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The D numbers and the central factorial numbers

By GUODONG LIU (Huizhou)

Abstract. In this paper the author establishes some formulas for the D numbers
Dg:L) and dé]fl). Several identities involving the D numbers, the Bernoulli numbers and
the central factorial numbers are also presented.

1. Introduction

The Bernoulli polynomials ng)(w) of order k, for any integer k, may be
defined by (see [1], [3], [6], [10])

n

k [e's)
t . t
<6t1> et = :Bff)(x)a, It| < 2. (1.1)
n=0

The numbers Bg,,k) = BT(,,k) (0) are the Bernoulli numbers of order &, Bf(ll) =B,
are the ordinary Bernoulli numbers (see [3], [5]). By (1.1), we can get (see [10,
p. 145])

d k
—BY(x) = nB", (), (1.2)
BUHD () — k ; "B () 4 ( — k)%Bﬁbk_)l(x) (1.3)
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and %
0
BY\(r) = ——BP (), (1.4)

n
k
where n € N, N being the set of positive integers.

The numbers BS" are called the Nérlund numbers (see [2]-[4], [10]). A
generating function for the Norlund numbers B is (see [10, p. 150])

BF+Y (x4 1) =

t > tm
S B 1.5
(1+1t)log(1l+1) nz " onl (15)

=0

The D numbers Déi) may be defined by (see [8]-[11])

(tesct)k = Z(—l)”Dgﬁ)(;—;!, It| < . (1.6)

n=0

By (1.1), (1.6), and note that csct = 2= (where i* = —1), we can get

e 2n . k . k 0o N7
_pyepe £ 2t _ (2 kit _ N> oo (B 2)"
7;0( 1)" Dy (2n)! (eit - e‘“) N (62” 1) ° - n;) T\ 2 n!
Therefore,
k
DY = 4n B <2> : (1.7)

Taking k = 1,2 in (1.7), and noting that Bgl)(%) = (21727 —1) By, Bgl)(l) =
(1 = 2n)Ba, (see [10, p. 22, p. 145]), we have

DS = (2—-2"")B,, and D) =4"(1 — 2n)Ba,. (1.8)

The D numbers Dgfl) satisfy the recurrence relation (see [8])

_ @n—k+2)@n—k+1) -z 20020 —1)(k—2) H@-2)

(k) _ D . (19
D2n (kJ—Q)(k‘—l) 2n E—1 2n—2 ( )
By (1.9), we can immediately deduce the following (see [10,p. 147]):

@nt1) _ (=1)"(2n)! (2n (2nt2) _ (=1)"4" o 1.10

and

—1)"(2n)! (2n + 2 L1 1
pEnt3) _ (7 14+ — 4+ — 4+ eeigp—— =) 1.11
2n 2-42n \n+1 TETe T T ey ()
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The numbers Dgi") satisfy the recurrence relation (see [8])

n P 2n—2
> s ) Dty (L (20 (1.12)
= 43(25+ 1) (2n — 2j)! 4n \n )’ '
so we find D(()O) =1, Déz) = —§,D§4) = fg,D(G) %,Dé& = 319616
D(IO) __ 18940160
o = Tl

By (1.14), we can get a generating function for Déi") (see [8]):

oo

t (2n) tQTL
=N"DPM < 1. 1.13
VI+2log(t+v1+2) nz:% o 1S (19

The numbers Déi"_l) satisfy the recurrence relation (see [9]):

Zn:( ) YT ((G - )DL = W(Qn 2), (1.14)

n—1
Jj=1
sowe find DS = 1, DY = 1 p{») = 1835 p(D) _ 195013
D9 _ _ 3887409
10 T

By (1.16), we can get a generating function for D(2" b (see [9])

ZD‘Q” ”t S ( ! )2. (1.15)
V1+2 \log(t+vV1+¢2)

These numbers Dénn) and D(Zn D have many important applications. For
example (see [10, p. 246])

% gint e (_1)7LD5277‘) /2 sin t s (_1)n+1D52n71)
—dt = -~ =n —dt = 2 Tom (1,16
/o t HZZO (2n+ 1)! o 1 2 ;0 220(2n — 1)(n!)? (1.16)

and
n+1D(2n 1)

*—Z—n_l T (1.17)

The D numbers ds,, of the second kind may be defined by

dont?™. 1.18
log(t + VI +12) +\/1+t2 Z ’ (1.18)
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By (1.18), we have dg = 1, dp = ¢, dy =
dio — 1295803
10 252806400 *

360 , dg =

367 g0 _ _ 195013
151200 “8 = ~ 27216000°

We now turn to the central factorial numbers ¢(n, k) of the first kind, which

are usually defined by (see [7], [12])

x(z—i—%—l)(z—k%—?) <I+*—n+1) zn:t

k=0

or by means of the following generating function:

k
T x2 > ™
<2log <2+ 1+4>> :k!Zt(n,k)H.

