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of their 60th birthday

Abstract. Let f be an arithmetical function. The matrix [f[¢, j]]nxn given by the
value of f in least common multiple of [3,j], f([i,7]) as its 7, j entry is called the least
common multiple (LCM) matrix. We consider the generalization of this matrix where
the elements are in the form f(n, [i,j]) and f(n, i, 7, [z,ﬂ)

1. Introduction

The classical Smith determinant was introduced in 1875 by H. J. S. SMITH
[12] who also proved that

det[(i, D = |21 D B oo ), )
(n,1) (n,2) ... (n,n)

where (4, j) represents the greatest common divisor of ¢ and j, and ¢(n) denotes
the Euler totient function.
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The GCD matrix with respect to f is

[f(ivj)]nxn =
f((n,1) f((n,2)) ... f((n,n))
There are quite a few generalized forms of GCD matrices, which can be found in

several references [1], [3], [7], [8], [11].
H. J. S. SMITH [12] also evaluated the determinant of

1,1 [1,2] ... [1,n]
i), ., = |21 22
[n,1] [n,2] ... [n,n]

and proved that
N
det [[i,7]] ., = (")?9(1)9(2) ... g(n) = [ (k) [T (-
k=1 plk

where g(n) =+ >_djn di(d), pi(n) being the classical Mébius function.
The structure of an LCM matrix [[i,5]] s the following (I. KORKEE, P. HA-
UKKANEN [10])

[[la]Han = AAT

9(j), if jli
CLij = .
0, if jti

The LCM matrix with respect to f is

where A = [a;j]nxn,

f(n, 1) f(n,2]) ... f(ln,n])
Results concerning LCM matrices appear in papers S. BESLIN [2], K. BOURQUE,

S. LigH [4], W. FENG, S. HONG, J. ZHAO [6] P. HAUKKANEN, J. WANG and
J. SILLANPAA [7].
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In this paper we study matrices which have as variables the least common
multiple and the indices

(n, [1,2])

fn, [1,1])
2 (n,[2,2])

f (n, [Ln
f

= =
==

fn,[n, 1)) f(n,[n,2]) ... f(n,[n,n])
and the more general form matrices

f(n717]‘7[17]'}) f(n71727 [172])

f(n,1,m,[1,n])
[F(n.i.J. [ivj])]nxn: f(n,2,1,[2,1])  f(n,2,2,[2,2])

f(n,2,n,[2,n])

Fom L)) 2, 2) .. f(nnn o))

2. Generalized LCM matrices

Theorem 2.1. For a given totally multiplicative arithmetical function g(n)
let

Fn,liy4) = g(li,41) > g(k).

Then
[f(n,[i,4])], ., = Cx diag (g(1), 9(2),...,9(n))Ch, (2)

where C,, = [¢;j]nxn

1, if j |4
Cij = .

0, if jt4

For a determinant we have

det [f(n,[i,4])], ., = 9(1)g(2)...g(n). (3)

PROOF. After multiplication, the general element of A = (a;)nxn,

A= CF diag (9(1), 9(2).....9(m)C,

is

aij = > crigk)er; =Y _gk)= > gk)= > g([i,5)l).
k=1 ik [l 1<
Jlk Kn
k<n
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Because g(n) is totally multiplicative

Qjj = 9([i,j]) Z g(l) = f([i,jD-

=g

If we calculate the determinant of both parts of (2) we have (3). O
Particular cases
Ezample 1. If g(n) = 1, then

7.l ) = { J ,

[4, 5]

where || denotes the integer part of z.
From Theorem 2.1 we have

(5] -commten e o[-

Ezample 2. If g(n) = n, then

f(n,li,4]) =
The decomposition of generalized LCM matrix is

[f(n,[i,4])], ., = Cn diag (1, 2,...,n)C,,
and the determinant
det [f(n, [i,j])]nxn =nl.
Ezample 3. Tf g(n) = (—1)™ is a Liouville function, then

£, i) = (<1237

k<E

and

[f(n,[i, )], = CT diag (1, —1,...,(~1)2M)C,,
det [f(n, [i,4])],, ., = (—1) k=1 5,

We remark that matrices related to the greatest integer function appeared
in [9], [5].
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Theorem 2.2. For a given totally multiplicative function g let

Fni 5,050 = D gk) —g(i) Y 9() —g() D g + ([, 4]) > a(k).

k<n <z <z k<2
< =3 =7 = [4,5]

Then
[f(’fl,i,j, [Zv.]])]an = DZ diag[g(l)vg(2)7 s 7g(n)]Dnv

whereD,, = [dij]nxn,
1, if jti
dij = .
0, if j|i

PRrROOF. After multiplication the general element of the matrix
A= [a5j]nxn = Dy, diaglg(1),9(2),- .., 9(n)] Dy
is

aij =Y gk)=> glk)=> glk)=> glk)+ > g(k)

itk k<n ik jlk ilk
itk jlk
k<n k<n
= g(k)= > g(il) = > gGh)+ Y g(k)
k<n il<n jl<n [2,4]1k
k<n

The total multiplicativity of g implies,

aij =Y g(k)—g() Y 9) —g() D> _ g +g((i.5) > a(k)

k<n = = =

:f(n7i7j7 [17]]) U

Particular cases

Ezxample 4. If g(n) = 1, then

s i) =t~ (| 2]) = ([2]) + | 2.

where 7(n) = Z 1. By Theorem 2.2
d|n

[f (nzg LH]J)LX” =Dl diag (1, 1,...,1)D,.
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Ezample 5. If g(n) = n, then

2] [+
i) = ot (|2) -« (|2]) + LI
where o(n) = Zd.

d|
The general forrg of a generalized LCM matrix is

[f(naiajv [Z’]])]nxn = Dg; dlag (1a25 s an)Dn

Ezample 6. Tf g(n) = (—1)2(") is the Liouville function then

F(ni, 5,00 g0) = ) (=DPE — (=)0 Y (-0 — (-1)7D Y (1)

k<n I<n 1<z

+ (—1y2(Ea) S ()0
k<

and
[f(n.i,j.[i,4]], . = DIdiag (1,-1,...,(=1)*™)D,,.

Remark 2.1. Due to the fact that the first line of the matrix[f(n, 4, 7, [, §])]nxn
contains only 0-s, the determinant of the matrix will always be 0.
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