
Publ. Math. Debrecen

79/1-2 (2011), 145–170

DOI: 10.5486/PMD.2011.4997

On the correlation of pseudorandom binary sequences using
additive characters

By HUANING LIU (Xi’an) and XIAOYUN WANG (Jinan)

Abstract. In this paper we study the correlation of pseudorandom binary sequen-

ces using additive characters, and study the number of quadruples in two special subsets

in Zp.

1. 1. Introduction

Pseudorandom binary sequences play an important role in cryptography, so

in a series of papers a new constructive approach has been developed to study

the pseudorandomness of the binary sequences

EN = (e1, . . . , eN ) ∈ {−1,+1}N .

In particular in [9] C. Mauduit and A. Sárközy first introduced the following

measures of pseudorandomness: the well-distribution measure of EN is defined by

W (EN ) = max
a,b,t

∣∣∣∣∣∣

t−1∑

j=0

ea+jb

∣∣∣∣∣∣
,

where the maximum is taken over all a, b, t ∈ N with 1 ≤ a ≤ a+ (t− 1)b ≤ N .

The correlation measure of order k of EN is denoted as

Ck (EN ) = max
M,D

∣∣∣∣∣
M∑
n=1

en+d1en+d2 . . . en+dk

∣∣∣∣∣ ,

Mathematics Subject Classification: 11K45.
Key words and phrases: pseudorandom binary sequence; additive character; subset.
This paper is supported by the National Natural Science Foundation of China under Grant

No. 10901128; and the Natural Science Foundation of the Education Department of Shaanxi

Province of China under Grant No. 09JK762.



146 Huaning Liu and Xiaoyun Wang

where the maximum is taken over all D = (d1, . . . , dk) and M with 0 ≤ d1 <

· · · < dk ≤ N −M , and the combined (well-distribution-correlation) PR- measure

of order k

Qk (EN ) = max
a,b,t,D

∣∣∣∣∣∣

t∑

j=0

ea+jb+d1ea+jb+d2 . . . ea+jb+dk

∣∣∣∣∣∣

is defined for all a, b, t, D = (d1, . . . , dk) with 1 ≤ a+jb+di ≤ N (i = 1, 2, . . . , k).

The sequence is considered as a “good” pseudorandom sequence if both

W (EN ) and Ck(EN ) (at least for small k) are “small” in terms of N . Later

many pseudorandom binary sequences were given and studied (see [1], [4], [6], [7],

[12], [13], [8], [10], [11] for details). For example, let p be an odd prime number,

f(x) ∈ Fp[x], and define Ep = (e1, . . . , ep) by

en =

{
+1, if 0 ≤ Rp(f(n)) < p/2,

−1, if p/2 ≤ Rp(f(n)) < p,
(1.1)

where Rp(n) denotes the unique r ∈ {0, 1, . . . , p − 1} such that n ≡ r (mod p).

C. Mauduit, J. Rivat and A. Sárközy [8] studied the sequence (1.1). They

showed that for this sequence both W (EN ) and the correlations of “small” order

are “small”:

Proposition 1.1. For f ∈ Fp[x] of degree d and Ep = (e1, . . . , ep) defined

by (1.1), we have

W (Ep) ¿ dp1/2(log p)2.

Proposition 1.2. For f ∈ Fp[x] of degree d and Ep = (e1, . . . , ep) defined

by (1.1), we have for 2 ≤ l ≤ d− 1,

Cl(Ep) ¿ dp1/2(log p)l+1.

On the other hand, they showed that certain correlations of “large” order

can be “large”:

Proposition 1.3. For any k = 2t there exists a constant c = c(k) > 0

such that if p is a prime number large enough, f ∈ Fp[x] is of degree k and

Ep = (e1, . . . , ep) is defined by (1.1), then

max
T,M

1≤T<T+M≤p

∣∣∣∣∣
T+M∑

n=T

enen+1 . . . en+k−1

∣∣∣∣∣ À cp.
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In this paper we shall further study the correlation of sequence (1.1). In

Section 3 we show that for this sequence the correlations of odd order are “small”:

Theorem 1.1. For f ∈ Fp[x] of degree d ≥ 2 and Ep = (e1, . . . , ep) defined

by (1.1), we have for l ∈ N with 2 - l,

Cl(Ep) ¿ dp1/2(log p)l+1.

In [8] C. Mauduit, J. Rivat and A. Sárközy wrote that,“we expect that

if the order of the correlation is greater than the degree of the polynomial, then

the correlation is large. However, this can not be shown along these lines since

then there are many large terms contributing to the sum to be estimated, thus

a different approach is needed.” In Section 4 we shall give a simple example to

show that this conjecture may be true.

Theorem 1.2. Let p > 3 be a prime, and let E′
p = (e′1, . . . , e

′
p) be defined

by

e′n =

{
+1, if 0 ≤ Rp(n

3) < p/2,

−1, if p/2 ≤ Rp(n
3) < p.

(1.2)

Then for any M with M ¿ p
(log p)4 , we have

∑

n≤M

e′ne
′
n+1e

′
n+2e

′
n+3 À M.

The famous Szemerédi’s theorem asserts that any set of integers of positive

upper density contains arbitrarily long arithmetic progressions. E. Szemerédi

[16], [17] used combinatorial methods to give the first full proof of this theorem.

Later, H. Furstenberg [2], [3] introduced an ergodic theoretic proof of this

theorem. K. F. Roth [14] proved Szemerédi’s theorem for progressions of length

three by using the exponential sums. His proof could be concluded as follows.

(1) Define an appropriate notion of pseudorandomness.

(2) Prove that every pseudorandom subset of {1, 2, . . . , N} contains roughly the

number of arithmetic progressions of length k that you would expect.

