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Automorphisms of partial endomorphism semigroups

By JOAO ARAUJO (Lisboa), VITOR. H. FERNANDES (Lisboa),
MANUEL M. JESUS (Lisboa), VICTOR MALTCEV (St Andrews)
and JAMES D. MITCHELL (St Andrews)

Abstract. In this paper we propose a general recipe for calculating the automor-
phism groups of semigroups consisting of partial endomorphisms of relational structures
over a finite set with a single m-ary relation for any m € N.

We use this recipe to determine the automorphism groups of the following semigro-
ups: the full transformation semigroup, the partial transformation semigroup, and the
symmetric inverse semigroup, the wreath product of two full transformation semigroups,
the partial endomorphisms of any partially ordered set, the full spectrum of semigroups
of partial mappings preserving or reversing a linear or circular order.

1. Introduction and the main result

A number of works in the literature are dedicated to calculating the auto-
morphism groups of certain transformation semigroups. In an earlier paper [3],
a method for calculating automorphism groups of some such objects is given. In
this paper we prove a more general result and use it to find the automorphism
group of several well-known transformation semigroups. In order to state our
main result we must recall some definitions and introduce some notation.

We assume throughout the paper that €2 is a finite set. We denote the
semigroup of all partial mappings on 2 under composition of functions by Pq, the
semigroup of total mappings on {2 by T, the inverse semigroup of partial injective
mappings by I, and the group of permutations on Q by Sq. If @ = {1,2,...,m},
then we abbreviate Pqo, Tq, Iq, and Sq to Py, T, I, and S,,, respectively. If U
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is a subsemigroup of Pq, then we let Aut(U) denote the group of automorphisms
of U. For any a € Sq let ¢, : Po — Pq be the inner automorphism of Pq
associated to a, that is, ¢, is the function defined by (f)¢, = a='fa (f € Pa).
Now, for any subgroup H of S denote

Iy (U) = {¢o | a € H and (U)g, = U}

In particular, denote by Inn(U) the group of inner automorphisms Inng,, (U) of U.
The image of f € Py is denoted by im(f) and the domain of f by dom(f).
A mapping f € Pq is called a constant with value o if Sf = « for all 8 € dom(f).
For the sake of convenience, we will assume that the empty mapping @ is also a
constant.
Let m € N. Then an m-ary relation p on {2 is just a subset of

Q" ={(aq,09,...,0m) | a1, 02,..., 0 € Q}.
If p is an m-ary relation, then define
o ={(a1,q2,...,am) €p|a; #ajifi #j}.

Let p and o be m-ary relations on 2. We say that a subsemigroup U of Pq acts
transitively from p' to o’ if for all (a1,...,a.,) € p' and (5,...,Bm) € o there
exists f € U with

(arfy o yamf)= (B, Pm)-

If U is a group of permutations and p’ = ¢’ = (2™)’, then our definition of
transitivity is just the usual definition of m-transitivity for permutation groups. If
(a1,...,am) € Q™ and f € U, then we denote (ayf,...,amf) by (a,...,am)f.
The monoid of partial endomorphisms of p is

PEnd(p) = {f € Pq | (a1,...,0,,) € pNdom(f)™ implies (a1, ...,am)’ € p}.
We consider also the following submonoids of PEnd(p)
End(p) = PEnd(p) N T and IEnd(p) = PEnd(p) N I

consisting of the (total) endomorphisms of p and the partial injective endomorp-
hisms of p, respectively.

If p is a binary relation on 2, then an anti-automorphism of p is an element
f € Sq such that (a, 8) € p implies (3, a)? € p. Since ( is finite, the set of auto-
morphisms and anti-automorphisms of p forms a group. The following definition
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can be thought of as a generalization of this notion to relations of higher arity.
Let H be a subgroup of S,,,. Then we define

Autp(p) ={f € Sa | (Bt € H) (V(ar,....am) € p) (@@, amy) € p}.

In particular, if H is trivial, then we denote Auty(p) simply by Aut(p). Again

since ) is finite, Auty(p) is a group. The group of automorphisms and anti-

automorphisms of a binary relation p is denoted by Autg, (p) using this notation.
We also require the following definition:

N(p,H) ={(a1,...,am) € (™) | (1)t - mye) € p for all t € H}.

We are now ready to state the main result of this paper, which is a genera-
lization of [3, Theorem 2.1].