It follows from (1.19) or (1.20) that

1
t(n,k) =tn—2,k—2) — z(n —2)%t(n — 2, k),
and that

t(n,0) =60 (n€Ny:=NU{0}), t(n,n) =1 (neN),

t(n,k)=0 (n+k odd) and t(n,k)=0 (k>nork<D0),

where (and in what follows) 4, , denotes the Kronecker symbol.
By (1.21), we have
(—1)"1%2-32...(2n — 1)?
4n ’
t(2n +2,2) = (=1)"(n!)? (n € Ny)

t(2n+1,1) =

and

1 1

t(2n +2,4) = (— )"+1(n!)2(1+22+32+---+:2> (n € N).

By (1.9) and (1.21), we have

” 4n—k
PPN == __t2n+1,2k+1) (n>k>0).

(51)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

The central factorial numbers T'(n, k) of the second kind can be defined by

(see [7], [12])

ZTnk (:v+k—1> (m+§—2>...<x+§—k+l>

(1.25)
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or by the generating function
3 _z\k ' > x™
(e2 —e %) =k ZT(n,k)E. (1.26)
n==k
It follows from (1.25) or (1.26) that
1

T(n,k)=T(n—2,k—2)+ Zk;?T(n —2,k), (1.27)

and that
T(n,0) =0d,0 (ne€Ny), T(n,n)=1 (neN),

T(n,k)=0 (n+k odd), and T(n,k)=0 (k>nork<D0).

The main purpose of this paper is to prove several expressions formulas for
the D numbers Dg;) and dg:l). We also obtain some identities involving the D
numbers, the Bernoulli numbers and the central factorial numbers.

2. Main results

Theorem 1. Let n,k € N. Then
k—1

. (2k) 2n 4jt(2k, 2k — 29) 2)

D =2 D . > k); 2.1
(1) 2n k(?k) jz:;) (2n—2j)(2n—2j— 1) 2n—2j (n— k)a ( )
. (2k+1) _ 2n
(i) Ds, =(2k+1) (Qk . 1)

k ; .
492k + 1,2k + 1 — 2j) (1)
X JZ::O % Dy o; (n>k+1). (2.2)

By (2.1), (2.2) and (1.8), we may immediately deduce the following
Corollary 1:

Corrolary 1. Let n,k € N. Then
k—1

, 2k 2n An¢(2k, 2k — 27) ,
(i) DPM =2k <2k> JZ::O Ton_g; D (n > k); (2.3)
.. (2k+1) _ 2n
(ii) Ds, = (2k+ 1)<2k—|— 1)
k . . R
49(2 — 220=20)¢(2k + 1,2k + 1 — 25)
X Z o2 Bop—o; (n>k+1). (24)

j=0
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Theorem 2. Let n,k € N. Then

N R e (2R)1(2))! , N
i) DY =4 ;mt(Qk‘—i—Z],Qk)T(Qn,Q]), (2.5)

(i) D§2k+1) _yn — (2k 4+ 1)!(2))!

- k112 kT 14252k + 1)T(2n, 2j). (2.6)

Jj=

By (2.3), (2.4), (2.5) and (2.6), we may immediately deduce the following
Corollary 2:

Corrolary 2. Let n,k € N. Then

k—1 .
. on\ 522 1(2k, 2k — 2j)
o - (Zk) DD 5 D=2

=0
= W“Qk +24,2k)T(2n,25)  (n 2 k); (2.7)

(e}

n k (o2j+1-2n _ Yy
(i) ( 2 ) Z (2 D2k + 1,2k + 1 — 2j)

Ban_2;
0 — 2j 2

(2k)!(2)! : .
= - SN > . .
2@kt 2j)!t(2k +1+25,2k+1)T(2n,2j) (n>k+1). (2.8)

Remark 1. Setting k = 1 in (2.7), and noting that #(2j + 2,2) = (—=1)7(j!)?,

we obtain
1

1—2n

(—1)/ (j1)?
G+ D@2+ 1)

M=

Ban = T(2n,2j).

\]O

i=
Remark 2. Setting k = 2 in (2.7), and noting that
t(2) +4,4) = (=1)/((G + DY (1 + 3 + 35 + - + g2 )» We obtain

72
(2n —1)(2n — 3)

- (7 +1D)H%(2))! 1 1 .
XZ 412 ( +—+32+ --+(j+1)2)T(2n,2]).

