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Cardinal functions for k-structures

By DIMITRINA N. STAVROVA (Sofia)

Abstract. Cardinal functions for k—structures are defined and studied. Many
known results for topological and closure space cardinal invariants are obtained as
corollaries.

1. Introduction

In [10,11] R. E. HODEL introduced the notion of k—structure that
generalizes the notions of topological and of closure space in the sense of
E. CEcH ([4]), and considered some conditions that correspond to certain
cardinal functions in the topological case.

Here some more cardinal functions, studied for topological spaces,
are considered for the more general case of k—structures. Also several
known inequalities for topological and closure-space cardinal invariants
are transferred to inequalities between cardinal functions of k—structures.

Standard notations are used following [12] and [5].

Let E be a set, k an infinite cardinal number. A k-structure on F
is a collection V' = {V(p,7) : p € E, v € k} of subsets of E such that
pe(W{V(p,vy):v €k} Foreach ACElet A*={pe E:V(p,y)NA#
for each v € k}. We write (E, V) to denote the fact that F is a set with
a k—structure V.= {V(p,v) : p € E, v € k}. Let us consider the following
conditions on a k-structure (E, V') as defined in [11]:

S) MV (p,v) : v €k} ={p}forallpe E.
H) If p # q there exist «, 8 € k such that V(p,a) NV (q, 5)
UH) If p # g there exists v € k such that V(p,v) NV (q,7y) =

I) Given p € E and «, 3 € k there exists v € k such that V(p,v) C
Vip, )N V(p,B).
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CPT) For each V, C V which covers E there is a finite subcollection
of V,, which covers E.

C) For each V, C V wich covers FE there is a subcollection of V,, of
cardinality at most k which covers FE.

HC) Given v € k and A C FE there is B C A with |B| < k such that
ACU{V(p,v):p € B}.

In [10, 11] the following results for a k-structure (E, V') are proved:
Theorem I. S) + HC) = |E| < 2k,

Theorem II. UH) + C) = |E| < 2F.

Theorem II’. H) + 1) + C) = |E| < 2*.

Theorem G. S) + CPT) = |E| < 2*.

These results generalize the famous theorems of de GROOT [7], GINS-
BURG-WOODS [6], ARCHANGEL’SKII [1] and GRyzLOV [8] for topological

cardinal invariants.
In [10] R. E. HODEL also defined a new cardinal invariant called Haus-

dorff pseudocharacter denoted by Hw(X). This cardinal function is de-
fined only for a Hausdorff topological space X and is the smallest infi-
nite cardinal 7 such that for every p € X there exists a collection U, of

neighborhoods of p with |U,| < 7 such that if p # ¢ there exist A € U,
and B € U, with AN B # (. For a Hausdorff space X one always has
P(X) < HY(X) < x(X) and in [10] an example is given of a space X with
HyY(X) =w and t(X) > w.

2. Definitions

PD) If B C E and {V(p,«,) : p € B} is a pairwise disjoint family of
elements of V' then |B| < k.

In [10] R. HODEL considered a condition denoted by PD) but it is
different and we shall refer to it here as to UPD). It is as follows:

UPD) If v € k and A is a subset of E such that {V(p,v) :p € A} is
pairwise disjoint then |A| < k.

WC) For each V, C V that covers E there exists a subcollection
W, C V, of cardinality at most k such that £ = ((JW,)*.

The subset A C FE is called #—closed if A* = A and A is called k-
discrete (uniformly k—discrete) if for every p € A there is a V(p, ) such
that V(p,a) N A = {p} (there is v € k such that for all x,y in A with
x # y we have y € V(z,y)).

D) If A C E is k—discrete then |A| < k.
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UD) If A C E is uniformly k—discrete then |A| < k.

Let us note that D) = UD); PD) = UPD) and US) =
S) where US): If © # y there exists v € k such that y ¢ V(x,v) and
x & V(y,7v). We also have that UH) — H).