Theorem 1.1. Let p be an m-ary relation on a finite set (2 for some m € N,
let H be a subgroup of S,,, and let U be a subsemigroup of PEnd(p) such that:

(1) U contains a constant idempotent with value o for all o € Q;

(2) U acts transitively from N(p, H) U p' to p'.

Then Aut(U) = Innpyg,(p)(U). Moreover, if a,b € Auty(p') are such that a # b
and ¢q, ¢y € Aut(U), then ¢, # ¢y.

We prove Theorem 1.1 in Section 2. In Section 3, we derive several corolla-
ries of Theorem 1.1, and discuss whether it is possible to weaken its hypothesis
and still obtain its conclusion. In Sections 4 and 5, we use the main theorem
and its corollaries to determine the automorphism groups of the following semig-
roups: the full transformation semigroup, the partial transformation semigroup,
the symmetric inverse semigroup, the wreath product of two full transformation
semigroups, the partial endomorphisms of any finite partially ordered set, the
semigroups of partial mappings preserving or reversing a linear order, the semig-
roups of orientation-preserving or reversing partial mappings on a linear order,
and related semigroups.

2. Proof of Theorem 1.1

We prove Theorem 1.1 in the following sequence of lemmas, some of them
belonging to the folklore of this topic and included here for the sake of complete-
ness.
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Lemma 2.1. Let V' be a subsemigroup of constants in Pq such that for all
a € ) there exists a constant idempotent in V with value o. Then Aut(V) =
Inn(V).

PROOF. The inclusion Inn(V) < Aut(V) is obvious.

Let ¢ € Aut(V). If ) € V, then clearly (¢ = 0. If f € V' \ {0}, then denote
by a the unique element of im(f). Let f,g € V'\ {0}. It is obvious that if fg # ()
then a(sg) = a4, and fg # 0 if and only if oy € dom(g). In particular, either
f2=0or f2=f,and if h = h? € V \ {0} with aj, = ay, then fh = f. Since
¢ € Aut(V), fg # 0 if and only if (fp)(gp) # 0, so that fg # 0 if and only if
agg € dom(gg), and if g = g and fg # 0, then (f¢)(gp) = f¢.

By assumption, for all a € €2 there exists h = h? € V such that a = a;. We
will show that b : Q@ — Q defined by (a)b = aye for all a € Q2 is a well-defined
bijection. If f € V \ {0} with oy = o, then fh = f # 0 and so afy = apg, SO We
have a well-defined mapping b : Q@ — Q. Suppose ab = a’b for some a,a’ € Q.
Then apg = g where b, h' € V\{0} are idempotents with o, = o and ayr = o',
Since (hh')p = (h¢)(h'¢p) = h¢, we have hh/ = h and so o = ap, = ap = .
Therefore b is an injection and, since ) is finite, we have b € Sq.

Let f € V \ {0}. Take any a € Q and choose h = h? € V \ {0} with
ap = . Suppose o € dom(f). Then (a)(fb) = (af)b = aypg. Since hf # 0,
we have apg € dom(f¢) and therefore (a)[b(fd)] = (ang)(f¢) = ajy. Thus
(@)(fb) = (@)[b(fp)]. If o & dom(f), then hf = 0 and so ape ¢ dom(f¢) and
so a & dom(b(f®)). It follows that b(f¢) = fb and so f¢ = b=1fb. Therefore
¢ € Inn(V), as required. O

Lemma 2.2. Let U be a subsemigroup of Pq such that for all o € Q) there
exists a constant idempotent in U with value . Then Aut(U) = Inn(U).

PROOF. Let V denote the set of all constants in U and let V3 = {f € V|
im(f) € {B}} for every B8 € Q. Thus V = UgeqVs. Take any f € Q. By
assumption, Vg \ {0} contains an idempotent, and it is easy to check that Vp is
a O-minimal left ideal of U. It follows that V is a subsemigroup of U. If I is a
0-minimal left ideal of U containing an idempotent f € V' \ {#} with value 8 € Q,
then {0} # V3 = Vi f C I which implies I = V. Clearly, if ¢ is an automorphism
of a semigroup S with zero and J is a O-minimal left ideal of S containing a
nonzero idempotent e, then Ji is also a 0-minimal left ideal of S containing a
nonzero idempotent ei. It follows that V¢ = V for all ¢ € Aut(U).

