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On the correlation of pseudorandom binary sequences using
additive characters

By HUANING LIU (Xi’an) and XIAOYUN WANG (Jinan)

Abstract. In this paper we study the correlation of pseudorandom binary sequen-
ces using additive characters, and study the number of quadruples in two special subsets
in Zy.

1. 1. Introduction

Pseudorandom binary sequences play an important role in cryptography, so
in a series of papers a new constructive approach has been developed to study
the pseudorandomness of the binary sequences

En = (e1,...,en) € {~1,+1}",
In particular in [9] C. MAUDUIT and A. SARKOZY first introduced the following
measures of pseudorandomness: the well-distribution measure of E is defined by
t—1
W (Ex) = max Jz::oewb :
where the maximum is taken over all a, b, t e Nwith 1 <a <a+ (t —1)b < N.
The correlation measure of order k of En is denoted as
M

Ck (EN)=IZ{14a1>)< E CntdyCrtds - - - Cntdy, | >

’ n=1
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where the maximum is taken over all D = (dy,...,d;) and M with 0 < d; <
- <dp < N—M, and the combined (well-distribution-correlation) PR- measure
of order k

t

Qr (En) = max E €atjb+dy Catjbtds - - - Catjbtdi
a7 tAd] .
j=0

is defined for all a, b, t, D = (d1,...,d) with 1 < a+jb+d; < N (i =1,2,...,k).
The sequence is considered as a “good” pseudorandom sequence if both
W(EN) and Ci(En) (at least for small k) are “small” in terms of N. Later
many pseudorandom binary sequences were given and studied (see [1], [4], [6], [7],
[12], [13], [8], [10], [11] for details). For example, let p be an odd prime number,

f(z) € Fplz], and define E, = (e1,...,ep) by
{+1, if 0<Ry(f(n) <p/2,
e = (1.1)

—1, if p/2 < Ry(f(n)) <p,

where R,(n) denotes the unique r € {0,1,...,p — 1} such that n = r (mod p).
C. Maupulr, J. RIvAT and A. SARKOzY [8] studied the sequence (1.1). They
showed that for this sequence both W (Ey) and the correlations of “small” order
are “small”:

Proposition 1.1. For f € F,[x] of degree d and E, = (eq,...,e,) defined
by (1.1), we have
W(E,) < dp'/*(logp)*.

Proposition 1.2. For f € F,[z] of degree d and E, = (e1,...,e,) defined
by (1.1), we have for 2 <1<d -1,

Ci(Bp) < dp'/?(logp)*".
On the other hand, they showed that certain correlations of “large” order
can be “large”:

Proposition 1.3. For any k = 2' there exists a constant ¢ = c(k) > 0
such that if p is a prime number large enough, f € F,[x] is of degree k and
E, = (e1,...,ep) is defined by (1.1), then

T+M
1%1)%/)[( ET €n€n4l ... Cntrk—1| > Cp.
n=

I<T<T+M<p



Correlation of pseudorandom binary sequences. . . 147

In this paper we shall further study the correlation of sequence (1.1). In
Section 3 we show that for this sequence the correlations of odd order are “small”:

Theorem 1.1. For f € F,[x] of degree d > 2 and E, = (e, ..., e,) defined
by (1.1), we have for Il € N with 211,

Ci(E,) < dp'/*(logp)'™.

In [8] C. MAuDUIT, J. RIVAT and A. SARKOZY wrote that, “we expect that
if the order of the correlation is greater than the degree of the polynomial, then
the correlation is large. However, this can not be shown along these lines since
then there are many large terms contributing to the sum to be estimated, thus
a different approach is needed.” In Section 4 we shall give a simple example to
show that this conjecture may be true.

Theorem 1.2. Let p > 3 be a prime, and let £, = (€}, ...,e,) be defined
by

(1.2)

€n

,[#1, if 0<R,(n®) <p/2,
—1, if p/2<Ry(n?®) <p.

Then for any M with M < m, we have

AN !/ /
E €nCni1€ni2€ni3 > M.
n<M

The famous Szemerédi’s theorem asserts that any set of integers of positive
upper density contains arbitrarily long arithmetic progressions. E. SZEMEREDI
[16], [17] used combinatorial methods to give the first full proof of this theorem.
Later, H. FURSTENBERG [2], [3] introduced an ergodic theoretic proof of this
theorem. K. F. ROTH [14] proved Szemerédi’s theorem for progressions of length
three by using the exponential sums. His proof could be concluded as follows.

(1) Define an appropriate notion of pseudorandomness.

(2) Prove that every pseudorandom subset of {1,2,..., N} contains roughly the
number of arithmetic progressions of length & that you would expect.