In [10] it is proved that if (E, V) is a k—structure then: UH) 4+ UPD)
— |E| < 2% and US) + UD) = |E| <2k,

Let us note here that in the same way one can obtain the following
results:

Proposition I). H) + PD) = |E| < 2% and
Proposition I1). S) + D) + 1) = |E| < 2k,

Let X be a given set and for every x € X let us have a filter &, C
exp X such that z € (®,. If & = {P, : € X} then the pair (X, D)
will be called a neighborhood space, [14]. In [14], [15] and [17] cardinal
invariants for such spaces are defined and studied.

If (X, ®) is an o-Hausdorff neighborhood space we can define H1),(X)
as the smallest infinite cardinal 7 such that for every p € X there is a
collection U, C &, with |U,| < 7 such that if x # y there exist A € U,
and B € Uy such that AN B = (). Let us also note that for an o-Hausdorff
neighborhood space (X, ®) one always has ¥,(X) < H),(X) < xo(X) and
if H.@)(X) is the corresponding cardinal number for the topological
space (X,7(®)) generated on X by the neighborhood structure ® then
Hr 3y (X) > Hipo(X). Then from Propositions I) and II) one can obtain
the following;:

Corollary 1 [9]. For every Hausdorfl topological space X we have
X < expe(X) - x(X).

Corollary 2 [10]. For every Hausdorff topological space X we have
| X| < expe(X) - Hy(X).

Corollary 3 [14]. For every o—Hausdorff neighborhood space (X, ®)
we have | X| < exp co(X) - xo(X).

Corollary 4. For every o—Hausdorff neighborhood space (X, ®) we
have | X| < expco(X) - Hio(X).

PRrOOF. Let (X,®) be an o-Hausdorff neighborhood space. Let
co(X) - HYo(X) = k. For every p € X from Heo(X) < k we could
obtain a family V,, = {V(p,v) : v € k} C ®, such that if p # ¢ then there
are «, 3 € k such that V(p,a) NV (g,8) = 0. Let V. =J{V, : p € X}.
The pair (X, V) is a k—structure satisfying the conditions of Proposition I)
and therefore | X| < 2%,
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Corollary 5 [14]. For every o—separated neighborhood space (X, ®)
we have | X| < exp s,(X) - 1o(X).

PrROOF. Let (X, ®) be an o-separated neighborhood space and let
So(X) - 1o(X) = k. For every p € X by ¥,(X) < k we can obtain a family
V, C &, with |V,| < k and {p} = ({V : V € V,}. We may assume
that V), is closed under finite intersections. Let V = [J{V, : p € X}.
Then (X, V) is a k—structure satisfying the conditions of Proposition II).
Therefore | X| < 2K.

Let (E, V) be a k—structure. We shall define the following properties:

R) If for A € E we have A* = A and p € A then there exists V (p, a)
such that (V(p,a))* N A = 1.

QL) For every L C E with L* = L and every family V, C V that
covers L, a subfamily W € [V,]=* can be chosen such that L C (|JW)*.

Let us observe that S) + R) == H) — because in that case for
every p € E we have {p} = p* — in fact if ¢ # p then from S) there is
V(g,a)N{p} =0, s0q & p*. Thenif p # q we have p € ¢* = q and therefore
we can choose V(p, ) such that V(p,a)* N{q} =0 ie. ¢ € V(p,a)* i.e.
there exists 3 € k such that V (¢, 8) NV (p,a) = 0.

KL) There is an A C E with |A| < 2k such that for each V,, C V
which covers F there is a subcollection U C V,, of cardinality at most k
and F € [A]<F such that |JU U F* = E.

3. Main theorems

Theorem 1. Let (E, V) be a k-structure that satisfies S) + KL) +
If B € [E]S* then B* € [E]S%Pk). Then |E| < 2*.

PrROOF. Let A € E be such as in the property KL). Construct a
sequence {E,, : a € k™} of subsets of F such that the following conditions
hold for every a € k™:

(1) |Ea| < 2.

(2) If BC|U{Es: 0 € a} and |B| <k then B* C E,.

(3) If W is the union of at most k elements of the collection {V (p, ) :
peU{Es:B€a}, vy€k},Bel[AF and E\ (WU B*) #  then
E,\ (WUB*) #10.