Let ¢ € Aut(U). Then ¢|y € Aut(V) and so, by Lemma 2.1, ¢|y € Inn(V).
Thus there exists b € Sq such that (af)b = ayge), and foly = b1 fb for all
f € V\ {0}. Take an arbitrary g € U. Clearly, 0¢p = b=10b. Suppose g # . For
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each 3 € Q, fix an idempotent fg € V3 \ {0}, so that ay, = 3. Then for 3 € Q
we have,

B € dom(g) <> (fpd)(9d) #0 = ay,p € dom(ge)
= (as,)b € dom(g¢) <= f € (dom(ge))b™",
from which it follows that dom(g¢) = (dom(g))b and hence
B € dom(b(g¢)) <= pb € dom(g)b < $ € dom(g) = dom(gb).
Therefore dom(b(g¢)) = dom(gb) and for cach 8 € dom(b(g¢)),

(B)(b(g9)) = ((Offfs)b)QQS = (af[3¢)g¢ = Q(fz0)(gp) — X(fsg)o
= (arug)b = ((ar,)9)b = (B)(gD),

so b(ge) = gb and so g = b=1gb. Thus ¢ = ¢}, and since (U)g, = Ugp = U, we
have ¢ € Inn(U). O

PROOF OF THEOREM 1.1. The assumptions about the semigroup U from
the statement of the theorem will be used below without comment. By Lemma 2.2,
Aut(U) = Inn(U). Our goal is to prove that Inn(U) = Inngyg,, () (U). Since it
is obvious that Inn g, () (U) < Inn(U), we only need to show that Inn(U) <
Innpye, (o) (U). Take any ¢, € Inn(U). Thus b € Sq and (U)¢y = (U)¢gp-1 = U.
We are going to prove that b € Auty(p').

Suppose b & Autgy(p’), that is, there exists (ai,...,am) € p’ such that
(Q1ty .y am)? & p/ forallt € H. Let (B1,...,58m) € p. Then there exists f € U
such that (B1,...,Bm) = (a1, ., m). I (Bitg, - - - Bmto )’ € p for some tg € H,
then

[(ﬁltoa .. ?ﬂmto)b]bilfb = (ﬂlto; ey /Bmto)fb = (altoa ey amto)b g p/7

so that (f)¢, € U, a contradiction. It follows that (Bis,...,Bm:)° & p' for
all t € H, and therefore (B1,...,8m)" € N(p,H). If (Br,...,Bm)" € ¢,
then there exists ¢ € U such that [(B1,...,8m)" 19 = (B1,...,Bm), which
implies (B1,...,Bm)" 9 = (Br,...,Bm)" & p and so (g)d, € U; a contradic-
tion. We conclude that (B1,...,8m)" & p/. Since (Bi,...,8m)" € N(p, H),
there exists h € U such that [(B1,...,58n)%]" = (B1,--.,Bm), and therefore
(617...,Bm)bhb71 = (ﬂl,...,ﬁm)lfl ¢ p and so (h)¢p-1 € U, again a contra-
diction.

Finally, let a,b € Auty(p’) such that a # b and ¢, ¢p € Aut(U). It remains
to prove that ¢, # ¢p. But there exists a € Q such that («)a # («)b and so ¢,
and ¢y, differ on any constant idempotent in U with value «. (|
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3. Corollaries and examples

Note that if p in Theorem 1.1 satisfies p’ = () and U is a subsemigroup of
PEnd(p) satisfying (1) in Theorem 1.1, then Theorem 1.1 offers no new infor-
mation regarding Aut(U). That is, as there are no tuples of distinct elements
in p, U vacuously acts transitively from N(p, H)Up’ to p’. Moreover, in this case
Auty(p') = Sq and so Theorem 1.1 reasserts that Aut(U) = Inn(U). However,
this conclusion can be derived from the much weaker Lemma 2.2.

The following is a useful corollary of Theorem 1.1, which we will use later in
the paper.

Corollary 3.1. Let p be an m-ary relation on a finite set § for some m € N,
let H be a subgroup of Sy,, and let U € {PEnd(p), End(p),IEnd(p)} such that
the following hold:

(1) U contains a constant idempotent with value « for all a € Q;
(2) U acts transitively from N(p, H) U p' to p';

(3) Auty(p') = Auty(p).

Then Aut(U) = {¢, | @ € Autg(p)} = Auty(p).

PROOF. We prove the corollary in the case that U = End(p), the remaining
cases can be proved analogously.

It follows from Theorem 1.1 and (3) that Aut(U) = Innpay,(,)(U). Let
a € Auty(p). We will prove that a™'Ua = U. Let f € End(p) be arbitrary
and let (aq,...,0u,) € p. Since a € Auty(p), there exists ¢ € H such that
(Qt1g-1,. ., Qy—1)? € p. Hence, since f € U, (ayy1,...,am-1) ¢ € p and
so (aq,... ,am)“_lf“ € p. Therefore a=!fa € U and so a~'Ua = U, as required.