(3) Prove that if A C {1,2,..., N} has size 6N and is not pseudorandom, then
there exists an arithmetic progression P C {1,2,..., N} with length tending
to infinite with N, such that |[ANP| > (6+¢€)|P|, for some € > 0 that depends
on § and k only.
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W. T. GOWERS [5] generalized Roth’s argument. Let Zy be the ring of
integers modulo N. For f : Zy — C and any k, the difference function A(f;k)
is defined by A(f;k)(s) = f(s)f(s—k), and the iterated difference function
A(f;aq,...,aq) is denoted by

A(fyar,...,aq)(s) = AA(fra1, ..., aq-1);a4)(8).

Furthermore we set f(r) = Ysezy f(8)e( — %), where e(y) = ™, and fis
the discrete Fourier transform of f. Let A be a subset of Zy, and denote the
characteristic function of A by the same letter. Given a set A of cardinality J NV,
we define the balanced function of A to be fa : Zy — [—1,+1], where

1-46, seA,
Jalo) = {5, s¢ A

It is easy to show that f(r) = A(r) for r # 0.

Definition 1.1. Let D denote the closed unit disc in C, and f : Zy — D.
If there are at most o( N9~1) values of (ay,...,aq_1) for which there exists some
r € Zy with o
A(f;ar,...,aq-1)(r)| > N,
we say that f is uniform of degree d. If f is the balanced function f4 of some set
A C Zy, then we shall also say that A is uniform of degree d. Especially when d
equals one or two, we say that f is uniform or quadratically uniform.

W. T. GOWERS [5] proved the following:

Proposition 1.4. Let A C Zy be uniform of degree k — 2 and have cardi-
nality )N. Then A contains an arithmetic progression of length k.

Furthermore, he presented the following conjecture.

Conjecture 1.1. Let A C Zy be a set of size §N. Then, if A is uniform,
the number of quadruples (z,z + d,x + 2d,z + 3d) in A* is at least (6* — a)N?,
where o = 0o(9).

In Section 5 we shall study two special subsets of Zy, and prove the following
results.

Theorem 1.3. Let Ay = {n : n € Z,,0 < R,(n®) < p/2}. Then A; is

quadratic uniform. Let A1 = 0p, then 6 = % + 0(101/271101510) and

33 Am)Ai(n + d)Ar(n + 2d) Ay (n + 3d) = 5*p* 4+ O (p3/2(log p)4) .
d<p n<p
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Theorem 1.4. Let Ay = {n : n € Z,,0 < R,(n?) < p/2}. Then A, is
uniform, but A, is not quadratic uniform. Let As = dp, then

1 1
b=-40(—v—
2" <p1/2 10gp>

and

1
D) As(n) Az(n+d) Ag(n+2d) Ag(n+3d)= <54+ 8192> p*+0 <p3/2(10gp)4) :
d<p n<p

2. Some lemmas

To prove the theorems, we need the following lemmas.

Lemma 2.1. If n € Z and m is an odd integer, then we have

% T ol (@) _ {+1, if 0< Rp(n) <m/2,

la|<m/2 m =1, if m/2 < Rp(n) <m,

3

where v, (a) is a function of period m such that

(=1)® — cos(wa/m)

vm(0) =1, vpla)=1+14 sin(ma/m) (1< Jal < m/2).
Furthermore, v,,(a) satisfies
o(1), if a is even,
Um(a) 2
2L 0@, ifa s odd.
a
PROOF. This is Lemma 2 in [§]. O

Lemma 2.2. For any polynomial f(x) of F,[x] of degree d > 2 and any
integers M and K with 1 < K < p we have

§08)

n=M+1

1/2

< dp*’“logp.

PROOF. See [18]. O
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Lemma 2.3. Suppose that p is a prime number and f(x) = ajz +--- +
a1z + ag € Zlx] is a polynomial with 0 < [ < p and (a;,p) = 1. Then

()

n=0

< (1—1)p'/2.

PRrOOF. This is Corollary 2F in [15]. O

Lemma 2.4. Let p > 3 be a prime, and let j, k be integers with 0 < j <
k < 3. Then we have

Z Z p(aj)vp(ar) Z Z ( i(n+ jd)? ;ak(nJrkd)s)

laj|<p/2 |ak|<p/2 d<p—1 n<p

< p"*(logp)?.

PROOF. Let G1(n) = a;(n + jd) + ar(n + kd)3. Then

- XY w0 T ()

‘a_7|<p/2 ‘ak‘<p/2 d<p—1 n<p
deg(G1(n))>2
DI MIIEA DD MR G ED WD S
J/7P D : 1 5
laj|<p/2 |ax|<p/2 d<p-1 n<p
deg(G1(n))<1

By Lemma 2.1 and Lemma 2.3 we easily get

o< D D Il Yo pt?

lajl<p/2|ar|<p/2 d<p—1
2
: p
<<p3/2< > MI) < p"?(logp)*.
lal<p/2
a#0

On the other hand, noting that
G1(n) = (a; + ax)n® + 3dn*(ja; + kay) + 3d*n(j%a; + k*ax) + d*(j%a; + k3ay,),

then

i =0 d
deg(G1(n) <1 if and only if @+ o (mod p)
ja; +karp =0 (mod p),



Correlation of pseudorandom binary sequences. . . 151

which implies that a; = ar, = 0. Then we have

ZQ < 0,(0)v,(0)p? < p?.