(3) Prove that if A ⊂ {1, 2, . . . , N} has size δN and is not pseudorandom, then

there exists an arithmetic progression P ⊂ {1, 2, . . . , N} with length tending

to infinite with N , such that |A∩P | ≥ (δ+ε)|P |, for some ε > 0 that depends

on δ and k only.
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W. T. Gowers [5] generalized Roth’s argument. Let ZN be the ring of

integers modulo N . For f : ZN → C and any k, the difference function ∆(f ; k)

is defined by ∆(f ; k)(s) = f(s)f(s− k), and the iterated difference function

∆(f ; a1, . . . , ad) is denoted by

∆(f ; a1, . . . , ad)(s) = ∆(∆(f ; a1, . . . , ad−1); ad)(s).

Furthermore we set f̂(r) =
∑

s∈ZN
f(s)e

( − rs
N

)
, where e(y) = e2πiy, and f̂ is

the discrete Fourier transform of f . Let A be a subset of ZN , and denote the

characteristic function of A by the same letter. Given a set A of cardinality δN ,

we define the balanced function of A to be fA : ZN → [−1,+1], where

fA(s) =

{
1− δ, s ∈ A,

−δ, s 6∈ A.

It is easy to show that f̂A(r) = Â(r) for r 6= 0.

Definition 1.1. Let D denote the closed unit disc in C, and f : ZN → D.

If there are at most o(Nd−1) values of (a1, . . . , ad−1) for which there exists some

r ∈ ZN with ∣∣∣ ̂∆(f ; a1, . . . , ad−1)(r)
∣∣∣ À N,

we say that f is uniform of degree d. If f is the balanced function fA of some set

A ⊂ ZN , then we shall also say that A is uniform of degree d. Especially when d

equals one or two, we say that f is uniform or quadratically uniform.

W. T. Gowers [5] proved the following:

Proposition 1.4. Let A ⊂ ZN be uniform of degree k − 2 and have cardi-

nality δN . Then A contains an arithmetic progression of length k.

Furthermore, he presented the following conjecture.

Conjecture 1.1. Let A ⊂ ZN be a set of size δN . Then, if A is uniform,

the number of quadruples (x, x+ d, x+ 2d, x+ 3d) in A4 is at least (δ4 − α)N2,

where α = o(δ).

In Section 5 we shall study two special subsets of ZN , and prove the following

results.

Theorem 1.3. Let A1 = {n : n ∈ Zp, 0 ≤ Rp(n
3) < p/2}. Then A1 is

quadratic uniform. Let A1 = δp, then δ = 1
2 +O

(
1

p1/2 log p

)
and

∑

d≤p

∑

n≤p

A1(n)A1(n+ d)A1(n+ 2d)A1(n+ 3d) = δ4p2 +O
(
p3/2(log p)4

)
.
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Theorem 1.4. Let A2 = {n : n ∈ Zp, 0 ≤ Rp(n
2) < p/2}. Then A2 is

uniform, but A2 is not quadratic uniform. Let A2 = δp, then

δ =
1

2
+O

(
1

p1/2 log p

)

and

∑

d≤p

∑

n≤p

A2(n)A2(n+d)A2(n+2d)A2(n+3d)=

(
δ4+

1

8192

)
p2+O

(
p3/2(log p)4

)
.

2. Some lemmas

To prove the theorems, we need the following lemmas.

Lemma 2.1. If n ∈ Z and m is an odd integer, then we have

1

m

∑

|a|<m/2

vm(a)e
(an
m

)
=

{
+1, if 0 ≤ Rm(n) < m/2,

−1, if m/2 ≤ Rm(n) < m,

where vm(a) is a function of period m such that

vm(0) = 1, vm(a) = 1 + i
(−1)a − cos(πa/m)

sin(πa/m)
(1 ≤ |a| < m/2).

Furthermore, vm(a) satisfies

vm(a) =




O(1), if a is even,

−2im

πa
+O(1), if a is odd.

Proof. This is Lemma 2 in [8]. ¤

Lemma 2.2. For any polynomial f(x) of Fp[x] of degree d ≥ 2 and any

integers M and K with 1 ≤ K < p we have

∣∣∣∣∣
M+K∑

n=M+1

e

(
f(n)

p

)∣∣∣∣∣ ¿ dp1/2 log p.

Proof. See [18]. ¤
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Lemma 2.3. Suppose that p is a prime number and f(x) = alx
l + · · · +

a1x+ a0 ∈ Z[x] is a polynomial with 0 < l < p and (al, p) = 1. Then

∣∣∣∣∣
p−1∑
n=0

e

(
f(n)

p

)∣∣∣∣∣ ≤ (l − 1) p1/2.

Proof. This is Corollary 2F in [15]. ¤

Lemma 2.4. Let p > 3 be a prime, and let j, k be integers with 0 ≤ j <

k ≤ 3. Then we have

Ψ1 :=
∑

|aj |<p/2

∑

|ak|<p/2

vp(aj)vp(ak)
∑

d≤p−1

∑

n≤p

e

(
aj(n+ jd)3 + ak(n+ kd)3

p

)

¿ p7/2(log p)2.

Proof. Let G1(n) = aj(n+ jd)3 + ak(n+ kd)3. Then

Ψ1 =
∑

|aj |<p/2

∑

|ak|<p/2

vp(aj)vp(ak)
∑

d≤p−1

∑

n≤p

deg(G1(n))≥2

e

(
G1(n)

p

)

+
∑

|aj |<p/2

∑

|ak|<p/2

vp(aj)vp(ak)
∑

d≤p−1

∑

n≤p

deg(G1(n))≤1

e

(
G1(n)

p

)
:=

∑
1
+
∑

2
.

By Lemma 2.1 and Lemma 2.3 we easily get

∑
1
¿

∑

|aj |<p/2

∑

|ak|<p/2

|vp(aj)| |vp(ak)|
∑

d≤p−1

p1/2

¿ p3/2

( ∑

|a|<p/2

a 6=0

p

|a|

)2

¿ p7/2(log p)2.

