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Shift radix systems for Gaussian integers
and Peth6’s Loudspeaker
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Dedicated to Professors Kdlmdn Gydry, Attila Pethd, Janos Pintz,
and Andrdas Sdrkézy on the occasion of their round birthdays

Abstract. Recently, Akiyama et al. introduced so-called shift radix systems. These
simple dynamical systems form a common generalization of several well-known notions
of number systems like beta numeration and canonical number systems. In the pre-
sent paper we generalize shift radix systems as follows: for (r1,...,74) € C? we study
mappings Z[i]* — Z[i]? given by

(xl,...,:vd) = (xg,...,xd,fLrlxl+~~-+rdxdj).

where for z € C we set |z] = |Rz] +i[Sz|. We study basic dynamical properties of
this class of mappings and relate them to known notions of number systems.

1. Introduction

In 2005 AKIYAMA et al. [1] defined shift radiz systems. Before recalling the
definition of these objects we define the floor function which assigns to each y € R
the largest integer that is less than or equal to y and is denoted by |y]|. The shift
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radix system related to a vector r € R is given by the function 7. : Z¢ — Z¢,
x = (z1,...,2q4) = (x2,...,24,—|rX]), where rx denotes the scalar product of r
and x. Shift radix systems have many interesting dynamical properties and are
related to several notions of numeration (see [1] for details). In the recent years,
they have been investigated extensively.

Figure 1. An approximation of Pethd’s Loudspeaker g§0).

The aim of the present note is to study a variant of shift radix systems for
Gaussian integers. To this matter, the floor function is extended to x € C by the
complex floor function which is defined by

|z] = | Ra] +1[Sz],

i.e., by applying the floor function to the real and imaginary part of x separately.
With the help of this function we define Gaussian shift radiz systems as follows.
Let r € C? be given. To r we associate the mapping 7, : Z[i]? — Z[i] which is
given by

x = (1,...,2q) — (T2,..., 24, —[1rX]).

This mapping is called the Gaussian shift radiz system (GSRS) associated with r.
We say that ~, has the finiteness property if all orbits of v, end up in zero, i.e.,
if for each x € Z[i] there exists a positive integer k such that the kth iterate of ~y
applied to x satisfies 7¥(x) = 0.

As for classical shift radix systems, GSRS have relations to number systems
defined in rings of algebraic integers. In particular, we will see that Gaussian
numeration systems in the sense of JACOB and REVEILLES [6] are special cases
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of GSRS. Moreover, the symmetric number systems in imaginary quadratic fields
studied in KATAT [8] are strongly related to them.

In the present paper we will study basic properties of .. We will discuss their
relation to numeration and give first descriptions of the parameters r that give
rise to the finiteness property. We describe an algorithm that allows to decide
whether certain small parameter regions admit the finiteness property. Especially
the case d = 1 will be studied in some detail. This case deserves special interest.
Indeed, for classical shift radix systems the case d = 1 can easily be treated while
in case d = 2 the according problems become already very hard and are not
completely solved up to now. The one-dimensional case of GSRS seems to be
of an intermediate level of difficulty on the one side and reveals new interesting
properties on the other side.

In analogy to classical shift radix systems, the following sets will be of im-
portance in our investigations:

gff’ := {r € C?: ~, has the finiteness property} and
Gq := {r € C¢ : each orbit of 7, is ultimately periodic}.

The fact that the case d = 1 is already of interest in the context of GSRS is
illustrated by Figure 1 which shows an approximation of the set g§°) (observe its
irregular structure on the right hand side). Because of its shape and in honor of

Attila Pethd we call this set Pethd’s Loudspeaker.

2. Orbits of ~,

Let r € C% be given and consider the mapping .. If we take x = (X1,...,2q) €
Z[i]* as a starting point then, according to the definition of 7., we have

d
0< %((erxj)""xd-l-l) <1

j=1
Ye((z1, ... 2a)) = (22, .., Tat1) <= and (2.1)

d
0< %<<Z7’j1’j>+lﬂd+1) <1.

j=1

Thus, calculating 7, for a given value x amounts to solving a finite system of
linear inequalities.
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Let x; = (21,...,24) be contained in a cycle 7 of .. This means that there
is a positive integer p such that v?(x1) = x1, i.e., X1 is Yr-periodic. Thus, there
exist xa,...,X, such that

X1 5 xg 2 x, Ioxg (2.2)

where each arrow indicates an application of the mapping 7. According to the
definition of 7, there exist xq41, ..., Zarp—1 € Z[i] such that

xe = (Te,. .-, Tppa—1) (L <L p).