Therefore
U, < p™/?(logp)?. O

Lemma 2.5. Let p > 3 be a prime, and let j,k,l be integers with 0 < j <
k <1 < 3. Then we have

o= > > > wplag)vp(ar)vy(a)
laj|<p/2 lak|<p/2 |ai|<p/2
aj(n+jd)® + ax(n + kd)® + a;(n + ld)?’)
X e
> e ;

d<p—1n<p

< p??(log p)®.

PROOF. Let Ga(n) = a;(n + jd)* + ar(n + kd)® + a;(n + 1d)®. Then

n- Y Y Y sl Y X o2

laj|<p/2 lax|<p/2 |ai|<p/2 d<p—1  n<p p
deg(G2(n))>2
Ga(n)
D DEED DD B CHTICHEACIED DD DR G
laj|<p/2 |ak|<p/2 |ai|<p/2 d<p-1 n<p
deg(G2(n))<1

= Zl + Zz. (2.1)

By Lemma 2.1 and Lemma 2.3 we easily get

S > > > wlapl vl lpla)] Yo p

laj|<p/2 lax|<p/2 |ai|<p/2 d<p—1
3
p
<<p3/2< > |a> < p"*(logp)®. (2.2)
lal<p/2
a#0

On the other hand, noting that

Ga(n) = (a; + ax + a;)n® + 3dn*(ja; + kay + la;)
+ 3d2n(j2aj + K2ap 4 Pa)) + d3(j3aj + E*ay, + BPay),
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then

a; +ap+a; =0 (mod p)

deg(Ga(n) <1 if and only if
8(Ca(n) {jaj+kak+lal50 (mod p).

Therefore

Yo=Y vla)ula)v(a)

laj|<p/2 lax|<p/2 |ai|<p/2
aj+ar+a;=0 (mod p)
jaj+kar+la;=0 (mod p)

3d?n(j%a; + k2ax, + Pay) + d(j3a; + kBay + BPay)
3|

d<p—1 n<p p

=p E , E , § p(a)vp(ar)vp(ar)
lajl<p/2 |ax|<p/2 |az|<p/2
aj+ar+a;=0 (mod p)
jaj+kar+la;=0 (mod p)
j2aj+k?ap+12a;=0 (mod p)

" Z (d3 jla; +k3ak+l3al)>

d<p—1 p
Since
a;+ar+a; =0 (mod p) a; =0 (mod p)
jaj + kag +1la; =0 (mod p) if and only if ar =0 (mod p)
j%a; + k?ap +1?a; =0 (mod p) a; =0 (mod p),
we have

ZQ < p?. (2.3)
Now from (2.1)-(2.3) we immediately get
U, < p%(log p)®. d

Lemma 2.6. Let p > 3 be a prime. Then we have
Yoood > Y wlao)vpla)vy(as)vy(as)
lao|<p/2 |a1|<p/2 laz|<p/2 |as|<p/2

aon® + a1 (n +d)3 + az(n + 2d)® + az(n + 3d)?
< 2 2o p

d<p—1 n<p

< p'%(log p)*.
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PROOF. Let G3(n) = aon® + a1(n + d)3 + az(n + 2d)? + az(n + 3d)3. Then

V3 = Z Z Z Z vp(ao)vp(ar)vp(az)vy(as)

lao|<p/2 |a1|<p/2 |az|<p/2 |as|<p/2

G3(n))
x E E e =2
1<p1 < < p
asp nsp

deg(G3(n))>2

+ 3 > 3 > w(ao)vp(ar)vp(az)vp(as)

lao|<p/2 |a1|<p/2 |az|<p/2 |as|<p/2

<3 Y e <G3]§")> =3+, (2.4)

d<p—1 n<p
deg(G3(n))<1

By Lemma 2.1 and Lemma 2.3 we easily get

<X X Y > ma)llanlvplaz)llvglas) > pH2

lao|<p/2 |a1|<p/2 |az|<p/2 |as|<p/2 d<p—1

4
<<p3/2< > p) < p"/?*(logp)°. (2.5)

a2
a#0

Noting that

G3(n) = (ag + a1 + as + az)n® + 3dn?(ay + 2ay + 3as)
+ 3d*n(ay + 4as + 9a3) + d*(ay + Sag + 27a3),

then

ap+a; +as+a3 =0 (mod p)

deg(Gs(n) <1 if and only if
(Gs(n) {al +2a3+3a3 =0 (mod p).