On the other hand, noting that

G1(n) = (aj + ak)n
3 + 3dn2(jaj + kak) + 3d2n(j2aj + k2ak) + d3(j3aj + k3ak),

then

deg(G1(n) ≤ 1 if and only if

{
aj + ak ≡ 0 (mod p)

jaj + kak ≡ 0 (mod p),
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which implies that aj = ak = 0. Then we have

∑
2
¿ vp(0)vp(0)p

2 ¿ p2.

Therefore

Ψ1 ¿ p7/2(log p)2. ¤

Lemma 2.5. Let p > 3 be a prime, and let j, k, l be integers with 0 ≤ j <

k < l ≤ 3. Then we have

Ψ2 :=
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

vp(aj)vp(ak)vp(al)

×
∑

d≤p−1

∑

n≤p

e

(
aj(n+ jd)3 + ak(n+ kd)3 + al(n+ ld)3

p

)

¿ p9/2(log p)3.

Proof. Let G2(n) = aj(n+ jd)3 + ak(n+ kd)3 + al(n+ ld)3. Then

Ψ2 =
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

vp(aj)vp(ak)vp(al)
∑

d≤p−1

∑

n≤p

deg(G2(n))≥2

e

(
G2(n)

p

)

+
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

vp(aj)vp(ak)vp(al)
∑

d≤p−1

∑

n≤p

deg(G2(n))≤1

e

(
G2(n)

p

)

:=
∑

1
+
∑

2
. (2.1)

By Lemma 2.1 and Lemma 2.3 we easily get

∑
1
¿

∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

|vp(aj)| |vp(ak)| |vp(al)|
∑

d≤p−1

p1/2

¿ p3/2

( ∑

|a|<p/2

a 6=0

p

|a|

)3

¿ p9/2(log p)3. (2.2)

On the other hand, noting that

G2(n) = (aj + ak + al)n
3 + 3dn2(jaj + kak + lal)

+ 3d2n(j2aj + k2ak + l2al) + d3(j3aj + k3ak + l3al),
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then

deg(G2(n) ≤ 1 if and only if

{
aj + ak + al ≡ 0 (mod p)

jaj + kak + lal ≡ 0 (mod p).

Therefore
∑

2
=

∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

aj+ak+al≡0 (mod p)

jaj+kak+lal≡0 (mod p)

vp(aj)vp(ak)vp(al)

×
∑

d≤p−1

∑

n≤p

e

(
3d2n(j2aj + k2ak + l2al) + d3(j3aj + k3ak + l3al)

p

)

= p
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

aj+ak+al≡0 (mod p)

jaj+kak+lal≡0 (mod p)

j2aj+k2ak+l2al≡0 (mod p)

vp(aj)vp(ak)vp(al)

×
∑

d≤p−1

e

(
d3(j3aj + k3ak + l3al)

p

)
.

Since




aj + ak + al ≡ 0 (mod p)

jaj + kak + lal ≡ 0 (mod p)

j2aj + k2ak + l2al ≡ 0 (mod p)

if and only if





aj ≡ 0 (mod p)

ak ≡ 0 (mod p)

al ≡ 0 (mod p),

we have ∑
2
¿ p2. (2.3)

Now from (2.1)-(2.3) we immediately get

Ψ2 ¿ p9/2(log p)3. ¤

Lemma 2.6. Let p > 3 be a prime. Then we have

Ψ3 :=
∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

d≤p−1

∑

n≤p

e

(
a0n

3 + a1(n+ d)3 + a2(n+ 2d)3 + a3(n+ 3d)3

p

)

¿ p11/2(log p)4.
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Proof. Let G3(n) = a0n
3 + a1(n+ d)3 + a2(n+ 2d)3 + a3(n+ 3d)3. Then

Ψ3 =
∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

d≤p−1

∑

n≤p

deg(G3(n))≥2

e

(
G3(n)

p

)

+
∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

d≤p−1

∑

n≤p

deg(G3(n))≤1

e

(
G3(n)

p

)
=

∑
1
+
∑

2
. (2.4)

By Lemma 2.1 and Lemma 2.3 we easily get

∑
1
¿

∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

|vp(a0)||vp(a1)||vp(a2)||vp(a3)|
∑

d≤p−1

p1/2

¿ p3/2

( ∑

|a|<p/2

a 6=0

p

|a|

)4

¿ p11/2(log p)5. (2.5)

Noting that

G3(n) = (a0 + a1 + a2 + a3)n
3 + 3dn2(a1 + 2a2 + 3a3)

+ 3d2n(a1 + 4a2 + 9a3) + d3(a1 + 8a2 + 27a3),

then

deg(G3(n) ≤ 1 if and only if

{
a0 + a1 + a2 + a3 ≡ 0 (mod p)

a1 + 2a2 + 3a3 ≡ 0 (mod p).

Therefore

∑
2
=

∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

a0+a1+a2+a3≡0 (mod p)

a1+2a2+3a3≡0 (mod p)

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

d≤p−1

∑

n≤p

e

(
3d2n(a1 + 4a2 + 9a3) + d3(a1 + 8a2 + 27a3)

p

)
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= p
∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

a0+a1+a2+a3≡0 (mod p)

a1+2a2+3a3≡0 (mod p)

a1+4a2+9a3≡0 (mod p)

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

d≤p−1

e

(
d3(a1 + 8a2 + 27a3)

p

)
.