Let o € k™ and let {E3 : 8 € a} be already defined with the properties
(1)-(3). Let By, = {V(p,v) : p € U{Es : B € a},y € k}. We have
|B,| < 2*. If possible let us choose a point Py g € E\ (W U B*) where
B € [A]=* and W is the union of at most k elements of B,. Let M, be
the set of all those Py, 5. Since |A| < 2% and |B| < k then |M,| < 2*.
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Let E!, = U{Es : B € a} UM,. Then |E/| < 2*. Finally we put
E, =J{B* : B € [E']5F}. We have |E,| < 2* and E, C E, for each
o eackt.

Let L = J{F, : « € k™}. We shall prove that L* = L. Let p € L*.
Then for each v € k there exists x, € V(p,7) N L. Let B = {x, : v € k}
and let us also note that p € B*. Since k™ is regular and B C L there
exists o € kT such that B € [[J{Es: 3 € a}]<*. Then B* C E, C L and
therefore p € L.

We shall prove that E = A*ULie E\LC A*. Let usfixg€ E\ L.
Then for every ¢ € L there exists a(¢,q) € k such that ¢ & V (¢, a(l,q)).
For every p € FE'\ L there is an a(p, L) € k such that V(p,a(p, L))NL =0
(from p ¢ L* = L). Let W = {V(La(t,q)), V(p,a(p,L)) : { € L,
p € E\L}. We have W C V and YW = E. From KL) there is
U, € [W]sFk and F € [A]<F such that E = |JU,UF*. Let U = {U €
Uy :UNL#0}. Then JUUF* D Land U C{V(¢,a(¢,q)) : ¢ € L}.
If g € F* C A* we are done. If ¢ ¢ F* then q ¢ |J U U F* therefore
E\ (UUUF*) # 0. We also have U € [B,]|=* for some o € k*. This
means that we have already chosen a point By r € £\ (U UU F*) and
Pyur € Eatr1 CLC |J UUF*. This contradiction completes the proof.

Corollary 6. Let (E, V') be a k—structure satisfying H) + I) + KL).
Then |E| < 2k,

Proor. From H) + I) and Theorem P in [11] it follows that if A €

[E]<F then A* € [E]=*P* and therefore the conditons of Theorem 1 are
fulfilled.
As further corollaries we easily obtain Theorem II from [10] and The-

orem II’ from [11] because obviously C) = KL).

In [13] a new cardinal function for a topological space X is defined
that generalizes the Lindel6f number, namely — k¢(X) = w - min{7: there
is an A € [X]S®PT such that () : for each open cover v of X there are
7' € [7]S™ and B € [A]S" such that X =] +' U B}.

The next result is a generalization of a theorem proved in [13] for
regular topological spaces and x(X) instead of Hy(X).

Corollary 7. For every Hausdorff topological space X we have | X| <
exp kO(X)HY(X).

PROOF. Let kl(X)- Hi(X) = k and let for each p € X the collection
{V(p,7) : v € k} of open neighborhoods of p be such that if p # ¢ then
there exist a, 3 € k such that V(p,a) N V(q,3) = . We may assume
that {V(p,7) : v € k} is closed under finite intersections. Then V =
{V(p,v) : v € k, p € X} is a k-structure on X satisfying the conditions
of Corollary 6.
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If k¢,(X) is the corresponding invariant for neighborhood spaces (in-
troduced and studied in [15]) then we get the following

Corollary 8. For every o—Hausdorff neighborhood space (X, ®) we
have | X| < expkl,(X) - Hipo(X).

Proor. Let (X,®) be an o-Hausdorff neighborhood space. Let
klo(X) - HYo(X) = k and for every p € X let us take the collection
{V(p,7) : v € k} of elements of @, closed under finite intersections in such
a way that if p # ¢ then there are a, 3 € k such that V(p,«a) N (q,3) = 0.
Then V = {V(p,v) : v € k, p € X} is a k—structure on X satisfying the
conditions of Corollary 6. Therefore |X| < 2F.

Theorem 2. Let (E,V) be a k-structure that satisfies S) + R) +
QL) + If B € [E]<* then B* € [E]S*P*). Then |E| < 2".