Therefore

Y= 0 > > Y wlao)vpla)vylaz)up(as)

lao|<p/2 |a1|<p/2 |az|<p/2 |a3z|<p/2
ap+ai+az+as=0 (mod p)
a1+2a2+3a3=0 (mod p)

3d2n(a1 + 4(12 + 9(13) + d3(a1 + 8(12 + 27(13)
<Y e -

d<p—1 n<p
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=p Y. D> > > vlao)vylar)vp(as)uy(as)

lao|<p/2 |a1|<p/2 |az|<p/2 |as|<p/2
apt+ai+as+a3=0 (mod p)
a1+2as+3a3=0 (mod p)
a1+4as+9a3=0 (mod p)

" Z (d3 a1 + Sas —|—27a3))

d<p—1 p

By Lemma 2.1 and Lemma 2.3 we can get

DL > D D Y Iwpao)llup(an)lup(az)llvg(as)] - pt/

lao|<p/2 la1|<p/2 |az|<p/2 |as|<p/2
apt+ai+as+a3=0 (mod p)
a1+2as+3a3=0 (mod p)
a1+4a24+9a3=0 (mod p)
a1+8a2+27a3#0 (mod p)

oY Y S upao)llvglan)lup(az)llvy(as)]

lao|<p/2 |a1|<p/2 |az|<p/2 lasz|<p/2
aptai+as+az=0 (mod p)
a1+2a2+3a3=0 (mod p)
a1+4a3+9a3=0 (mod p)
a1+8a2+27a3=0 (mod p)

4
<<p3/2< > |§|> +p(p = D]op(0)* < p™/>(logp)*. (26)
lal <p/2
a#0

Then from (2.4)-(2.6) we immediately have
U3 < p'/?(logp)°. O

Lemma 2.7. Let p > 3 be a prime, and let j, k be integers with 0 < j <
k < 3. Then we have

= 3 0 3 wlala) Y Ye ( i(n+ jd)? +ak(n+kd)2>

p
lajl<p/2  |ak|<p/2 d<p—1 n<p

< p"*(logp)?.
Proor. By Lemma 2.1 and Lemma 2.3 we easily get
in+jd)* +a n+ kd)?
=YY w3 Yo (U talr

p
lajl<p/2 lak|<p/2 dﬁp 1 n<p
plaj+axk
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O( Z Z |Up(aj)||vp(ak)|_p3/2>

laj|<p/2 |ax|<p/2

ptaj+ar
o Z Z Z (Zadj_ n+a/d2(j2—k2)>
lal<p/2 d<p—1 n<p p
a#0
+0 (p"/(10gp)?) < p"/*(10g p)*. D

Lemma 2.8. Let p > 3 be a prime, and let j,k,l be integers with 0 < j <
k <1 < 3. Then we have

Ty = Z Z Z vp(aj)vp(ar)vp(ar)

lajI<p/2 lax|<p/2 lai|<p/2

a nJrjd +ap(n+ kd)? + a;(n+1d)? )
> Z Z (J ( . ) ( ) <<p9/2(10gp>3.
d<p—1 n<p

PrOOF. By Lemma 2.1 and Lemma 2.3 we get

Ty = Z Z Z vp(aj)vp(ar)vp(ar)

laj|<p/2 lar|<p/2 |ai|<p/2

aj+ar+a;=0 (mod p)
aj(n+ jd)? + ap(n + kd)* + a;(n + 1d)?
<Y e 2
d<p—1 n<p

0( > > |vp<aj>||vp<ak>||vp<al>|-p3/2>

laj|<p/2 |ak|<p/2 |ai|<p/2
aj+ar+a#0  (mod p)

o Y wlayular)vgla)

laj|<p/2 |ak|<p/2 |ai|<p/2
aj+ar+a;=0 (mod p)

2d(ja; + kag + la))n + d?(52 a; + k2ay, + 1?a;)
I p

d<p—1 n<p

+0 (pg/ 2(10gp)3)

2 3 d*(j%aj+k*ap+1%a
- Z Z vp(az)vp(ar)vp(ar) e( (a5 . k l))
lajl<p/2 lak|<p/2 |ai|<p/2 d<p-1
aj+ar+a;=0 (mod p)

jaj+kar+la;=0 (mod p)
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+0 (pg/ 2(10gp)3)

=pp—1) Z Z Z vp(a;)vp(ak)vp(ar)

laj|<p/2lar|<p/2|ai|<p/2
aj+ar+a;=0 (mod p)
jaj+kar+la;=0 (mod p)
j2aj+k?2ar+1%2a;=0 (mod p)

+0|p > > > Iwplayllvplar)llvga)] - p'

laj|<p/2 lak|<p/2 |ai|<p/2
aj+ar+a;=0 (mod p)
jaj+kar+la;=0 (mod p)

j2aj+k%ar+12a;#0 (mod p)

+0 (pg/ 2(logp)?’)