By Lemma 2.1 and Lemma 2.3 we can get

∑
2
¿ p

∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

a0+a1+a2+a3≡0 (mod p)

a1+2a2+3a3≡0 (mod p)

a1+4a2+9a3≡0 (mod p)

a1+8a2+27a3 6≡0 (mod p)

|vp(a0)||vp(a1)||vp(a2)||vp(a3)| · p1/2

+ p(p− 1)
∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

a0+a1+a2+a3≡0 (mod p)

a1+2a2+3a3≡0 (mod p)

a1+4a2+9a3≡0 (mod p)

a1+8a2+27a3≡0 (mod p)

|vp(a0)||vp(a1)||vp(a2)||vp(a3)|

¿ p3/2

( ∑

|a|<p/2

a 6=0

p

|a|

)4

+ p(p− 1)|vp(0)|4 ¿ p11/2(log p)4. (2.6)

Then from (2.4)-(2.6) we immediately have

Ψ3 ¿ p11/2(log p)5. ¤

Lemma 2.7. Let p > 3 be a prime, and let j, k be integers with 0 ≤ j <

k ≤ 3. Then we have

Υ1 :=
∑

|aj |<p/2

q,
∑

|ak|<p/2

vp(aj)vp(ak)
∑

d≤p−1

∑

n≤p

e

(
aj(n+ jd)2 + ak(n+ kd)2

p

)

¿ p7/2(log p)2.

Proof. By Lemma 2.1 and Lemma 2.3 we easily get

Υ1 =
∑

|aj |<p/2

∑

|ak|<p/2

p|aj+ak

vp(aj)vp(ak)
∑

d≤p−1

∑

n≤p

e

(
aj(n+ jd)2 + ak(n+ kd)2

p

)



Correlation of pseudorandom binary sequences. . . 155

+O

( ∑

|aj |<p/2

∑

|ak|<p/2

p-aj+ak

|vp(aj)||vp(ak)| · p3/2
)

=
∑

|a|<p/2

a 6=0

vp(a)vp(−a)
∑

d≤p−1

∑

n≤p

e

(
2ad(j − k)n+ ad2(j2 − k2)

p

)

+O
(
p7/2(log p)2

)
¿ p7/2(log p)2. ¤

Lemma 2.8. Let p > 3 be a prime, and let j, k, l be integers with 0 ≤ j <

k < l ≤ 3. Then we have

Υ2 :=
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

vp(aj)vp(ak)vp(al)

×
∑

d≤p−1

∑

n≤p

e

(
aj(n+ jd)2 + ak(n+ kd)2 + al(n+ ld)2

p

)
¿ p9/2(log p)3.

Proof. By Lemma 2.1 and Lemma 2.3 we get

Υ2 =
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

aj+ak+al≡0 (mod p)

vp(aj)vp(ak)vp(al)

×
∑

d≤p−1

∑

n≤p

e

(
aj(n+ jd)2 + ak(n+ kd)2 + al(n+ ld)2

p

)

+O

( ∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

aj+ak+al 6≡0 (mod p)

|vp(aj)||vp(ak)||vp(al)| · p3/2
)

=
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

aj+ak+al≡0 (mod p)

vp(aj)vp(ak)vp(al)

×
∑

d≤p−1

∑

n≤p

e

(
2d(jaj + kak + lal)n+ d2(j2aj + k2ak + l2al)

p

)

+O
(
p9/2(log p)3

)

= p
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

aj+ak+al≡0 (mod p)

jaj+kak+lal≡0 (mod p)

vp(aj)vp(ak)vp(al)
∑

d≤p−1

e

(
d2(j2aj+k2ak+l2al)

p

)
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+O
(
p9/2(log p)3

)

= p(p− 1)
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

aj+ak+al≡0 (mod p)

jaj+kak+lal≡0 (mod p)

j2aj+k2ak+l2al≡0 (mod p)

vp(aj)vp(ak)vp(al)

+O




p
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

aj+ak+al≡0 (mod p)

jaj+kak+lal≡0 (mod p)

j2aj+k2ak+l2al 6≡0 (mod p)

|vp(aj)||vp(ak)||vp(al)| · p1/2




+O
(
p9/2(log p)3

)

= p(p− 1)
∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

aj+ak+al≡0 (mod p)

jaj+kak+lal≡0 (mod p)

j2aj+k2ak+l2al≡0 (mod p)

vp(aj)vp(ak)vp(al) +O
(
p9/2(log p)3

)
.

Noting that





aj + ak + al ≡ 0 (mod p)

jaj + kak + lal ≡ 0 (mod p)

j2aj + k2ak + l2al ≡ 0 (mod p)

if and only if





aj ≡ 0 (mod p)

ak ≡ 0 (mod p)

al ≡ 0 (mod p),

then we have

Υ2 ¿ p9/2(log p)3. ¤

Lemma 2.9. Let p > 3 be a prime. Then we have

Υ3 :=
∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

d≤p−1

∑

n≤p

e

(
a0n

2 + a1(n+ d)2 + a2(n+ 2d)2 + a3(n+ 3d)2

p

)

=
1

512
p6 +O

(
p11/2(log p)4

)
.
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Proof. By using the methods in Lemma 2.8 we can get

Υ3 = p(p− 1)
∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

a0+a1+a2+a3≡0 (mod p)

a1+2a2+3a3≡0 (mod p)

a1+4a2+9a3≡0 (mod p)

vp(aj)vp(ak)vp(al)

+O
(
p11/2(log p)4

)
.

Noting that



a0 + a1 + a2 + a3 ≡ 0 (mod p)

a1 + 2a2 + 3a3 ≡ 0 (mod p)

a1 + 4a2 + 9a3 ≡ 0 (mod p)

if and only if





a0 ≡ −a3 (mod p)

a1 ≡ 3a3 (mod p)

a2 ≡ −3a3 (mod p),

therefore

Υ3 = p(p− 1)
∑

|a|<p/2

vp(−a)vp(3a)vp(−3a)vp(a) +O
(
p11/2(log p)4

)
.