Moreover, the fact that (2.2) is a cycle implies that x4 = z¢ for £ € {1,...,d—1}.
Thus, the cycle in (2.2) is completely characterized by the sequence z1, ..., z,.
Therefore we write this cycle as

if p<d
ﬂ_{(xla ;Id)7 Ip=a, (23)

(x1,...,%q)Td+1,- .., Tp, Otherwise.

The cycle 0 =% 0 occurs for each r € C%. Tt is called the trivial cycle. Each other
cycle is called nontrivial.

The set gc‘lo) can be constructed starting from the set G4 by removing all
points r that correspond to some non-trivial cycle 7. For this reason, as in the
case of classical SRS we define

P(n) = {r € G4 : ™ occurs as a cycle for the mapping v, }.

We will now show that, as in the classical case, the sets P(7) are polyhedra. In
particular, let' @ = (z1,...,24)Ta41,...,2p be a given cycle. According to (2.1)
a parameter r is contained in P(7) if and only if

d
0< %((erxg_1+j) +xe+d) <1 and

j=1
d

0< s((zrjxg_m) + de) <1 (2.4)

j=1

holds for all £ € {1,...,p} (here we set xp4¢ = ¢ for £ € {1,...,d}). Since P(m)
is defined by the linear inequalities in (2.4) we see that it is a (half-open and
possibly degenerated) polyhedron.

IFor a general cycle m we always use the second alternative of the notation introduced in (2.3).
This should cause no confusion.
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3. Fundamental properties of GSRS

For a matrix M € C?4 we denote its spectral radius by p(M). We need the
following result.

Lemma 3.1. Let d € N, f : C? — C? a bounded function and M € C%*4
with p(M) > 1. Furthermore, let

F(x) = Mx" + f(x)
for x € C%. Then there exists some x € C? such that the sequence (F™(x))nen
given by the iterates of F' is not ultimately periodic.
PROOF. The proof of [1, Lemma 4.1] can easily be adapted. U

Remark 3.2. Note that Lemma 3.1 was established by GILBERT [5, Pro-
position 3] for real diagonalizable matrices. In particular, Gilbert showed this
statement for a bounded function f : R — R? and F : R — R? defined by
x — MxT + f(x) where M is a real diagonalizable d x d matrix.

Forr = (r1,...,74) € C? let

0 1 0 0
Rr = 0 € (CdXd' (31)
0 0 1
—r -T2 —Td

Lemma 3.3. Let r € C%. The n-th iterate 7(x) of the vector x € Z[i]? is
n
W) =RixT 4y RNV (3.2)
k=1
with vectors v, = (0,...,0,{rvF~1(x)}) € C? and {z} := z — | 2] for z € C.
ProOF. Using induction this is an immediate consequence of the definitions.
O

If +, satisfies the finiteness property then each x € Z[i]? admits a represen-
tation of the form

n n—1
x" =3 RM(—vi) =Y RF(=R; Vi)
k=0

=) RE(R0,...,0,{ryy () 1)) (3:3)



346 Horst Brunotte, Peter Kirschenhofer and Jérg M. Thuswaldner

This is reminiscent of a radix representation with base Ry ! and digits
—R:7Y0,...,0,{ry*(x)})T. We will come back to this interpretation in Section 5.
In the next proposition we formulate some results on G .

Proposition 3.4. The following assertions hold.

(i) Letr € C?. If the spectral radius p(Ry) of Ry is less than 1 then r € G4 and
the set of v.-periodic elements is finite. More precisely, for every norm | - ||
on C4 there exists a constant ¢ € R such that ||a|| < ¢ for every ~y.-periodic
a € Z[i]

(ii) We have &; C G4 C cl(E4) where cl denotes the topological closure.