=pp-1 Y Y Y wla)vlavla) +0 (P (logp)*) .
lajl<p/2 lax|<p/2 |ai|<p/2
aj+ar+a;=0 (mod p)
jaj+kar+la;=0 (mod p)
j2a;+k?ar+12a;=0 (mod p)

Noting that

aj+ap+a; =0 (mod p) a; =0 (mod p)
jaj + kay +la; =0 (mod p) if and only if ar =0 (mod p)
j%aj + k*ap 4+ 1?a; =0 (mod p) a; =0 (mod p),

then we have
T, < p°?(logp)?.

Lemma 2.9. Let p > 3 be a prime. Then we have

T3 := Z Z Z Z Up(ao)vp(al)Up(GQ)vp(a3)

lao|<p/2 |a1|<p/2 |az|<p/2 |asz|<p/2

2 2 2 2
apn® + a1 (n + d)? + az(n + 2d)* + az(n + 3d)
2 2 p

d<p—1n<p

_ 1 s 11/2 4
=P +O (p (logp) )
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ProOOF. By using the methods in Lemma 2.8 we can get

Ts=p(p—1) Z Z Z Z vp(a;)vp(ak)vp(ar)

lao|<p/2 |a1|<p/2 |az|<p/2 |as|<p/2
ao+ai+az+asz=0 (mod p)
a1+2as+3a3=0 (mod p)
a1+4as+9a3=0 (mod p)

+0 (pll/g(logp)4> .
Noting that

ap+ a1 +az+a3=0 (mod p) ap = —as (mod p)
a; +2as +3az3 =0 (mod p) if and only if a; = 3az (mod p)
a1 + 4as +9a3 =0 (mod p) as = —3as (mod p),
therefore
To=p(p—1) . vp(-a)v,3a)uy(~3a)up(a) + O (p"/2(l0gp)*)
la|<p/2
It is not hard to show that
4
Yo v(—auBa(-3au(e) < > ﬁ <p
p/6<|al<p/2 p/6<|al<p/2
and
Y vp(—a)u,Ba)uy(—Ba)vy(a) < Y 1< p,
la|<p/2 la|<p/2
2|a 2|a

then from Lemma 2.1 we have

Ts=p(p-1) Z vp(—a)vp(3a)vy(—3a)vy(a) + O (pll/z(logp)4)

ol <p/6
2ta
o= 3 (2 om) (32 + o)
Ta 3ma
lal<p/6
2fa
2ip _2ip 11/2 4
x <3m +0(1)> ( — +0(1)> +0 (p"/2(10gp)")
1 1
=’ (p=1) Y = +0(p"(10gp)?)
lal<p/6
2ta
5((4 1
= zi(ﬂfpﬁ +0 (p”/Q(lng)“) ="+ 0 (p”/Q(lng)“) : O
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3. Proof of Theorem 1.1

For M <p,leNwith24l,and0<d; < ---<d; < p—M, from Lemma 2.1
we have

E €n+dy -+ - Cntd;

n<M

:ll Z Z Up(al)"'vp(al)Ze<a1f(n+d1)+"'+alf(n+dl)>
n<M

larl<p/2  lail<p/2 p

== Z Z Up<a1)-~-vp(al)Ze(alf(n+d1)+.”+alf(n+dl)>

P <2 lal<er2 p
plai+-+a;

+1% Z Z up(al)...vp(al)ze<a1f(n+d1)+...+alf(n+dl)>
n<M

lar|<p/2  lail<p/2 b
plai+-+a

=y FY (3.1)

Suppose that a is the leading coefficient of f(n), then a(a; + - -+ a;) is the
leading coefficient of a1 f(n +di) + -+ aif(n+d;). ff ptay +- -+ a then

the degree of a1 f(n+dy) + -+ af(n+d;) is > 2. So from Lemma 2.2 and
Lemma 2.1 we get

1 1/2
€y X X )]yl dp!?logp

lai|<p/2  |ai|<p/2
ptai+-+a

!

1

< dp'/?logp - - Z L) < dp'/?(log p)'*. (3.2)
al<ayz 1

a#0
On the other hand, by Lemma 2.1 we can have

Z Z Z vp(ar)vp(az) ... vp(ar)

lair|<p/2 |az|<p/2  |al<p/2
2|a1
plai+az+---+a;

5 Z e(alf(n+d1)+'~~+alf(n+dl))

n<M p

<M D > fuplaz)] - fop(ar)|

laz|<p/2 la|<p/2
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-1
p _
<<M-< Z a|> < p'(logp)~t.

la|<p/2
a#0

Therefore

E E E vp(ar) ... vp(a)
\a1\<p/2 lai|<p/2
21’(11 21’(1[
plai+-+a;

Sy (alfn—i—dl)

n<M

<MD ) (logp)
la1|<p/2 \az\<p/2 '
2tay 2ta;
plai+--+a;