It follows that Aut(U) = {¢, | a € Autg(p)}. Let F: Auty(p) — Aut(U)
be defined by (a)F = ¢,. Then, since distinct elements in Aut g (p) induce distinct
automorphisms of U and Aut(U) is finite, F' is a bijection. It is straightforward
to verify that F' is a homomorphism, and the corollary follows. [l

Corollary 3.2. Let p be a reflexive binary relation on a finite set {2 and
let H be a subgroup of Sy. Then Auty(p') = Auty(p).

PROOF. Since p’ C p, it follows that Auty(p) < Autg(p’). To prove the
converse, let a € Autgy(p’) and let (o, 8) € p be arbitrary. If a # §, then
either (a,8)* € p/ C p or (B,a)* € p' C p, as required. If o = 3, then, since
p is reflexive, (o, 8)* = (B,a)® € p. Hence a € Auty(p) and so Auty(p') =
Autg(p). O
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Let U, p, and H be as in Theorem 1.1. Then the following example demonst-
rates that there can exist elements a € Auty(p’) such that a=1Ua # U.

Example 3.3. Let Q ={1,2,3,4,5}, let H = S5, and let

p=1{(1,2,3,4,5),(2,1,3,4,5)} U {(a1, 2, ...,a5) | {a1,a0,...,a5} = {3,4}}
U{(a,a,,a,) | € {1,...,5}}.

Then N(p, H) = 0, Aut(p’) = S(1,2y = Aut(p), Sq1,2) X Sg3,4,5) is a subgroup of
Autg(p’), and every element of Auty(p) stabilizes {3,4} setwise. In particular,
Autp(pf) # Autr (p).

Let U = Aut(p) U{f € T5 | im(f) = {3,4} or |im(f)] = 1}. Then U is a
subsemigroup of PEnd(p) and, since Aut(p) is transitive from p’ to p’, U is also
transitive from p’ to p’. Let

1 2 3 4 5
f_<3 333 4)6[]’
Then (3,4,3,4,3)*57(45) = (3,5,3,5,3) ¢ p. Hence (45)f(45) ¢ U and so the
element (45) € Auty(p') does not induce an inner automorphism of U.

The following example shows that it is not true that if a € Auty(p’) and
a~'Ua = U, then a € Auty(p).

Example 3.4. Let p be the relation from Example 3.3 and let V = Aut(p)U
{f € Ts | f is constant}. Then, as in Example 3.3, V is transitive on p’. However,
(45) € Auty(p') and (45)V(45) =V but (45) € Auty(p), as required.

4. Applications I - Transformation semigroups

In this section we apply Theorem 1.1 to determine the automorphism groups
of several well-known transformation semigroups, defined below. Some of the
results contained in this section are well-known and included here only to illustrate
how Theorem 1.1 can be used. Recall that T, Po, and Io denote the monoids
of all total mappings, all partial mappings, and all partial injective mappings of
the finite set Q, respectively. As above, if Q@ = {1,2,...,m}, then we may write
Tin, Pm, or I, instead of T, Pq, or I, respectively.

Corollary 4.1. Let Q2 be a finite set and let U be any one of the semigroups
Pq, Ta, and Ig. Then Aut(U) = Inn(U) = {¢, | a € Sq} = Sq.
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PROOF. Let p = x Q. Then
PEnd(p) = Po,End(p) =T, andgquadlEnd(p) = Ig.

In any case, U contains a constant idempotent with value a for all o € Q and
so part (1) of the hypothesis of Corollary 3.1 is satisfied. If H is an arbitrary
subgroup of Sa, then N(p,H) = 0. Also p/ = (2 x Q) \ {(o,) | @ € Q}.
It is clear that U is transitive from p’ to p’ and so part (2) of Corollary 3.1
is satisfied. Finally, p is a reflexive binary relation and so by Corollary 3.2,
Auty(p') = Autg(p). Thus, by Corollary 3.1, Aut(U) = {¢, | a € Sq} = Sq, as
required. [

Next, we consider a set 2 with mn elements and an equivalence relation p on
Q with m classes each of size n. We aim to describe the groups of automorphisms
of the monoids PEnd(p), End(p) and IEnd(p).