(iii) The boundary of G4 is given by 0G4 = {r € C?: p(R,) = 1}.
PRrOOF. (i) For r = 0 the assertion is trivially true. Thus we may assume

that 0 < p(Ry) < 1. In this case we may choose p € (p(Ry),1) and construct a
norm || - || on C? with the property

1Rex" 5 < Il

(see e.g. [9, formula (3.2)]). Using Lemma 3.3, the proof of the first part of [1,
Lemma 4.2] shows

1
k(s - < 35l - .
e Gl < A7Ixlls + 7=

for k € N, hence, there is some k > 0 such that
1
k ; < —— + 1. 3.4
I ()5 < 57" (3-4)
In view of the equivalence of norms on C? the proof can easily be completed.
(ii) The first inclusion follows from (i) while the second one is an immediate
consequence of Lemma 3.3 (with n = 1) and Lemma 3.1.
(iii) This follows in the same way as [1, Lemma 4.3]. Just take complex
instead of real polynomials. O

Because of this result we will concentrate on contracting polynomials. More
precisely, we see that the set G, is intimately related to the set of all parameters r
whose accompanying matrix R, (see (3.1)) has spectral radius less than 1. Looking
at the characteristic polynomial of R, these parameters are given by the Schur-
Cohn region

Eq:={(r1,...,7q) € C?: all roots of X 4 ry X414+ ...
+ 71 are inside the unit circle}.

This region has been characterized by SCHUR [12] as follows.
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Proposition 3.5 ([12, Satz XVII]). The zeros of the polynomial
X4 rgXTh 4 X + 1y € CIX]

are all contained in the unit disk if and only if

1 0 0 T ro ... Tv+1
T4 1 . 00 7. Ty
—y —v ... 1.0 0 ...
det | MdTvHt Tdovi - Ml s0 (0<v<d-1).
1 0 0 1 rd .- Td—v+1
T i ... 00 1 ... Ty
Tyl Ty ... 0 0 ... 1

In particular, in this case |ry| < (kil) holds for each k € {1,...,d}.

Obviously, & = {r € C: |r| < 1}. Moreover, one checks that
Ey ={(r1,m2) € C?: |ry| < Tand (1 — |r1|*)? + 2R(F17r2) > (1 + |r1})|r2|?}

Now we turn to results on Q((io). We will need the following notation. For
s = (s1,...,584) € C?let s = (31,...,54) be the vector containing the complex
conjugates of the entries of s.

We start with the following symmetry lemma.

Lemma 3.6. Letr = (r1,...,rq) € Gg. Thenr € gflo) if and only if T € gg”.

ProOF. Let x; = (21,...,24) and xo = (z2,...,2441) and assume that
~r(x1) = x2 then, according to (2.1), we have

d d
0§§R<<2le‘j)+l‘d+1)<l and 0§%<<Z’I’j1’j>+lﬂd+1><1. (35)
j=1 j=1

If we replace r; (1 < j <d)and z; (1 <k <d-+1)in (3.5) by 7; and iz,
respectively, the first chain of inequalities in (3.5) becomes the second one and
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vice versa. Indeed,

d d
R << Z Fjifj) + ifd+1> =R << (%7"]‘ - 1%73)(%1&%‘ 1§Rl‘j )> + %xd+1+ i%de)
=1

Jj=1 J

d
= ( (?R”I’j%l‘j + %Tj%l‘j)) + %Zd+1
7j=1

- g((Ex) +au )

shows that the first chain becomes the second one by this replacement. The fact
that the second one transforms to the first one is shown likewise. Thus

Yr (Xl) = Xo <~ ’)’f(lil) = iXs.
In particular, the cylce (z1,...,2Zq)Ta+1,.-.,%p is a nontrivial cycle for 7, if and

only if the cycle (i%1,...,1%q)iTa+1, - . - ,iTp is nontrivial for v¢. Thus ~, admits a
nontrivial cycle if and only if & does. This implies the lemma. O

Remark 3.7. Figure 1 shows that r € gfﬁ’ does not imply that Sr belongs
to D((io) (see [1, p. 211)).

We use Lemma 3.6 for a result on g§0).

Lemma 3.8. Ifr € g§°’ then Rr > 0.

