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A correspondence theorem for L-functions
and partial differential operators

By JERZY KACZOROWSKI (Poznaii) and ALBERTO PERELLI (Genova)

Dedicated to Professors K. Gydéry, A. Pethd, J. Pintz and A. Sdrkézy with
admiration to their works in number theory

Abstract. Given an L-function F(s) from the extended Selberg class, we associate
a function ®r(z,y). We show that the functions ®(z,y) are, in the general case, the
analogs of the modular forms associated with the GL2 L-functions. Indeed, we prove
that every ®r(z,y) is eigenfunction of a certain partial differential operator. Moreover,
we prove a general correspondence theorem for such L-functions involving the functions
Pr(z,y).

Let F(s) be a function in the extended Selberg class S*. This means that
(s—1)™F(s) is entire of finite order for some non-negative integer m, F(s) is rep-
resentable for o > 1 as an absolutely convergent Dirichlet series with coefficients
a(n) and satisfies the functional equation

V($)F(s) =wi(1 = s)F(1 - s)

with |w| =1 and

s) =@ [T Ts + 1)
j=1
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where Q@ > 0, Ru; > 0 and \; > 0. Here f(s) = f(5). We also write dp =
23771 Aj for the degree of F(s) and

J 1
p=g+ 2 (m3):

Moreover, for z,y € R with y > 0, we let

(oo}

Cr(z,y) =y ) a(n)i(ny/ay)e(nz)
n=1

where ¢ = qp = (2m)%" Q? | A?Aj is the conductor of F(s), e(z) = €™ and

(&) is the inverse Mellin transform of the gamma-factor v(s), i.e. for £ > 0
y() = T/ Y(s)€ " ds.
T J2—ico
Since (&) < €4 for every A > 0, the series defining ® (=, %) has good conver-
gence properties.

Ezxamples of ®p(x,y). The function @z (x,y) becomes a familiar object when
F(s) is a classical L-function of degree 2.

1. Holomorphic cusp forms. Let f(z) be a holomorphic cusp form of weight
k and level N

f(z) = Z a(n)e(nz), z=x+iy;

see Ch. 7 of IWANIEC [3]. Writing a(n) = a(n)n~*=1/2] the normalized L-
function associated with f(z) is

L,y =3 40

n

hence F(s) = L(s, f) is an entire function of degree 2 in S* with

7(5)=<\;TN> F(8+k;1)7 M=E, q=N. (1)

We therefore have

24100 —s —n
:Y(f):%/%_ s+ p) (2\7;5) ds = (ﬁ) e~ 278/ VA
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and hence
Do) = (2" 3 alnnte IR _ (omyf(a) @)
n=1

2. Maass forms. Let f(z) be a Maass form of level N and given parity

= Vi Y Ko (2rlnly)e(nz), ==z +iy

n#0

where 1/4 + k2 is the eigenvalue of f(2), K;.(z) is the Bessel K-function and
e =01if f(z) is even, € = 1 otherwise; see Ch. 3 of TERRAS [12]. The L-function

associated with f(z) is
o0
_ Z a(n)
n=1 n

hence F(s) = L(s, f) is an entire function of degree 2 in S* with

N ° ) —1 1
7(5):<\F> F(S+€2+ZKJ)P(S+€2 m>7 MZE—§,q=N~

In this case we have

| Zico s+e+ik s+e—ik n€\ " °
05 ) () () () -

Making the substitution s + € + ik = 2w and using the following integral repre-

sentation (obtained by the inverse Mellin transform of formula 11.1 of p. 115 of
OBERHETTINGER [10], choosing a = 2)

K,(z)= L (E>V L /CC‘HOO I'w)I'(w —v) (E)_Qw dw

2/ 27 Joioo

with ¢ > max(0, Rv), we obtain

o- () (%)

and hence

Op(r,y) = fZ n Ko (2mny)e(nz) = - f(2). (3)



500 Jerzy Kaczorowski and Alberto Perelli

Therefore, in both cases ®g(x,y) reduces (essentially) to the modular form to
which F'(s) is associated. O

