b) —
{-1,1} by f(z;) =1for 1 <i < 2+1, f(y;) =Lfor 1 <j < [2]+1 and
f(z) = —1 otherwise. It is easy to see that f is a GSTDF of G with w(f) = 5.
This completes the proof. O
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