PRrROOF. In view of Lemma 3.6 it suffices to exhibit a nontrivial period of ~,
for each r = s + it with —1 < s < 0 and 0 < ¢ < 1. Since for these r we have
|r] = —1 we get 7,(1) = —|r| = 1. Thus 1 — 1 is a nontrivial period and the
lemma is proved. ]

4. Algorithms

In this section we present algorithms that allow to exhibit points and small
regions in G4 which belong to gc‘lo). We start with an efficient algorithm to decide
whether 7, has the finiteness property for a given vector r € C%. It is an obvious
generalization of the analogous result in [1, Theorem 5.1]. For convenience we
denote by e1, ..., ey the canonical basis vectors of C? considered as a vector space
over C. Furthermore, we use the notations

Slf(x) = f(x)a SQf(X) = 7f(7X),
Ssf(x) = f(%), Saf(x) = —f(=%). (4.1)




Shift radix systems for Gaussian integers and Peth&’s Loudspeaker 349

Theorem 4.1. Let r € C? and denote by Z, the set of elements in Z][i]¢
whose orbits of v, end up in zero. Suppose that there exists a subset V of Z,
satisfying the following two properties.

(i) V contains the 4d-element set

Vi ={xey,..., teq, Hieq,..., tieg}. (4.2)
(ii) For each a € V' the elements Syye(a) (1 < ¢ < 4) belong to V.
Thenr € gg”.

PrOOF. We follow the proofs of [1, Theorem 5.1] and [13, Theorem 2.6] and
observe that
o +y) e {lo)+ Lyl o) = L-u), L=} + 7], Le) - =0}
={lz] +Su(ly)) : 1< <4}

for z,y € C. Using the definition of v, we deduce

(a+b) € {n(a) +Sew(b): 1 < <4}

for a,b € Z[i]%. Therefore, by (ii) for all a € Z[i]? and b € V there is some ¢ € V/
such that
e+ b) =(a) +c.

Using induction, for every n € N we find some ¢ € V' with
T (@+b)=7'(a) +c.
Now let a € Z,. Then there exists n € N with 77 (a) = 0 and, hence,
w(a+b) eV,

and we deduce a+ b € Z,. By (i) the proof can now easily be completed induc-
tively. O

Let us assume that all roots of the polynomial
X prg X4t 4py 1 X244y € CIX]

lie inside the open unit disk, i.e., p(Ry) < 1 with r = (rq,...,74) € C%. Then
similarly as explained in [1, p. 223 f.] our results provide an efficient algorithm

(0)
d

to determine whether r belongs to G, or not: define inductively

Vos1 = Vo U{Sie(a):acV,, 1 <0 <4}
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with V1 given by (4.2). Set m,, := max{||v| : v € V,,}. Observe that, choosing p
as in the proof of Proposition 3.4 (i), we get

1
max {[[Seve (V)| : v € Vy, 1§€§4}§ﬁmn+?ﬁ. (4.3)

Thus my,4+1 < max {mn, pmy, + %ﬁ} which implies that the sequences (m,,) and

(V) are uniformly bounded. Tﬁus there must be some n such that V11 C V,.
Now, if V}, C Z, then we know r € Qéo) by Theorem 4.1, otherwise V,, contains a
nonzero “yy-periodic element, and we conclude r ¢ gff’).

This algorithm was used to construct the approximation of gf’) in Figure 1.
According to Lemmas 3.6 and 3.8 it suffices to consider only parameters whose
real and imaginary parts are greater than or equal to zero. By (2.4) each explicitly

given nontrivial period 7 cuts out a polygon form G;. For instance, the period

T:l—1—>—-1—=1471—>1—1
cuts out the set

Pir)={r=s+itcC:s*+1t*<1, 1-s<t<2-5, s<t<1+s}

from G;. Thus this set has empty intersection with Q§O).

Analogously as in [1, Section 5] we generalize Theorem 4.1 and provide an
efficient method to determine a small subregion of gc‘lo) contained in a given convex
polyhedron inside the interior of G,.

Theorem 4.2. Let ry,...,r; be points of G5 and denote by
H = conv(ry,...,ry) the convex hull of ry,...,v,. If H is contained in the
interior of G4 and if the diameter of H is sufficiently small then there exists an
algorithm to create a finite digraph (V, E) with vertices V C Z[i]? and edges
E €V x V with the following properties:

(i) V > Vi with V4 as defined in (4.2).

(ii) For each pair (v,v') € V? there exists an edge from v to v’ if and only if
there is some h € H with

vie{Sim(v): 1<l <4},

where Sy is defined as in (4.1).

(i) HN g(go) = H\ U,cc P(n), where C is the set of all nonzero simple cycles®
of (V,E).