It is not hard to show that
∑

p/6≤|a|<p/2

vp(−a)vp(3a)vp(−3a)vp(a) ¿
∑

p/6≤|a|<p/2

p4

|a|4 ¿ p

and ∑

|a|<p/2

2|a

vp(−a)vp(3a)vp(−3a)vp(a) ¿
∑

|a|<p/2

2|a

1 ¿ p,

then from Lemma 2.1 we have

Υ3 = p(p− 1)
∑

|a|<p/6

2-a

vp(−a)vp(3a)vp(−3a)vp(a) +O
(
p11/2(log p)4

)

= p(p− 1)
∑

|a|<p/6

2-a

(
2ip

πa
+O(1)

)(
− 2ip

3πa
+O(1)

)

×
(
2ip

3πa
+O(1)

)(
−2ip

πa
+O(1)

)
+O

(
p11/2(log p)4

)

=
1

9π4
p5(p− 1)

∑

|a|<p/6

2-a

1

a4
+O

(
p11/2(log p)4

)

=
5ζ(4)

24π4
p6 +O

(
p11/2(log p)4

)
=

1

512
p6 +O

(
p11/2(log p)4

)
. ¤
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3. Proof of Theorem 1.1

For M < p, l ∈ N with 2 - l, and 0 ≤ d1 < · · · < dl ≤ p−M , from Lemma 2.1

we have
∑

n≤M

en+d1
. . . en+dl

=
1

pl

∑

|a1|<p/2

· · ·
∑

|al|<p/2

vp(a1) . . . vp(al)
∑

n≤M

e

(
a1f(n+ d1) + · · ·+ alf(n+ dl)

p

)

=
1

pl

∑

|a1|<p/2

· · ·
∑

|al|<p/2

p-a1+···+al

vp(a1) . . . vp(al)
∑

n≤M

e

(
a1f(n+ d1) + · · ·+ alf(n+ dl)

p

)

+
1

pl

∑

|a1|<p/2

· · ·
∑

|al|<p/2

p|a1+···+al

vp(a1) . . . vp(al)
∑

n≤M

e

(
a1f(n+ d1) + · · ·+ alf(n+ dl)

p

)

:=
∑

1
+
∑

2
. (3.1)

Suppose that a is the leading coefficient of f(n), then a(a1 + · · ·+ al) is the

leading coefficient of a1f(n + d1) + · · · + alf(n + dl). If p - a1 + · · · + al, then

the degree of a1f(n + d1) + · · · + alf(n + dl) is ≥ 2. So from Lemma 2.2 and

Lemma 2.1 we get

∑
1
¿ 1

pl

∑

|a1|<p/2

· · ·
∑

|al|<p/2

p-a1+···+al

|vp(a1)| . . . |vp(al)| · dp1/2 log p

¿ dp1/2 log p · 1

pl

( ∑

|a|<p/2

a 6=0

p

|a|

)l

¿ dp1/2(log p)l+1. (3.2)

On the other hand, by Lemma 2.1 we can have
∑

|a1|<p/2

2|a1

∑

|a2|<p/2

· · ·
∑

|al|<p/2

p|a1+a2+···+al

vp(a1)vp(a2) . . . vp(al)

×
∑

n≤M

e

(
a1f(n+ d1) + · · ·+ alf(n+ dl)

p

)

¿ M
∑

|a2|<p/2

· · ·
∑

|al|<p/2

|vp(a2)| . . . |vp(al)|
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¿ M ·
( ∑

|a|<p/2

a 6=0

p

|a|

)l−1

¿ pl(log p)l−1.

Therefore

∑
2
=

1

pl

∑

|a1|<p/2

2-a1

. . .
∑

|al|<p/2

2-al

p|a1+···+al

vp(a1) . . . vp(al)

×
∑

n≤M

e

(
a1f(n+ d1) + · · ·+ alf(n+ dl)

p

)
+O

(
(log p)l−1

)

¿ M
∑

|a1|<p/2

2-a1

. . .
∑

|al|<p/2

2-al

p|a1+···+al

1

|a1 . . . al| + (log p)l−1

¿ p
∑

|a1|<p/2

a1 6=0

. . .
∑

|al|<p/2

al 6=0

p|a1+···+al

1

|a1 . . . al| + (log p)l−1.

Noting that

∑

|a1|<p/2

a1 6=0

. . .
∑

|al|<p/2

al 6=0

p|a1+···+al

a1+···+al 6=0

1

|a1 . . . al|

=
∑

|k|<l/2

k 6=0

∑

|a1|<p/2

a1 6=0

. . .
∑

|al|<p/2

al 6=0

a1+···+al=kp

∣∣∣∣
1

a1 + · · ·+ al

(
1

a2 . . . al
+ · · ·+ 1

a1 . . . al−1

)∣∣∣∣

=
∑

|k|<l/2

k 6=0

1

|kp|
∑

|a1|<p/2

a1 6=0

. . .
∑

|al|<p/2

al 6=0

a1+···+al=kp

∣∣∣∣
1

a2 . . . al
+ · · ·+ 1

a1 . . . al−1

∣∣∣∣

¿ 1

p

∑

|k|<l/2

k 6=0

1

|k| · l ·
( ∑

|a|<p/2

a 6=0

1

|a|

)l−1

¿ 1

p
(log p)l−1 · l log l,
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we have

∑
2
¿ p

∑

|a1|<p/2

a1 6=0

. . .
∑

|al|<p/2

al 6=0
a1+···+al=0

1

|a1 . . . al| + (log p)l−1 · l log l.

Since l, a1, . . . , al are odd numbers, then a1 + · · · + al is odd. Therefore

a1 + · · ·+ al = 0 is impossible. So we have

∑
2
¿ (log p)l−1 · l log l. (3.3)

Then from (3.1), (3.2) and (3.3) we get

∑

n≤M

en+d1 . . . en+dl
¿ dp1/2(log p)l+1.

Therefore

Cl(Ep) ¿ dp1/2(log p)l+1.

4. Proof of Theorem 1.2

By Lemma 2.1 we get

∑

n≤M

e′ne
′
n+1e

′
n+2e

′
n+3

=
1

p4

∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

n≤M

e

(
a0n

3 + a1(n+ 1)3 + a2(n+ 2)3 + a3(n+ 3)3

p

)
.