<p Z Z + (logp)' 1.
lai|<p/2 |az\<P/2 '
a17#0 a;#0
plai+-+a;

p

Noting that

2o X

lai|<p/2 \al\<P/2
a17#0 a;#0
plai+-+a
a1+--+a;#0

=2 2

[k|<l/2arl<p/2  lai|<p/2
E#£0  a1#£0 a;#0
ar+-+a;=kp

1
-y LYy
|k|<l/2 lax|<p/2 \az\<p/2
k;é() a17$0 G.];éo
ai+---+a;=kp

1
c+a; \az...q

-1
1 1 1 1 B
<=5 o ( ) |a|> < ];(logp)l ' llogl,

|k|<l/2 la|<p/2
k#0 a#0

.+alf(n+dl)>+o((

ay...aj—1

logp)' 1)

e
.. ap—1

159
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we have
1
22 <p Z Z or + (logp)'=t - 1logl.
jar[<p/2  al<p/z "t
al;éO a,;ré()
a1+-+a;=0
Since [, ai,...,a; are odd numbers, then a; + --- + a; is odd.

a1 + -+ a; = 0 is impossible. So we have
Zz < (logp)' =" - llogl.
Then from (3.1), (3.2) and (3.3) we get

Z €n+dy - - Cntd, K dp1/2(10gp)l+l-
n<M

Therefore
Ci(E,) < dp*/?(log p)' .
4. Proof of Theorem 1.2

By Lemma 2.1 we get

! ! !/
E enen+1en+26n+3
n<M

Therefore

(3.3)

B I% Z Z Z Z UP(GO)Up(al)Up(az)vp(ag)

lao|<p/2 |a1|<p/2 |az|<p/2 |asz|<p/2

" Z o <a0n3 +a1(n+1)% +az(n+2)3 +a3(n+3)3) .

n<M p

Define F(n) = agn® + a1(n + 1)% + aa(n + 2)% + az(n + 3)%. We have

/AN / !
€nCn4+16n4+26n+3
n<M

LYY YT waolanua)le)

4
P aol<p/2 las|<p/2 las|<p/2 las|<p/2

5 ()

n<M
deg(F(n))>2
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= >3 S Y w(ao)vylar)vyaz)vy(as)

\ao\<p/2 la1|<p/2 |az|<p/2 |az|<p/2

> F(“))
X € ( =T, + WU, (41)
n<M p

deg(F (n))<1

By Lemma 2.1 and Lemma 2.2 we easily get

4
1 p
U < — ( Z M) p?logp < p1/2(logp)5. (4.2)

la|<p/2
a#0

On the other hand, noting that

F(n) = (ap + a1 + az + az)n® + 3(ay + 2a2 + 3as)n?
+ 3(a1 + 4az + 9as)n + (a1 + 8ag + 27as).

Then

ag+ a1 +as+az3 =0 (mod p)

deg(F(n)) <1 if and only if
( a1+ 2as +3a3 =0 (mod p).

Therefore

1
Ll Y Y Y Y s
lao|<p/2 la1|<p/2 |az|<p/2 lasz|<p/2
apt+ai+as+a3=0 (mod p)
a1+2as+3a3=0 (mod p)
6 3 6 4
3 oozttt )

p

n<M

Let 1< A< be a parameter. We have

432M

oo Y Y vlan)vla)vy(az)vy(as)

A<|ao|<p/2 la1|<p/2 |az|<p/2 |as|<p/2
ag+ai+az+asz=0 (mod p)
a1+2a2+3a3=0 (mod p)
6 3 6 4
" Z e( (ag + 3az)n + 6(as + a3)>

p

n<M
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< XY Y Ewla)lve(a)lvplas)| - M

la1|<p/2 |az|<p/2 |a3|<p/2

3
pM P p*M 3
—_— — — (1 .
< A( E a|> < 1 (log p)
la|<p/2
a#0

On the other hand,

S0 3 Y wao)vplar)vp(as)vy(as)

lao|<p/2 |a1|<p/2 |az|<p/2 |asz|<p/2
2|ao
ap+ai1+az+as=0 (mod p)
a1+2a2+3a3=0 (mod p)

e (G(ag + 3az)n + 6(az + 4a3)>

n<M p

< DY Y vla)lvpla)llvglas)] - M

la1|<p/2 laz|<p/2 |as|<p/2

3
<<M< Z p) < p*M (log p)®.
|

a|<p 2 | |
/
a;ﬁO

Therefore

by = 4 Z Z Z Z vp(ao)vp(ar)vy(az)vp(as)

|a0|<A \a1|<A \a2\<A |a3\<A
2J(a0 2*(11 2’((12 2’(a3
aptai+az+a3=0 (mod p)
a1+2a2+3a3=0 (mod p)

" Z o (G(ag + 3a3)n + 6(az +4a3)) 40 <J\Z (bgp)g)

n<M p

— Z Z vp(az + 3asz)vp(—2a2 — 3as)v,(az)vy(as)

|a2|<A \a3|<A

2“'0.2 2*(13
6(az + 3az)n + 6(az + 4a3)) (M 3>
X e +0 | —(lo
72;4 ( » — (logp)