First, recall that if S and T" are semigroups acting on sets I and 3, respecti-
vely, then the wreath product of S and T, denoted ST, is the set S x T', where
TT denotes the set of all mappings from I' to T, with multiplication

(Svf)(t’g) = (Stvf*sg)a

where (a)®g = (as)g and (a)f x*g = (a)f - (a)®g, for all & € T'. The semigroup
ST acts on I x ¥ as follows: (a, o)) = (as, (0)(af)), for all (a,0) €T x 2
and (s, f) € S x TV. For further details about wreath products see [15] or [17].

Now, observe that Aut(p) = S,, 1S, and End(p) = T,,, 1 T, (for a proof, see
[4, Lemma 2.1]). Furthermore, we have:

Corollary 4.2. Let p be an equivalence relation on a set 2 with m classes
each of size n and let U € {PEnd(p), End(p),IEnd(p)}. Then Aut(U) = {¢, |
a € Sm 1S}t = SmiSn.

PRrROOF. First, notice that U contains a constant idempotent with value «
for all a € Q.

Let H be the trivial subgroup of Sy. Then, since p is symmetric, N(p, H)
contains all the pairs of distinct elements in Q2 \ p. Next, we prove that U is
transitive from the pairs of distinct entries in Q2 to p’. Let (a, 3) € Q2 and let
(7,9) € p such that « # 8 and v # §. Then

=(00)
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is an element of IEnd(p), and so of PEnd(p), such that (o, ) = (7,6). Let
g : Q@ — Q be any total mapping with image {~,d} such that ag = v and
Bg = 4. Then g € End(p) and again (a, 8)9 = (v, 9).

Finally, by Corollaries 3.1 and 3.2, we deduce that that Aut(U) = {¢, | a €
Sm lSn} =25, 1S,. O

In particular, by the above observation, we have that Aut(7,,17},) = S, 1Sn.

5. Applications II — Ordered sets

In this section, we consider the automorphism groups of semigroups of order-
preserving partial mappings of a partially ordered set, and some related semigro-
ups.

Theorem 5.1. Let ) be a finite set, let p be a partial order on ), and let U €
{PEnd(p), End(p),IEnd(p)}. Then Aut(U) = {¢, | a € Autgs,(p)} = Auts,(p)
where the latter is the group of automorphisms and anti-automorphisms of p.

PRrROOF. If a, f € Q are such that (a, ) & p and (8,a) € p, then we will
write « || 8. An anti-chain in p is any subset ¥ of Q where a || 8 for all o, 8 € &
with a # 5.

Since p is reflexive, PEnd(p), End(p), and IEnd(p) contain a constant idem-
potent with value « for all a € Q. If H = S5, then

N(p,H) = {(a, 8) € @* | || B}

We will prove that U is transitive from N (p, H) U p’ to p'.
If (B,a) € p, B # «, and (v,6) € p, then the mapping f from the proof of
Corollary 4.2 is an element of [End(p) and PEnd(p) such that (a, 8)7 = (v,6).
It remains to prove that U is transitive from N(p, H) U p’ to p’ when U =
End(p). Let ¥ be a subset of Q. Then we define

Yh={BeQ|(VaeX) (a,B) €p or B a}
and
SV ={B€Q|(VaeX) (B,a)€p or B a}

If ¥ is a maximal (with respect to containment) anti-chain in p, then the sets ¥/,
3, and XV are disjoint and their union is the whole of Q.
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Let «, 8,7,9 € Q be such that a # 8, (8, ) € p, and (v,9) € p'. If (o, B) € p,
then since 2 is finite, there exists a maximal anti-chain ¥ in p such that o € X.
It follows that 8 € /. Let f: Q — Q be defined by

v eeXuUXY
ef =
§ ee XN
Then f € End(p) and (a, B)f = (v, 6).

If (o, B) & p, then as in the previous case, since 2 is finite, there exists a
maximal anti-chain ¥ in p such that a, 8 € X. Let f: Q2 — Q be defined by

ol cemnUEY
§ eeXNU{B}.

Then f € End(p) and (a, B)f = (v, 6).
In any case, U is transitive from N(p, H) U p’ to p’. Thus, by Corollaries 3.1
and 3.2, Aut(U) = {¢, | a € Auts, (p)} = Autg,(p), as required. O

If p is the usual total order of {1,...,n}, then End(p), PEnd(p), and IEnd(p)
are usually denoted O,,, PO,,, POZ,, (the semigroups of total, partial, and partial
injective order-preserving mappings of the chain p, respectively). These monoids
have been extensively studied, for example see [1], [2], [8], [13], [14].