In Theorem 1 below we assume that A; € Q for every j. Hence, without loss
of generality, we may assume that the \; are all equal and of the form

1
N=p keNj=1...r (4)

(this can be seen by means of the multiplication formula for the I" function, see
[6]). In particular, the degree dp is a rational number; note that it is expected
that dp € N for every F € S¥. For F € S* satisfying (4) we consider the partial
differential operator

. 1 0 i (2m)r=F . oF
D: _—y — L — — A — —_—
H( Koy TH k) ik Y gk

where multiplication means composition of differential operators. Note that
& p(z,y) depends strongly on F(s), while D depends only on the functional equa-
tion satisfied by F'(s). However, the operator D is not invariant, in the sense that
it depends on the shape of the functional equation of F(s), which may be changed
by applications of the multiplication formula for the I' function. We have

Theorem 1. Let F € S* satisfy (4). Then
DOp(z,y) = 0.
Remark. Let Dy be a partial differential operator of the form
. 0
D() = jl;[l (—Ayay + Vj) .

It is not difficult to detect the structure of such operators. Indeed, it can be
proved that Dy can be written as

T ) 6j
— X N
Do = 2 Wil 5

where the W; , are polynomials satisfying

Wirt1 = (Vg1 — AW = AWj_1 ., Wo, = H viy, Wer=(=1)"A"

Jj=1

Moreover, the ring generated by such operators is the polynomial ring C [ya%] . d
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PROOF OF THEOREM 1. From the definition of 4(¢) and ®p(x,y) we have

1 a 00 24100
a2 _H —p
gy e @) = k<I>F z,y) ;a o ), Ynvay)” dse(nw)
u 1 24100 s .
( k)@p T,Y) — Yy nz::la(n 2—/2 - 'y(s)(% —|—,uj>(n\/§y) dse(nx),
hence
0
( % 8 + = k)‘I’F(m Y)
oo 1 2-+1i00 s
=y H — e - .
v el | () (5 ) (@) ds ena)

Therefore

s

H( ]1€ §+ug Z)fﬁp(w,y)

j=1
v Z 27m /2%:0 7(s) ﬁ (% + Mj) (nv/qy) *dse(nx). (5)

24 j=1

By (4) and the factorial formula for the T" function we have

v(s)f[( ) = QSHF( 1) = QM (s 4 k),

j=
hence, by the substitution s+ k = w and using Cauchy’s theorem, the right hand
side of (5) becomes

241400
< 97“; 27i /271.00 V(s + k) (ny/qy)~*ds e(nz)

ok . 1 24i0c0 Cw
=Q "y (Vay)* Y almn® — Y(w)(ny/qy)~ " dw e(nz)

(52 ¢ Zwren ©)

The result follows now from (5), (6) and the definition of g. O



502 Jerzy Kaczorowski and Alberto Perelli

SPECIAL CASES OF THEOREM 1. Let us examine again two classical cases of
Theorem 1.
1. Holomorphic cusp forms. In this case by (1) we have

D=yl iyl iy (2 il
N y@y Yor —"\oz "oz )
hence D® p(z,y) = 0 means

0P (z.y) _ 00 p(z.y)
or dy

i.e. the Cauchy—Riemann equations. But, see (2), ®p(x,y) = (27)*f(z), hence
DO p(x,y) = 0 is equivalent to the fact that f(z) is holomorphic.

2. Maass forms. In this case we have

:< L etin 5—1/2>( y 0 +e—m_e—1/2)+(y)2 o2
y?
T4

2 0y 2 2

y 0

E{T 2 2 2/ 0x?
0?  9? /1
<81}2 )+4<4+l€>.