7 33 (v o) (s pam tOW)

laz|<A |as|<A
2*0.2 2*’(13
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(tag 00) (“rray o)
Y (6(a2 + 3a3)n + 6(as +4a3)) ‘o (Aj (logp)3>

n<M p

16 1
Tt Z Z (a2 + 2a3)(2a2 + 3as)azas

laz|<A |az|<A

21’(12 21’(13
6(as + 3az)n + 6(as + 4as) M 3
— (1 .
<o : +0 (= (logp)
n<M
Since |a| < A, |az| < A and A < 857, then
6(as + 3az)n + 6(as + 4as) < 24M A + 30A < 54M A < 1
p - P - p 8
Therefore 6 3 6 A
Re Y e( (az + 3az)n + 6(ag + as)) > M
n<M p
Then
1 M
ol >M Y Y + —(log p)’®
laz|<A |as|< A |a2+2a3||2a2+3a3||a2\|a3| A
2tag 2tas
M
> M + —(logp)®.
A
Noting that M < m, then we have
[Wa| > M. (4.3)

Then from (4.1), (4.2) and (4.3) we have

/AN, !/ /
E enen+1en+26n+3 > M.
n<M

5. Proof of Theorem 1.3 and Theorem 1.4

First we prove Theorem 1.3. By Lemma 2.1 we get

3

Ai(n) = 2i 3 vp(a)e ("”) + % (5.1)

p
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Then from Lemma 2.1 and Lemma 2.3 we get

s=E a5 & v Se() 4

lal<p/2 n=1
1
:§+O< Z 1/2+1>: 1/210gp)-
P lai<pr2 12
a#0

Define ‘A1| = 6p, then 6 = 35 + O(W)
For r # 0 and k # 0, by Lemma 2.1 and Lemma 2.3 we get

Al, ZAl Al n— )e (—7;1)

P 3 )
Z Z p(a)e (Cm> +3
n=1 \ P |aj<p/2 p
1 b(n — k)3 1 M
x| — Z v(b)e(>+ e<—>
2 p 9
P \vi<ps2 p p
1 an® +b(n — k)3 —rn
= e Z vp(a) Z vp(b) Ze ( 5
lal<p/2 |bl<p/2 n=1
1 - an® —rn
+ @ Z vp(a) e < p )
lal<p/2 n=1
1 " (b(n—k)P —rn
t 2w e ( - >
|bl<p/2 n=1
1< rn
rie(-7)
1 - an® +b(n — k)3 —rn
SE D DRI SR o (el U=l ey
la|<p/2 [b|<p/2 n=1
1
+0| = Z P2
Pl
al<p/2
a#0
an® +b(n—k)> —rn
Y w@u®) e ( o=k )
la|<p/2 |b|<p/2 n=1

pla+b
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( Yo D lup@)llu(d) 1/2>+O(p1/210gp)

la|<p/2 |b]<p/2
pta+b

Y an’ — 2a 4+ r)n + ak®
:i? Z Up(a)vp(—a)ze<3k (3k2a + r)n + k;)

1
P ai<pr2 n=1 b
+0 (pl/Q(logp)2)
2
p
> PP (ogp)® < p' 2 (logp)’.

P lai<p2
a#0

Then A; is quadratically uniform according to Definition 1.1.
On the other hand, from (5.1) we have

> > Ai(n)Ar(n+ d) Ay (n + 2d) Ay (n + 3d)

d<p n<p

- Z ZAl VA1 (n + d)A1(n + 2d) Ay (n + 3d) + O(p)

d<p—1 n<p
S Y5ty X wleoe(™
= -+ — v, (a
22 PO »
d<p—1 n<p lao|<p/2
" %+ % <a1 n+d) )
P |a1\<p/2
1 1 n+2d
X 5 + % Up a2
laz|<
1 1 3d)3
N ag(n +3d)” (n+ 0@
2 2p| P

_T 16p YD Y wlaye ( n+]d>

j=0 d<p—1 n<p |a;|<p/2

2. 22 2 > wlavlw)

0<j<k<3d<p—1 n<p |aj|<p/2 |ak|<p/2

. <aj(n +jd)? + ax(n + kd)3>
p

16p
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+% Z Z Z Z Z Z vp(a;)vp(ak)vp(ar)

0<j<k<I<3 d<p—1 n<p |a;|<p/2 |ax|<p/2 |ai|<p/2
. (aj(n+jd)3 +ag(n + kd)® + al(n+ld)3>
p
D 30 31D D DD DD DIRACS I NCAINeS
d<p—1n<plao|<p/2|a1|<p/2|az|<p/2 |az|<p/2
. <a0n3 +ai(n+d)® + az(n+2d)® + az(n + 3d)3>
p

1
;:EPQ+Q1+QQ+93+Q4+O@).