Recall that, for a given real number x, the expressions |z] and [z] denote
the greatest integer less than or equal to x and the least integer greater than or
equal to x, respectively. We also let C; denote a cyclic group of order 2.

The following is an immediate corollary of Theorem 5.1.

Corollary 5.2. If U € {O,,,PO,,,POZL,}, then

Aut(U) = <¢(1 n)(2n—1)...(In/2] [n/2]+1) > =20y O

Let OD,,, POD,,, and PODZ, be the monoids of all total, partial, and
partial injective order-preserving and order-reversing mappings of the usual total
order on {1,...,n}, respectively. Again these monoids appear in several papers
in the literature, for example see [9], [10], [11]. The automorphism groups of these
monoids are given in the theorem below. However, the theorem is not a direct
corollary of any of the preceding theorems, since these semigroups are not defined
as the partial endomorphisms of a relation.

We require the following well-known combinatorial fact in order to find the
automorphism groups of OD,,, POD,,, and PODL,.
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Lemma 5.3. If p,q € N, then in any sequence of distinct natural numbers
of length pq + 1, there exists a strictly increasing subsequence of length p or a
strictly decreasing subsequence of length q.

Theorem 5.4. Let n > 10 and let U € {OD,,, POD,,, PODI,}. Then

Aut(U) = (dany@2n—1)...(ln/2) [n/21+1) ) = Co.

PROOF. We prove the theorem in the case of U = OD,,; the the cases when
U =POD,, or PODZ, follow by an analogous argument.
Let p be the ternary relation on {1,...,n} defined by

p={(an,a2,a3) | a1 <az <agora; > a > as}.

Then U = OD,, < End(p). It is straightforward to verify that U is transitive from

o UN(p,S3) =p' to p/, and U contains a constant idempotent with value « for

all @ € {1,2,...,n}. It follows from Theorem 1.1 that Aut(U) = InnAutSB(p/)(U).
We will show that Autg, (p') = Auts, (p) = Aut(p) and

Aut(p) =((1n)2n—1)...(|[n/2] [n/2] +1)).

Since Autg,(p) is always a subset of Autg,(p’), to prove that Autg,(p’) =
Autg, (p) it suffices to show that Autg,(p') < Auts,(p). Let a € Auts,(p’) and
let (a1, a9, a3) € p. Then there exists (81, B2, 83) € p’ such that {a1, a9, a3} C
{P1, B2, B3} Since a € Autg,(p'), there exists ¢ € S5 such that (81, Bat, B3t)® € p.
Hence (¢, aar, age)® € p and so a € Autg, (p). We have shown that Autg, (p') <
Autsg, (p).

Clearly, Aut(p) < Autg,(p). To prove the converse inclusion, take an ar-
bitrary a € Autg,(p). Then there exists ¢ € S3 such that (ai¢, aor, 3¢)® € p
for all (a1,a9,a3) € p. By Lemma 5.3, since 10 = 3 -3 + 1, the sequence
la,2a,...,10a must contain a subsequence ($ia, B2a, B3a where 51 < B2 < (3 and
pra < Bea < fza or fra > Baa > Bza. Therefore (81, B2, B3) € p, (B1, B2, 83)" € p
and (Bit, Bot, Bst)® € p. This implies that ¢ is the identity permutation or
t = (13). In either case, by the definition of p, we have that a € Aut(p). Thus
Autsg, (p) = Aut(p).

Let a € Aut(p). We will prove that 1a € {1,n}. Assume to the contrary that
la ¢ {1,n}. If na # 1, then (1,1a"%,n) € p but (1,1a7t,n)* = (la,1,na) ¢ p,

a contradiction. Therefore na = 1. Now, we have that (1,na~!
1

,n) € p and
(I,na"',n)* = (la,n,na) = (la,n,1) ¢ p since la # n, a contradiction. Hence
la € {1,n}.
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If la=1and a,8 € {2,...,n} are such that o < 3, then (1,a, ) € p and
so (1,aa,Ba) € p. Hence aa < fBa and so a is the identity on {1,2,...,n}. If
la = n and o, 8 € {2,...,n} are such that o < 3, then (1,a,8) € p and so
(n,aa, fa) € p. Thus aa > Ba and so a = (1n)(2n —1)...(|n/2] [n/2] + 1).
Therefore

Aut(p) = ((1n)(2n—1)...(|n/2] [n/2] +1)).