Define F (n) = a0n
3 + a1(n+ 1)3 + a2(n+ 2)3 + a3(n+ 3)3. We have

∑

n≤M

e′ne
′
n+1e

′
n+2e

′
n+3

=
1

p4

∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

n≤M

deg(F (n))≥2

e

(
F (n)

p

)
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+
1

p4

∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

n≤M

deg(F (n))≤1

e

(
F (n)

p

)
= Ψ1 +Ψ2. (4.1)

By Lemma 2.1 and Lemma 2.2 we easily get

Ψ1 ¿ 1

p4

( ∑

|a|<p/2

a 6=0

p

|a|

)4

· p1/2 log p ¿ p1/2(log p)5. (4.2)

On the other hand, noting that

F (n) = (a0 + a1 + a2 + a3)n
3 + 3(a1 + 2a2 + 3a3)n

2

+ 3(a1 + 4a2 + 9a3)n+ (a1 + 8a2 + 27a3).

Then

deg(F (n)) ≤ 1 if and only if

{
a0 + a1 + a2 + a3 ≡ 0 (mod p)

a1 + 2a2 + 3a3 ≡ 0 (mod p).

Therefore

Ψ2 =
1

p4

∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

a0+a1+a2+a3≡0 (mod p)

a1+2a2+3a3≡0 (mod p)

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

n≤M

e

(
6(a2 + 3a3)n+ 6(a2 + 4a3)

p

)
.

Let 1 ≤ A < p
432M be a parameter. We have

∑

A≤|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

a0+a1+a2+a3≡0 (mod p)

a1+2a2+3a3≡0 (mod p)

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

n≤M

e

(
6(a2 + 3a3)n+ 6(a2 + 4a3)

p

)
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¿
∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

p

A
|vp(a1)||vp(a2)||vp(a3)| ·M

¿ pM

A

( ∑

|a|<p/2

a 6=0

p

|a|

)3

¿ p4M

A
(log p)

3
.

On the other hand,

∑

|a0|<p/2

2|a0

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

a0+a1+a2+a3≡0 (mod p)

a1+2a2+3a3≡0 (mod p)

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

n≤M

e

(
6(a2 + 3a3)n+ 6(a2 + 4a3)

p

)

¿
∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

|vp(a1)||vp(a2)||vp(a3)| ·M

¿ M

( ∑

|a|<p/2

a 6=0

p

|a|

)3

¿ p3M (log p)
3
.

Therefore

Ψ2 =
1

p4

∑

|a0|<A

2-a0

∑

|a1|<A

2-a1

∑

|a2|<A

2-a2

∑

|a3|<A

2-a3

a0+a1+a2+a3≡0 (mod p)

a1+2a2+3a3≡0 (mod p)

vp(a0)vp(a1)vp(a2)vp(a3)

×
∑

n≤M

e

(
6(a2 + 3a3)n+ 6(a2 + 4a3)

p

)
+O

(
M

A
(log p)

3

)

=
1

p4

∑

|a2|<A

2-a2

∑

|a3|<A

2-a3

vp(a2 + 3a3)vp(−2a2 − 3a3)vp(a2)vp(a3)

×
∑

n≤M

e

(
6(a2 + 3a3)n+ 6(a2 + 4a3)

p

)
+O

(
M

A
(log p)

3

)

=
1

p4

∑

|a2|<A

2-a2

∑

|a3|<A

2-a3

(
− 2ip

π(a2 + 2a3)
+O(1)

)(
2ip

π(2a2 + 3a3)
+O(1)

)
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×
(
− 2ip

π(a2)
+O(1)

)(
− 2ip

π(a3)
+O(1)

)

×
∑

n≤M

e

(
6(a2 + 3a3)n+ 6(a2 + 4a3)

p

)
+O

(
M

A
(log p)

3

)

= −16

π4

∑

|a2|<A

2-a2

∑

|a3|<A

2-a3

1

(a2 + 2a3)(2a2 + 3a3)a2a3

×
∑

n≤M

e

(
6(a2 + 3a3)n+ 6(a2 + 4a3)

p

)
+O

(
M

A
(log p)

3

)
.

Since |a2| < A, |a3| < A and A < p
432M , then

6(a2 + 3a3)n+ 6(a2 + 4a3)

p
≤ 24MA+ 30A

p
≤ 54MA

p
≤ 1

8
.

Therefore

Re
∑

n≤M

e

(
6(a2 + 3a3)n+ 6(a2 + 4a3)

p

)
À M.

Then

|Ψ2| À M
∑

|a2|<A

2-a2

∑

|a3|<A

2-a3

1

|a2 + 2a3||2a2 + 3a3||a2||a3| +
M

A
(log p)3

À M +
M

A
(log p)3.

Noting that M ¿ p
(log p)4 , then we have

|Ψ2| À M. (4.3)

Then from (4.1), (4.2) and (4.3) we have

∑

n≤M

e′ne
′
n+1e

′
n+2e

′
n+3 À M.

5. Proof of Theorem 1.3 and Theorem 1.4

First we prove Theorem 1.3. By Lemma 2.1 we get

A1(n) =
1

2p

∑

|a|<p/2

vp(a)e

(
an3

p

)
+

1

2
. (5.1)
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Then from Lemma 2.1 and Lemma 2.3 we get

|A1| =
p∑

n=1

A1(n) =
1

2p

∑

|a|<p/2

vp(a)

p∑
n=1

e

(
an3

p

)
+

p

2

=
p

2
+O

(
1

p

∑

|a|<p/2

a 6=0

p

|a| · p
1/2 + 1

)
=

p

2
+O

(
p1/2 log p

)
.

Define |A1| = δp, then δ = 1
2 +O

(
1

p1/2 log p

)
.