2See [10, Definition 2.2.11] for the definition of a simple cycle.
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PROOF. Since H C int(Gy), Proposition 3.4 implies the existence of a positive
0 < 1 such that for each h € H the spectral radius of the matrix Ry, is less than 4.
Then for all h’ in a sufficiently small neighborhood of h, the maps

Z — Sth/(z) (1 <t < 4)
are contractive with respect to a suitable norm (see the proof of Proposition 3.4 (i)).
Therefore, assuming that the diameter of H is sufficiently small we may choose a
norm on C? such that for all h € H the matrix Ry, is contractive with respect to
this norm.
For z = (21,...,24) € Z[i]? we define

L ={wez[i]*: HP(w) £ 0}
with HO(w) ={h e H:Sim(z) =w} (1<0<4).

For convenience for a,b € C we write a < b if Ra < Rb and Ja < Ib. Moreover,
we use the notation

max{a; € C:1<j <k}
=max{Ra; € C:1 <j <k}+imax{Sa; € C:1<j <k}
Note that it is easy to check that w = (2za,...,244+1) € L;l) implies

M9 (=2) < 2441 < MY (2)
where we set
MO(z) = max{S¢(—|r;z]): 1 < j < k}.

In other words, setting
K ={(29,. ., 24, 2a41) : za11 € L[], —MY(=2) < 2411 < MO (2)}
we get Lg) - Ky). Thus
LY ={we K : HO(w) £ 0}.

As Hz(z) (w) is a polytope, the sets L;l) are effectively computable.
For n > 1 we define inductively

Vn+1:VnU{S€7h(a):h€Ha aGVn, 1§£§4}

In the same way as in the remarks after the proof of Theorem 4.1 (see especially
equation (4.3)) we get V,, 41 C V,, for some n. For this n we set V :=V},.
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Algorithm 1 Determination of gc‘lo) Nconv{ry,...,rx}
Input: ry,...,r; € &, overflow € N.
Output: G = Q((io) Nconv{ry,...,r;} or “overflow”

H <« conv{ry,...,r;}

Vi + {zey,...,Teq4, tieq, ..., tieq}

n<+1

repeat

W =0

for z = (21,...,24) € V;, do
for {=1,...,4do
MO (z) « max{Se(—|r;z|): 1< j < k}; {S¢ as in (4.1)}
K {(22, ... 2a, 2a41) ¢ zag1 € Zi], —M©O(=2) < 2411 < MO(z)}
for w € Ky) do
H(w) « {h € H: Syyn(z) = w}
end for
LY {we K" Y (w) # 0}
end for
wewurPurLPur? urd
end for
Vg1 < VoUW
n<n+1
until V,, C V,,_1 or n > overflow
if V,, CV,_1 then
V <+ V,
G+ H
for 7 in the set of simple cycles in (V, FE) do
G+ G\ P(n)
end for
return G
else
return “overflow”

end if

Now we define the edges E by (ii). Then it is clear that (V, E) is a finite
digraph with properties (i) and (ii).

We are left to show (iii). It is obvious that H \ |J,.-P(7) D HN Qg)). Let
h € H. The construction after Theorem 4.1 delivers a subgraph of (V,E). If
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he H\ Q((io) then by Theorem 4.1 there exists a nontrivial simple cycle 7 in the
graph (V, E) and h € P(n). O

This theorem gives an effective algorithm to obtain H N QC(IO) for H being the
convex hull of finitely many points lying in the interior of G4, see Algorithm 1.
Observe that the number of simple cycles of a finite digraph is finite (see e.g. [7]
for an algorithm that finds all simple cycles of a finite digraph).

In practice, to apply Theorem 4.2, there is no need to take care of the “suffi-
ciently small” condition. Just choose a small convex hull inside the interior of G4
and try this algorithm to see whether the emerging process terminates or yields
“overflow” in a certain prescribed time. If it terminates we get H N gf;’). If not,
then we have to try again by a smaller convex hull.

5. Relations to Gaussian numeration systems

In the present section we show that our new notion of GSRS contains Gauss-
ian numeration systems in the sense of JACOB and REVEILLES [6] as special cases.
First we recall the definition of these objects.

Let 8 € Z[i] \ {0} be a Gaussian integer and set

c= {c € Z[i - {%J = 0}. (5.1)

The pair (5,C) is called a Gaussian numeration system if each x € ZJ[i] can be
written uniquely in the form

r=cot+acaf+-+ec 8" (5.2)

with ¢; € C and ¢, # 0 for n # 0. Note that the digits ¢; are unique because C
is a complete set of representatives of cosets of Z[i]/SZ[i]. In [6, Theorem 3] the
elements § € Z[i] that give rise to a Gaussian numeration system are characteri-
zed.