It is straightforward to verify that ¢,(U) = U for all a € Aut(p) and so

Aut(U) = {¢q | a € Autg,(p) and ¢, (U) = U} = {¢o | a € Aut(p)}
= (Pn)@n—1)...(In/2] [n/21+1) ) = Ca,

as required. O

A finite sequence (a1, aa, ..., a;,) of natural numbers is called cyclic if there
exists k£ > 1 such that ajgrn < g < -+ < Qpgr, where g = (12...m). A
partial mapping with domain and range contained in {1,2,...,n} is orientation-
preserving if the image of every cyclic sequence in dom(f) is a cyclic sequence. A
finite sequence (a1, s, ..., ay,) of natural numbers is called anti-cyclic if there
exists k > 1 such that ajgr > aggr > --+ > aypgr, where g = (12...m). If fis
an orientation-preserving mapping, then it is straightforward to verify that the
image of every anti-cyclic sequence in dom(f) is anti-cyclic.

Let OP,,, POP,,, and POPL, be the monoids of all total, partial, and partial
injective orientation-preserving mappings, respectively, of the set {1,2,...,n}.
Some references from the literature concerning these monoids are [6], [7], [9], [10],
[12], [16].

For n € N, denote the dihedral group of order 2n by Ds,. It is well-known
that Dy, is isomorphic to the subgroup of the symmetric group S,, generated by
the permutations: (12 ... n) and(1n)(2n—1)...(|n/2] [n/2] +1).

Theorem 5.5. Let U € {OP,,,POP,,POPL,}. Then

Aut(U) = (D 2...n)> S(1 n)@2n—1)...(ln/2) [n/2]1+1) ) = Dan.

PRrROOF. We prove the theorem in the case that U = OP,,; the other two
cases follow by analogous arguments. Since O, < OP,, it follows that OP,
contains a constant idempotent with value « for all « € {1,2,...,n}.

Let p denote the set of all cyclic sequences of length 3 over {1,2,...,n} and
let H=1((13)) < S3. Then OP,, < End(p) and N(p,H) = . We will prove
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that OP,, acts transitively from p’ to p’. Let (i,5,k), (i',j', k") € p’ be arbitrary.
Then either i < j <k, j<k<iork<i<j. Ifi<j<k, then define

1 ... i—1 i i+1 ... j—1 j j+1 ... n
=\ v /AU A L " T
If j < k < i, then define
1 ... j—1 4 j+1 ... k=1 k k+1 ... n
= [/ (A (A AR N AN AT I

If kK <i < 7, then define

1 .. k=1 k k+1 ... i—1 i i+1 ... n
=\ . v v v v [ 1

In any case, f € OP,, and (4,7, k) = (i’,5’, k). It follows from Theorem 1.1 that
Aut(OPn) = InnAutH(p/)(O'Pn).
We will prove that Auty (p’) = Auty(p) and

Autg(p)=((12...n),An)2n—-1)...(In/2] [n/2] +1)).

As before, we have that Auty(p) < Auty(p’). Let a € Auty(p’) and let
(a1, 9,a3) € p be arbitrary. If (aq,as,a3) € p\ o, then (a4, agg, ag)® lies in
p\ p' for all t € Ss, since every triple with at most two distinct elements is cyclic
and hence in p. If (a1, a9, a3) € p’ then, since a € Auty(p’), there exists t € H
such that (a1, age, ase)® € p. Hence a € Auty(p) and so Auty(p') = Auty (p).

Let a € Autg(p). Then there exists t € H ={1, (13)} such that (a1, az,a3) €p
implies (cu¢, agr, azy)*€p. By multiplying a by an appropriate power of (12...n)
we may assume that la = 1.

If ¢ is the identity permutation and a, 8 € {1,2,...,n} such that 1 < a <
B < mn, then (1,a, ) € p and so (1, aa,fa) € p. Hence aa < Ba and so a is the
identity of Auty(p).

Ift=(13) and o, 8 € {1,2,...,n} such that 1 <a < <n, then (1,a,8) €p
and so (fBa,aa, 1) € p. It follows that fa < aa and so

a=(1n)2n-1)...(|n/2] [n/2] +1).
It is easy to verify that ¢,(OP,) = OP,, for all a € Aut(p) and so

Aut(OP,,) = {¢a | a € Auty(p’) and ¢,(OP,) = OP,} = {¢a | a € Auty(p)}
= (B2...n)> P n)(2n-1)...(In/2) [n/2]+1) ) = Dan. O
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A partial mapping with domain and range contained in {1,2,...,n} is called
orientation-reversing if the image of every cyclic sequence in dom(f) is an anti-
cyclic sequence.