For r 6= 0 and k 6= 0, by Lemma 2.1 and Lemma 2.3 we get

̂∆(A1; k)(r) =

p∑
n=1

A1(n)A1(n− k)e

(
−rn

p

)

=

p∑
n=1


 1

2p

∑

|a|<p/2

vp(a)e

(
an3

p

)
+

1

2




×

 1

2p

∑

|b|<p/2

vp(b)e

(
b(n− k)3

p

)
+

1

2


 e

(
−rn

p

)

=
1

4p2

∑

|a|<p/2

vp(a)
∑

|b|<p/2

vp(b)

p∑
n=1

e

(
an3 + b(n− k)3 − rn

p

)

+
1

4p

∑

|a|<p/2

vp(a)

p∑
n=1

e

(
an3 − rn

p

)

+
1

4p

∑

|b|<p/2

vp(b)

p∑
n=1

e

(
b(n− k)3 − rn

p

)

+
1

4

p∑
n=1

e

(
−rn

p

)

=
1

4p2

∑

|a|<p/2

vp(a)
∑

|b|<p/2

vp(b)

p∑
n=1

e

(
an3 + b(n− k)3 − rn

p

)

+O

(
1

p

∑

|a|<p/2

a 6=0

p

|a| · p
1/2

)

=
1

4p2

∑

|a|<p/2

∑

|b|<p/2

p|a+b

vp(a)vp(b)

p∑
n=1

e

(
an3 + b(n− k)3 − rn

p

)
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+O

(
1

p2

∑

|a|<p/2

∑

|b|<p/2

p-a+b

|vp(a)||vp(b)| · p1/2
)

+O
(
p1/2 log p

)

=
1

4p2

∑

|a|<p/2

vp(a)vp(−a)

p∑
n=1

e

(
3kan2 − (3k2a+ r)n+ ak3

p

)

+O
(
p1/2(log p)2

)

¿ 1

p2

∑

|a|<p/2

a 6=0

p2

a2
· p1/2 + p1/2(log p)2 ¿ p1/2(log p)2.

Then A1 is quadratically uniform according to Definition 1.1.

On the other hand, from (5.1) we have

∑

d≤p

∑

n≤p

A1(n)A1(n+ d)A1(n+ 2d)A1(n+ 3d)

=
∑

d≤p−1

∑

n≤p

A1(n)A1(n+ d)A1(n+ 2d)A1(n+ 3d) +O(p)

=
∑

d≤p−1

∑

n≤p


1

2
+

1

2p

∑

|a0|<p/2

vp(a0)e

(
a0n

3

p

)


×

1

2
+

1

2p

∑

|a1|<p/2

vp(a1)e

(
a1(n+ d)3

p

)


×

1

2
+

1

2p

∑

|a2|<p/2

vp(a2)e

(
a2(n+ 2d)3

p

)


×

1

2
+

1

2p

∑

|a3|<p/2

vp(a3)e

(
a3(n+ 3d)3

p

)
+O(p)

=
1

16
p2 +

1

16p

3∑

j=0

∑

d≤p−1

∑

n≤p

∑

|aj |<p/2

vp(aj)e

(
aj(n+ jd)3

p

)

+
1

16p2

∑

0≤j<k≤3

∑

d≤p−1

∑

n≤p

∑

|aj |<p/2

∑

|ak|<p/2

vp(aj)vp(ak)

× e

(
aj(n+ jd)3 + ak(n+ kd)3

p

)



166 Huaning Liu and Xiaoyun Wang

+
1

16p3

∑

0≤j<k<l≤3

∑

d≤p−1

∑

n≤p

∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

vp(aj)vp(ak)vp(al)

× e

(
aj(n+ jd)3 + ak(n+ kd)3 + al(n+ ld)3

p

)

+
1

16p4

∑

d≤p−1

∑

n≤p

∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

vp(a0)vp(a1)vp(a2)vp(a3)

× e

(
a0n

3 + a1(n+ d)3 + a2(n+ 2d)3 + a3(n+ 3d)3

p

)

; =
1

16
p2 +Ω1 +Ω2 +Ω3 +Ω4 +O(p).

By Lemma 2.1 and Lemma 2.3 we easily get

Ω1 =
1

16p

3∑

j=0

∑

d≤p−1

∑

n≤p

∑

|aj |<p/2

vp(aj)e

(
aj(n+ jd)3

p

)

¿ 1

p

3∑

j=0

∑

d≤p−1




∑

|aj |<p/2

aj 6=0

p

|aj |


 · p1/2 ¿ p3/2 log p.

From Lemma 2.4, Lemma 2.5 and Lemma 2.6 we also have

Ω2 ¿ p3/2(log p)2, Ω3 ¿ p3/2(log p)3, Ω4 ¿ p3/2(log p)4.

Therefore

∑

d≤p

∑

n≤p

A1(n)A1(n+ d)A1(n+ 2d)A1(n+ 3d)

=
1

16
p2 +O

(
p3/2(log p)4

)
= δ4p2 +O

(
p3/2(log p)4

)
.

This proves Theorem 1.3.

Now we prove Theorem 1.4. By Lemma 2.1 we get

A2(n) =
1

2p

∑

|a|<p/2

vp(a)e

(
an2

p

)
+

1

2
. (5.2)

Then from Lemma 2.1 and Lemma 2.3 we get

|A2| =
p∑

n=1

A2(n) =
1

2p

∑

|a|<p/2

vp(a)

p∑
n=1

e

(
an2

p

)
+

p

2
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=
p

2
+O

(
1

p

∑

|a|<p/2

a 6=0

p

|a| · p
1/2 + 1

)
=

p

2
+O

(
p1/2 log p

)
.

Define |A2| = δp, then δ = 1
2 +O

(
1

p1/2 log p

)
.

For r 6= 0, by Lemma 2.1 and Lemma 2.3 we get

Â2(r) =

p∑
n=1

A2(n)e

(
−rn

p

)

=
1

2p

∑

|a|<p/2

vp(a)

p∑
n=1

e

(
an2 − rn

p

)
+

1

2

p∑
n=1

e

(
−rn

p

)

¿ 1

p

∑

|a|<p/2

a 6=0

p

|a| · p
1/2 ¿ p1/2 log p.