By Lemma 2.1 and Lemma 2.3 we easily get

S D D I S (L=

7=0 d<p—1 n<p |a;|<p/2 p

3
1 D 1/2 3/2
< ]; E E E m -p <Lp logp.
7=0 d<p—1 | |aj|<p/2 "’
aj7$0

From Lemma 2.4, Lemma 2.5 and Lemma 2.6 we also have
Oy < p*2(logp)®, Q3 < p*2(logp)®, Q< p**(logp)*.

Therefore

> > Ai(n)Ar(n + d) Ay (n + 2d) Ay (n + 3d)

d<p n<p
1
=P+ 0 (p3/2(10gp)4) =5'p*+0 (p3/2(10gp)4) :
This proves Theorem 1.3.
Now we prove Theorem 1.4. By Lemma 2.1 we get
2

Ap(n) =+ 3 vla)e (‘m) + % (5.2)

2
P laj<ps2 b

Then from Lemma 2.1 and Lemma 2.3 we get

- an2
A2l =) s = 50 3 vp<a>26<p>+§

la|<p/2 n=1
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p 1 P12 p 1/2
==+0|- . 1]==+4+0 1 )
o (p > o P > 5+ (p ogp)
lal<p/2
a#0

Define |As| = dp, then 6 = + O(W)
For r # 0, by Lemma 2.1 and Lemma 2.3 we get

_ zp: As(n)e (—?)
:21 S, Ep: <an —m> %2”: ( )

la|<p/2 n=1 n=1

1 D
< = Z m-p1/2<<p1/210gp.

Pai<ps
a#0
Then Aj is uniform according to Definition 1.1. For any k # 0 and r = R,(2k),
by Lemma 2.1 and Lemma 2.3 we get

A(Agi k) ZAQ )As(n — k)e (—?)
B
Zi > wp(be <W>+

P oi<ps2

X

()

:% S ula) ie(an +b(n — k)? —rn>

DN | =

4
b la|<p/2 \b|<p/2 n=1
1 _
L Z vp(a) <n rn>
p|a|<p/2 n=1
p 2 P
b(n—k)* — 1
b Y w e (M) Ly e ()
lb|<p/2 n=1 p ot p
1 u an +bn—/€)2—rn
= X ) X by e (T
la]<p/2 \b|<p/2 n=1
1
+0| - Z P2
P, |al
al<p/2

a#0
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LY Y i (an —|—bn—kj)2—rn>

p
|<1\<p/2 [b|<p/2
pla+b

< Yo D lul@lup(d) 1/2>+0(p1/210gp)

la|<p/2 [b|<p/2
pta+b

_ % <Z a)vy(— i < Qkavznakz) +O( 1/2(10gp) )

- %vp(mp(fl)e (f) > p.

Then As is not quadratically uniform according to Definition 1.1.
On the other hand, from (5.2) we have

> Ax(n)As(n + d) Ag(n + 2d) Ay(n + 3d)

d<p n<p

= > ) As(n)As(n + d)Az(n + 2d) Ay(n + 3d) + O(p)

d<p—1 n<p
1 agn?
-~ 3|3 meu)
d<p—1 n<p lao|<p/2
1 1
Y n—i—d
2 2p‘
1 ( 2(n + 2d)?
iy T
p‘ I<p )
1 1 n+3d
e O(p
“l2t 2 ( +

lag|<p

_T 161720 2. 2 2wl ( e )

J d<p—1 n<p |a;|<p/2

16p Z Z Z Z Z a] vp(ak)

0<j<k<3 d<p—1 n<p |a;|<p/2 |ar|<p/2

. (aj(n+jd)2 +ap(n + kd)Q)
p
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1
+@ Z Z Z Z Z Z vp(aj)vp(ar)vp(ar)

0<j<k<I<3 d<p—1 n<p |a;|<p/2 |ax|<p/2 |ai|<p/2
. (aj(n+jd)2 +ag(n + kd)> + ay(n + ld)2)
p
DI ID VD VD SR DT ere
d<p—1 n<p |ao|<p/2 |a1|<p/2 |az|<p/2 |as|<p/2
‘e (a0n2 + a1(n+d)? + az(n + 2d)* + az(n + 3d)2>
p

1
;:TGP2+T1+T2+T3+T4+O(]D).

By Lemma 2.1 and Lemma 2.3 we easily get

T XY X e

=0 d<p—1 n<p |a;|<p/2 P

3
1 p 1/2 3/2
< 5 E E < E |(L|> Y <L p logp.
j=0 d<p—1 \|as|<p/2 "’
aj;éO

From Lemma 2.7, Lemma 2.8 and Lemma 2.9 we also have

1
T, < p*/%(logp)?, T3 < p*?(ogp)®, YTi=——p*+0 (p3/2(10gp)4) -

8192
Therefore
> ) As(n)As(n + d) Az (n + 2d) Aa(n + 3d)
d<pn<p
_ i 1 2 3/2 4\ _ 4 1 2 3/2 4
- <16+8192>p +O<p (logp) ) =+ 3102 P +O(p (logp) )

This proves Theorem 1.4.
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