(1 - n)BQn + TLBQn—? =

j=0

Theorem 3. Let n,k € Nyg. Then

(2n—k) 1 t o
;)D - I+ P <log(t+\ﬁ+t2)> (jol<1)- 29)
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Theorem 4. Let n,k € Ny and

déi) = Z d2v1 d2v2 CIE d?vk . (210)
Vlyeeny v €ENp
v1t+-Fvg=n
Then &
2n)ldy,) = -——— D5, 2.11
( n) d2n k—9n 2n ( )

Theorem 5. Let n,k € Ng. Then

2n)1dsE Z T(k + 27, k)t(2n, 25). (2.12)
= ( k + 2

3. Proofs of Theorems 1-5

PROOF OF THEOREM 1. (i) We prove (2.1) by using mathematical induc-
tion.

1. When k = 1,2, (2.1) is true by (1.9).

2. Suppose (2.1) is true for some natural number k. By the superposition of
(1.9) and (1.21), we have

2n — 2k 2n(2n — 1)(2k
Dk+2) _ (2n )D(2k) Mpéi’“)z

)(
o 2h(Ek+) S T
C2n-20)@n—2k—1)_ [0\~ PHRE2k-2))
B (2k)(2k + 1) 2h (2/<:> JZ (2n —25)(2n — 2j — 1) Doz

_ . k—1 j _ os
o (M )Y D
— (2n—2j—2)(2n - 2j - 3)

M \ = 4t(2k, 2k — 2j) e
— (2n—2j)(2n —2j — 1) "7

k .
2n Jflt(2k 2k + 2 —2j) (2)
—(2k+2 2k)2) Dy, 5.
( + )( + ( ) = (271—2])(2”-27-1) 2n—2j

k . 1 2 .
_ 2n 47 (t(2k, 2k— 25)— 3 (2k)*t(2k, 2k+ 2—25)) (o)
(2k+2) (2k;+ 2>]ZO (2n —2j5)(2n — 25 — 1) Do
k .
B 2n 4Jt(2k+2 2k + 2 —2j) (2)
(2k+2) <2k+2> Z (2n —25)(2n —2j — 1) Dan—zjy (3.1)
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and (3.1) shows that (2.1) is also true for the natural number k+1. From 1 and 2,
we know that (2.1) is true.
(ii) Use the same method as (i). This completes the proof of Theorem 1. O

PROOF OF THEOREM 2. By (1.1), (1.20), (1.26) and noting the identity

6%—67% 65—6_% ’
T 1+<> |

2 2
we have
k
21 (eéeg 65767% 2
0 n k 08 2 T 1+( 2 )
ZB(k)<k>t<ft ) -
"0 " 2 n' e2 —e 2 e% — e_%

: ! !
j=k J j=k (2‘7) n=j—k
(oo} . (oo}
tk+4,k)
— k!
=M T T
j=0 n=j
= Kl tm
=y —t(k + j, k)T(n, j)—. (32)
== (k4 j)! n!
Comparing the coefficient f—; on both sides of (3.2), we have
k "Lkl
B(’“)<) t(k+ 4, k)T (n, j). 3.3
W5 ;(kﬂ.)!( G, k)T (n, j) (3.3)

By (3.3), (1.7), and noting that t(n, k) = T'(n, k) = 0 (n+k odd), we immediately
obtain Theorem 2. This completes the proof of Theorem 2. [

PROOF OF THEOREM 3. Note the identity (see [10, p. 203])

(k) k = (2n Dékﬂzj')
_ n—=2j 2.2 12y/.2 _ 92 2_ (i 1)2
B, (x+2> 7].5:0 (2]> San—aj & (*=1%) (2" =2%) ... (=" = (j — 1)), (3.4)

we have
By (v+ %) - B3 (5)
2

€T

" (20 Doy
= (2 > oy (@0 = 1)@ =2 @ - (G- (39)
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Therefore,
. B (45— B (& n D=2 -
tiy P2l 222 ) (2)22(2) gy (CD7THE YR (3.6)

Jj=1

By (3.6) and (1.2), we have

lim

n—1BW (zr k) o o\ DEZ)
Mz n(2 1>B22n 2 (v +5) 22(2) (NG - DY (3)

25 ) 22n-2i

ie.,

nen -8, (5) =30 () s COTG - )

By (3.8) and (1.7), we have

% "L /on 1 k-2
-0, =30 (3) o G- 0D 69
j=1
Thus

I @nk) " - (20 1 on—k—2j) t
- D n 1)/ 14] 1 1! D( n J)
27; 2n—2 (2n_2)| nZ::lj:1 2] ( ) ((.] )) 2n—2j (2,”)'
i.e.

2 & (2n—(k—2)) t*"
— D
2 nz:% n (2n)!