Then A2 is uniform according to Definition 1.1. For any k 6= 0 and r = Rp(2k),

by Lemma 2.1 and Lemma 2.3 we get

̂∆(A2; k)(r) =

p∑
n=1

A2(n)A2(n− k)e

(
−rn

p

)

=

p∑
n=1


 1

2p

∑

|a|<p/2

vp(a)e

(
an2

p

)
+

1

2




×

 1

2p

∑

|b|<p/2

vp(b)e

(
b(n− k)2

p

)
+

1

2


 e

(
−rn

p

)

=
1

4p2

∑

|a|<p/2

vp(a)
∑

|b|<p/2

vp(b)

p∑
n=1

e

(
an2 + b(n− k)2 − rn

p

)

+
1

4p

∑

|a|<p/2

vp(a)

p∑
n=1

e

(
an2 − rn

p

)

+
1

4p

∑

|b|<p/2

vp(b)

p∑
n=1

e

(
b(n− k)2 − rn

p

)
+

1

4

p∑
n=1

e

(
−rn

p

)

=
1

4p2

∑

|a|<p/2

vp(a)
∑

|b|<p/2

vp(b)

p∑
n=1

e

(
an2 + b(n− k)2 − rn

p

)

+O

(
1

p

∑

|a|<p/2

a 6=0

p

|a| · p
1/2

)
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=
1

4p2

∑

|a|<p/2

∑

|b|<p/2

p|a+b

vp(a)vp(b)

p∑
n=1

e

(
an2 + b(n− k)2 − rn

p

)

+O

(
1

p2

∑

|a|<p/2

∑

|b|<p/2

p-a+b

|vp(a)||vp(b)| · p1/2
)

+O
(
p1/2 log p

)

=
1

4p2

∑

|a|<p/2

vp(a)vp(−a)

p∑
n=1

e

(
(2ka− r)n− ak2

p

)
+O

(
p1/2(log p)2

)

=
1

4p
vp(1)vp(−1)e

(
−k2

p

)
À p.

Then A2 is not quadratically uniform according to Definition 1.1.

On the other hand, from (5.2) we have

∑

d≤p

∑

n≤p

A2(n)A2(n+ d)A2(n+ 2d)A2(n+ 3d)

=
∑

d≤p−1

∑

n≤p

A2(n)A2(n+ d)A2(n+ 2d)A2(n+ 3d) +O(p)

=
∑

d≤p−1

∑

n≤p


1

2
+

1

2p

∑

|a0|<p/2

vp(a0)e

(
a0n

2

p

)


×

1

2
+

1

2p

∑

|a1|<p/2

vp(a1)e

(
a1(n+ d)2

p

)


×

1

2
+

1

2p

∑

|a2|<p/2

vp(a2)e

(
a2(n+ 2d)2

p

)


×

1

2
+

1

2p

∑

|a3|<p/2

vp(a3)e

(
a3(n+ 3d)2

p

)
+O(p)

=
1

16
p2 +

1

16p

3∑

j=0

∑

d≤p−1

∑

n≤p

∑

|aj |<p/2

vp(aj)e

(
aj(n+ jd)2

p

)

+
1

16p2

∑

0≤j<k≤3

∑

d≤p−1

∑

n≤p

∑

|aj |<p/2

∑

|ak|<p/2

vp(aj)vp(ak)

× e

(
aj(n+ jd)2 + ak(n+ kd)2

p

)
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+
1

16p3

∑

0≤j<k<l≤3

∑

d≤p−1

∑

n≤p

∑

|aj |<p/2

∑

|ak|<p/2

∑

|al|<p/2

vp(aj)vp(ak)vp(al)

× e

(
aj(n+ jd)2 + ak(n+ kd)2 + al(n+ ld)2

p

)

+
1

16p4

∑

d≤p−1

∑

n≤p

∑

|a0|<p/2

∑

|a1|<p/2

∑

|a2|<p/2

∑

|a3|<p/2

vp(a0)vp(a1)vp(a2)vp(a3)

× e

(
a0n

2 + a1(n+ d)2 + a2(n+ 2d)2 + a3(n+ 3d)2

p

)

; =
1

16
p2 +Υ1 +Υ2 +Υ3 +Υ4 +O(p).

By Lemma 2.1 and Lemma 2.3 we easily get

Υ1 =
1

16p

3∑

j=0

∑

d≤p−1

∑

n≤p

∑

|aj |<p/2

vp(aj)e

(
aj(n+ jd)2

p

)

¿ 1

p

3∑

j=0

∑

d≤p−1

( ∑

|aj |<p/2

aj 6=0

p

|aj |

)
· p1/2 ¿ p3/2 log p.

From Lemma 2.7, Lemma 2.8 and Lemma 2.9 we also have

Υ2 ¿ p3/2(log p)2, Υ3 ¿ p3/2(log p)3, Υ4 =
1

8192
p2 +O

(
p3/2(log p)4

)
.

Therefore

∑

d≤p

∑

n≤p

A2(n)A2(n+ d)A2(n+ 2d)A2(n+ 3d)

=

(
1

16
+

1

8192

)
p2 +O

(
p3/2(log p)4

)
=

(
δ4 +

1

8192

)
p2 +O

(
p3/2(log p)4

)
.

This proves Theorem 1.4.
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[11] C. Mauduit and A. Sárközy, On large families of pseudorandom binary lattices, Unif.
Distrib. Theory 2 (2007), 23–37.

[12] H. Liu, New pseudorandom sequences constructed by quadratic residues and Lehmer num-
bers, Proc. Amer. Math. Soc. 135 (2007), 1309–1318.

[13] H. Liu, A family of pseudorandom binary sequences constructed by the multiplicative
inverse, Acta Arith. 130 (2007), 167–180.

[14] K. F. Roth, On certain sets of integers, J. London Math. Soc. 28 (1953), 245–252.

[15] W. Schmidt, Equations Over Finite Fields: An Elementary Approach, Lecture Notes in
Mathematics, Springer, Berlin, vol. 536, 1976.
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