Let OR,,, POR,, and PORZ, be the monoids of all total, partial, and par-
tial injective orientation-preserving and orientation-reversing mappings, respecti-
vely, of the set {1,2,...,n}. For further details of the known results concerning
these monoids see [5], [9], [10], [12].

Theorem 5.6. Let n > 17 and U € {OR,,, POR,,, PORZL,}. Then

Aut(U) = (@a2...n), D n)(@n—1)...(In/2] [n/2]+1) ) = Dan.

PROOF. As in the proofs of the previous theorems, we only prove the case
when U = OR,,, since the proofs of the other cases are analogous.

Let p be the set of quadruples of elements from {1,2,...,n} that are cyclic,
anti-cyclic, or contain at most two distinct elements. It is straightforward to see
that OR,, < End(p), OR,, contains a constant idempotent with value « for all
a € {1,2,...,n}, and N(p,Sy) = 0. It follows using a similar argument as in
the proof of Theorem 5.5 that OR,, acts transitively from p’ to p’. It follows by
Theorem 1.1 that Aut(OR,) = Innaucg, (o) (ORn).

We will show that Autg, (p') = Aut(p) and

Aut(p)=((12...n),An)2n—=1)...([n/2] [n/2]+1)).

Since Aut(p) < Autg, (p’) always holds, it suffices to show that Autg, (p’) <
Aut(p’) and Aut(p’) < Aut(p).

Let a € Autg, (p'). Then there exists t € Sy such that (ays, aar, age, aar)® € p’
for all (aq, s, a3,a4) € p'. By Lemma 5.3, since 17 = 4 -4 + 1, the sequ-
ence (la,...,17a) must contain a subsequence (Sia, S2a, B3a, Bsa) where eit-
her fia < f(sa < fza < Bsa or Pra > Poa > Pza > Paa. In either case,
(81, B2, B3, B4), (B1, B2, B3, Ba)%, (B1t, Bat, Bst, Bar)* € p’. In other words, ¢ is the

identity or t = (14)(23). Therefore
(=1, g1, Qugp-1, gy 1) € p
for all (a1, a9, a3, 4) € p’ and so
(a1, a2, a3, a4)" = (ayg-14, Qgg-14, Qgp-14, Qgp-14)" € p'.

Thus a € Aut(p’) and so Autg, (p') < Aut(p’).
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We will now prove that Aut(p’) < Aut(p). Let a € Aut(p’) and let « be any
quadruple in p \ p’. If a contains at most 2 distinct elements, then a® contains
at most 2 distinct elements and so a® € p. If « contains 3 distinct elements, then
there exists 8 € p’ containing all the elements occurring in «. Hence 8 € p’ and
so 3% is cyclic or anti-cyclic. It follows that a® is cyclic or anti-cyclic, or in other
words, that a® € p. Hence a € Aut(p) and so Aut(p’) < Aut(p).

It is easy to verify that

((12...n),(In)2n—=1)...(In/2] [n/2] + 1)) < Aut(p).

Let a € Aut(p). Then by multiplying by a power of (12...n) we may assume that
la = 1. Seeking a contradiction assume that 2a ¢ {2,n}. Since (1,2,na"*,n) € p,
if na # n, then (1,2,na=%,n)* = (1,2a,n,na) ¢ p. It follows that na = n and
so (1,2,2a7 1, n)* = (1,2a,2,n) ¢ p, but (1,2,2a"*,n) € p and so we have a
contradiction.

It follows that 2a € {2,n}. Using a similar argument, we can deduce that
na € {2,n}. By multiplying by (2n)(3n —1)...([(n+1)/2] [(n+1)/2] +1) €
Aut(p), if necessary, we may suppose that 2a =n and na =2. f 2 < a < 8 < n,
then (2,c,8,n) € p and so (2,a,3,n)* = (n,aa,Ba,2) € p. It follows that
aa > Ba which implies that

a=2n)Bn-1)... ((n+1)/2] [(n+1)/2] +1)
e((12...n),An)(2n—1)...(|n/2) [n/2] +1)),

as required.
It is easy to verify that ¢,(OR,) = OR,, for all a € Aut(p) and so

Aut(OR,) = {¢a | a € Auts, (p') and ¢o(OR,) = OR,} = {¢a | a € Aut(p)}
= (b2...n)> P n)2n-1)...(In/2) [n/2]+1) ) = Dan. a
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