Hence D® g (z,y) = 0 becomes

02 0? 1
— 2 _— _— = — 2
Y <8x2 + ayQ) Pp(z,y) (4 + K ) Pp(z,y)

i.e. ®p(z,y) is an eigenfunction of the hyperbolic laplacian, with eigenvalue i—i—nQ,
as expected by (3). O

The classification of the degree 2 L-functions in the Selberg class (i.e., ro-
ughly, the Dirichlet series with functional equation of degree 2 and Euler product)
is a well known open problem, see SELBERG [11], CONREY-GHOSH [2] and our
survey papers [5], [4], [7], [8], [9]. Roughly speaking, it is expected that such func-
tions are the L-functions associated with the holomorphic and non-holomorphic
modular forms. The classification of the degree 2 functions in the extended Sel-
berg class (where no Euler product is assumed) is more difficult, and as far as
we know there isn’t even a clear expectation about it. The above special cases
suggest that the functions ®p(x,y) are, in the general case, the analogs of the
classical modular forms. Such analogy is supported also by the following exten-
sion of the Hecke correspondence theorem; we refer e.g. to BERNDT-KNOPP [1]
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for an account of Hecke’s correspondence theorem. Suppose that the Dirichlet

)
>
n=1

is absolutely convergent for ¢ > 1, and let p € C, ¢ > 0, @ > 0, A; > 0 and
Rp; > 0. We write y(s), (&) and ®p(z,y) as above, and

series

1 24100 s}
GEE = SO S S CEy T (n/ay)e(ne).

With this notation our general correspondence theorem is

Theorem 2. Let |w| = 1. With the above notation the following statements
are equivalent.

(i) F(s) extends to an entire function of finite order and satisfies the functional
equation

Y(s)F(s) = wy(1 — s)F(1 — s).

(ii) Fory > 0 we have

i _ 1
(0, y) = wq Y2yl (0, qy) .

Remarks. 1. Results of type of Theorem 2 already exist in the literature,
mainly due to S. Bochner and his collaborators and followers. We refer to Chap-
ters 7 and 8 of BERNDT-KNOPP [1] and to the literature quoted there for several
variants of the principle underlying Theorem 2.

2. The condition that F'(s) is entire is not crucial in Theorem 2. Indeed,
the same argument proves a version of Theorem 2 where F'(s) in (i) has a pole
at s = 1 and the modular relation in (ii) is slightly modified by adding terms
corresponding to the residue of F(s) at s = 1. (]

PrOOF OoF THEOREM 2. We first show that (i) implies (ii). Since F'(s) has
polynomial growth, the integrals below have good convergence properties, justi-
fying our formal manipulations. Note first that, thanks to the functional equa-
tion, F(s)v(s) is an entire function since F'(s) is entire and ~y(s) is holomorphic
for ¢ > 0. Hence by Cauchy’s theorem we have

1 24100

Pr(0,y) =y "= v(s)F(s)(v/qy)~*ds

270 Joico
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_ 1 2+i00 ~ _ .
= wy #T (1 = s)F(1—s)(v/qy) °ds
T J2—ico
1 —14ic0 3 .
=wy o F(w)F(w)(Vay)* ™ dw
T J _1—ico
B 1 2-+1i00 B .
—wy s [ ) Fo)(Vay) dw
T J2—ico
s 1 24100 (nﬁ) —w
— o —1/2, —p—1 7/ - d
wq Y a(n - F(w w,
25 fy 10y

hence )
B(0,1) = gy (0, )
qy

and the first statement follows. Now we prove that (ii) implies (i). We have

()0 o3 o

hence by the inversion formula of Mellin’s transform we get
— > Y s+p—1
Ar) =+ [ ae (0,2 ) oty
0 Va

Now we apply the well known trick of splitting the integration over (0, c00) into
(0,1) U (1,00) and then transforming the integral over (0,1). We get

1 1
—n/2 Yy s+p—1 _ —i/2 * 1 s—p—2
qg* /%(0, )y dy = wq /‘P (0,)2/ dy
0 Va o T\ Vay
—[ > * Y —s+ji
= wq ”/2/ P <0, ) y~ STHdy.
T Va

AFE) =g [ o (o, 5@) Yy

1
,/2 0 y —
+wq H / g <0, ) y STHdy. 7
AN (7)
Thanks to the decay properties of ¥(§) and *(§) as £ — oo, the right hand side of
(7) provides the analytic continuation of v(s)F(s) to C, as well as the functional
equation. The other properties in (i) follow from this in a standard way. O

Therefore
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