PROOF. As in Theorem 1 let us construct a sequence {FE, : a € k*}
of subsets of E such that the following conditions hold for « € k:

(1) |Bq| < 2%
(2) If A€ [U{Es: B € a}]=F then A* C E,.

(3) If W is the union of at most k elements of the family {V (p,~) :
peU{Es: B €a}, y€k}and E\ W* # () then E, \ W* # (.

Let o € k* and let {Eg; 3 € a :} be already defined with the prop-
erties (1)-(3). Let B, ={V(p,7) :p € U{Ep: B € a}, v € k}. We have
|B,| < 2%. If possible let us choose a point py € E\ W* # () where W is
the union of at most k elements of B,. Let M, be the set of all those pyy .
We have |M,| < 2*. Let E/, = |J{Es : 8 € a} UM,,. Then |E/| < 2F.
Finally let E, = J{B* : B € [E,]<F}. Since |[E}]<F| < (2F)" = 2F and
|B| < k, we have |B*| < 2% and |E,| < 2F.

Let L = J{FEs : @ € kT} and let us show that L = L*. Let
p € L*. Then for each v € k we have V(p,v) N L # () and let us choose
zy € LNV(p,y). Let B = {x, : v € k} and let us also note that
p € B*. Since kT is regular and B C L, there exists a € k™ such that
B e [J{Es:8¢€a}]~". Now B € [E.]<* and therefore B* C E, C L.
Hence L = L*.

Suppose that there exists a ¢ € E'\ L. By R) there exists o € k
such that V(g,«) N L = (). Now for every £ € L we have £ € V(q,a)*, so
there is 3(¢,q) € k such that V(¢,3(¢,q)) N V(q,a) = 0. Let us consider
U={V({(pB(«q):¢ec L} Itcovers L and L = L*, so by QL) there
exists a subfamily W € [U]=F such that L C ((JW)*. By the regularity
of k* and |[W| < k there exists a, € kT such that W C {V(p,~) : v € k,
p € U{Es : B € a,}}. We have V(g,a) N (UW) = 0 therefore ¢ ¢
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(UW)* hence E\ (JW)* # 0. Then by (3) E,
L\ (UW)* # 0 and this contradicts L C (|
(E

Corollary 10. For every k—structure
I) + QL) entail |E| < 2k,

PRrROOF. From S) + R) + I) and Theorem P in [11] it follows that the
conditions of Theorem 2 are fulfilled and therefore | X| < 2F.

wo \ (UW)* # 0 and hence
V') we have that S) + R) +

b

Corollary 11. If(X, ®) is an o-regular neighborhood space then | X| <
exXp qﬁo(X) ’ Hwo(X)'

Corollary 12 [17]. If (X, ®) is an o-regular neighborhood space then
| X | <expqlo(X) - xo(X).

Corollary 13. If X is a regular topological space then | X | < exp g/(X)-
Hy(X).

Corollary 14 [2]. If X is a regular topological space then |X| <
exp gf(X) - x(X).

Corollary 15. If X is a normal topological space then | X | < exp wl(X)-
Hip(X).

Corollary 16 [3]. If X is a normal topological space then |X| <
expwl(X) - x(X).

Finally let us discuss one more property for a given k—structure (E, V):

KQL) There is A C E with |A] < 2% such that for each L C E
such that L = L* and each V, C V that covers L there is a subcollection
U C V, of cardinality at most k and F € [A]<F such that L = ((JU)*UF*.

This is a natural common generalization of KL) and QL).

Using the same ideas as in the proofs of Theorem 1 and 2 one obtains

Theorem 3. Let (E,V) be a k-structure that satisfies S) + R) +
KQL) + If B € [E]S* then B* € [E]S®*). Then |E| < 2*.

Corollary 17. For every k-structure (E, V') we have that S) + R) +
) + KQL) entail |E| < 2*.

Corollary 18. For every regular topological space X we have | X| <
exp qk{(X) - Hy(X).

Corollary 19 [16]. For every regular topological space X we have
| X| < expgkl(X) - x(X).

We can also get:

Corollary 20. If (X, ®) is an o—regular neighborhood space then | X | <
exp ghlo(X) - Hpo(X).
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