— n—1,m—1 2 tzn = 2n k) th

n=1 n=1
Note the identity (see [6])
3 N I O L 1412 3.11
z_;)(—) WP = Toe (- e VI E) ) @

where |t| < 1. We have

Z(—U”"(”’)Q@ﬁ:g)! - % (log (t+ /1 +t2)>2, (3.12)

n=0
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S (1) (- 1)) (;:)! % (1og (t+ 1+ ))

Thus, by (3.10) and (3.13), we have

2 oo on
(2n Ky t2" ( 3 ) (@2n—(k—2)) t
D, = D .
;; @n)! \log(t+vVI+?) Z%”‘ (2n)t
By (3.14), and note that
. t (—k)
lim =1 and D, =1,
>0 log(t + V1 +£2) 0
we have

2 o

t n t o t2n
pen- k) ( ) p2n—(k-2) _
Z log(t + 1+ %) 7;) 2n (2n)!

(3.13)

(3.14)

(3.15)

(3.16)

(3.16), (1.13) and (1.15), we immediately obtain (2.9). This completes the proof

of Theorem 3.

PROOF OF THEOREM 4. By Theorem 3, we have

d o] d k—1
22 P8  = ivrem (rv)
dt =" (2n)!  dt /1112 10g(t+ 1+1¢2)
2n
_ (2n— k+2) 2" (2n—k+2)
e EA S o

k—1 ( t )’“
t(1+t2) \log(t +vV1+12)/) '

i.e.

@—D(Q)Z:—lZD%h”F
log(t + v1+12) )!

n=0
(k- Q)tg - D(2n—k~+2) 2 (141 iD(27z—k+2) t2n
—~ (2n)! —m (2n — 1)

By (3.17), (1. 18)7 (2.9) and (2.10), we have

(k—1)@n)d) = (k— 1 —2n) D" 4+ on(2n — 1)(k — 2n) DM,

O

(3.17)

(3.18)

By (3.18) and (1.9), we immediately obtain Theorem 4. This completes the proof

of Theorem 4.

O
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PROOF OF THEOREM 5. By (2.10), (1.18), (1.20) and (1.26), we have

k
e
log(t + V1 +1t2) 2log(t+vV1+1t2)

:k'iT( 5. k) (210g(t+ \/1+t2)>

G—k) D> 2(n,j— k)g

n=j—k

(3.19)

Comparing the coefficient % on both sides of (3.19), we have

2n)1d) = 4m Jio m:r(k + 25, k)t(2n, 25). (3.20)

This completes the proof of Theorem 5. (]
Remark 3. By (1.19) and noting that ¢(n, k) = 0(n + k odd), we have

n
22 (z? —1%) ... (2% — (n —1)?) Zt2n2k
k=0

Therefore,

/OE 2@ 1% (@2 = (n—1)Dde = Y mt@n, oK),  (3.21)
k=0

and
x© n 2n oo x2n
——— (2 2k; t(2n, 2k
7;); 2k+1 22k+1 t(2n, kz:o 2k+1 92k+1 Z n, )(gn)!

2k
> 1 x 2
=2 @y (210g (ﬁ ”4>)

=0

2k
1 & 1 2
N 142
2;) 2k + 1)! <°g<2+ +4>>
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7 IIJ2
4log (“2“—&- 1+ %

x 1 om
= - = Z 7227%&-1 dgnl' .
4log (g +4/1+ ﬂ) n=0

Hence, n (2n)
1 2n)!
2 (2k + 1)22k+1t(2”’ 2k) = i dan:
k=0

By (3.21) and (3.22), we have

/O P a? =120 (- )P = 2o,

By (3.23) and noting that (see [10, p.211])

si > (=1
1n7m::1+z( )

T™r

we have

us 1
2 ginx 2 sin7wx
der=m dx
0 X 0 ™

_r Wm(_l)n %x2x2—2 22—
=5+ Z(m)?/o (z2 = 12).. . (

T T e (—=1)"(2n)! T e (=1)"(2n
LTS S CLO PR e 0]

221 ()2

92n (n1)2 2

n=1 n=

By (3.25) and (2.11), we immediately obtain (see (1.16))

/’2' Sinxd oo i (—1)"+1D§in71)
0 22n(2n — 1)(n!)2"

z T2

n=0

On the other hand, by (1.13) we have

22(z? = 1%) ... (2% — (n — 1)),

(n—1)?)dx

Sy Lo L
~ o2n)! VI -2 log(it + V1 #2)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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therefore (see (1.16)),

1]
2
3
4]
5]
6]
7
]
9]

[10]

[11]

(12]

3 (~)"D5” / it W
— (2n+1) o V1—tlog(it + V1 —1?)
= / T sing = / ST e, (3.27)
o coszlog(isina 4 cosx) 0 x

where 2 = —1.
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