In the following lemma we show that for d = 1 certain GSRS mappings 7,
can be used to calculate the digits in (5.2).

Proposition 5.1. Let 5 € Z[i] \ {0} be given and define C as in (5.1). Then
(8,C) is a Gaussian numeration system if and only if —1/( € Q§O). In particular,

the digits in the representation (5.2) of x are given by

o=8{-Ft -0} (kem, (53)

Note that ¢, = 0 for k > n.
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ProOOF. Let —% € Qfo) and x € Z[i]. Then there exists n € N such that

’)’nJ{/lB( x) = 0. In view of (3.3) we can write
5 ()£ () o
Since H - %’751/5(—30)” = 0, the elements B{ ny 1/6 } belong to C.

Thus, in view of the uniqueness of the digit representation (5.2), the expansion
in (5.4) is the one in (5.2) which proves (5.3). Moreover, since x was arbitrary,
this implies that (3,C) is a Gaussian numeration system.

Now assume that (8,C) is a Gaussian numeration system and = € Z[i]. Then
2 has a representation of the form (5.2). We see by induction that AU 1)/ﬂ(—$) =0.
Indeed, note that

n cot 1B+ 4"
’Y—l/ﬂ(*x):7—1/[3(*00*015*"'*%5 )=— { > : 3 J
c
:—\‘EOJ —Lcl+...+cn/3n_1J :—Cl_..._cnﬁn_1.
Since = was arbitrary this implies f% € Q§O). O

Observe that gc‘lo) contains much more elements than those which are in
correspondence with Gaussian numeration systems.

6. Perspectives

In the present paper we started the investigations on GSRS by proving some
basic results. Many things remain to be done. In what follows, we list some
further problems and possible research directions related to this new class of
dynamical systems.

(i) Is it true that (r1,...,7q4) € g(go) implies that ®ry > 0 ? Lemma 3.8 shows
that this is true for d = 1. In case of shift radix systems the analogous
question has been answered affirmatively in [3, Theorem 2.1]. In the case of
GSRS the situation seems to be more difficult.

(ii) Is 1 a critical point of g§0)? If so, is it the only critical point? For a definition
of a critical point see [1, Section 7]. This definition carries over to GSRS in
a natural way.



(iii)

(vi)

(vii)

(viii)
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What can we say about the topology of Qc(lo)f? For instance, are these sets

connected or simply connected? These questions are already interesting for

the case d = 1. In this case there is some hope to get a complete description

(0)

of G, .

What can we say about the geometry of g(go)? For instance, Figure 1 indicates

that Q£O) is starlike. What is the Hausdorff dimension of the boundary of
(0)9

Gy

The interior of Gy is equal to the Schur—Cohn region £;. However, it is not

clear which part of the boundary G, belongs to G4. For classical shift radix

systems the analogous problem was studied for instance in [2], [11]. In the

classical case it is solved completely only in dimension one.

Define and study GSRS tiles (see [4] for tiles related to shift radix systems).
The example r = %(1 +1), 2 = —1 + 1 shows that the preimage of -, can be
empty, i.e., that v, !(z) = 0. As this cannot occur for classical shift radix
systems, it would be interesting to study the effect of this property on the
underlying tiles.

Lemma 3.3 and Proposition 5.1 indicate that GSRS are related to radix
representations. What kinds of numeration are hidden behind the notion of
GSRS? In Section 5 we established a relation to Gaussian numeration systems
in the sense of [6]. This should be generalized to higher dimensions. In
particular, we think that GSRS are related to number systems defined in the
rings Z[i]/pZ[i] where p € Z[i][X] (see [1, Section 3] for the relation between
shift radix systems and canonical number systems). Moreover, it would be
interesting to find an analogue to beta numeration related to GSRS. Here
we suggest to study the complex beta transformation T : C/Z[i] — C/Z]i]
defined by x +— {fz} for each 5 € C (see [1, Section 2] for shift radix systems
and beta expansions).

Define and study generalizations of shift radix systems for other orders Z[«].
Moreover, analogously to SURER [13] one can define and study “e-GSRS”. It
seems that for e = 1/2 these generalized GSRS contain the number systems
in imaginary quadratic fields studied by KATAT [8].
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