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On Kleinbock’s Diophantine result

By NIKOLAY MOSHCHEVITIN (Moscow)

Abstract. We give an elementary proof of a metrical Diophantine result by
D. Kleinbock related to badly approximable vectors in affine subspaces.

1. Definitions and notation

Let R? be a Euclidean space with the coordinates (z1,...,24), let R4t be
a Euclidean space with the coordinates (zg,1,...,zq). For x € R? or x € R4+!
we denote by |x| its sup-norm:

|x| = max |z;| or |x|= max |z;|.
1<5<d 0<j<d

Consider an affine subspace A C R? and define the affine subspace A C Rt in
the following way:

A={x=1,21,...,2q) : (z1,...,2q) € A}.
Let B be another affine subspace such that B C A. Define

B={x=(1,z1,...,2q): (x1,...,24) € B}, BCA.

Put
a=dimA =dimA, b=dimB =dim5B.

We define linear subspaces

A =span. A, B = spanB
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as the smallest linear subspaces in R4*! containing A or B respectively. So
dimA=a+1, dimB=>0+1.

Let ¢0(T), T > 1 be a positive valued function decreasing to zero as T — +o0.
We define an affine subspace B to be ¥-badly approzimable if

. 1 .
<zt (0) (d)(XI) JeR P y') - M
This definition is very convenient for our exposition.

Here we would like to note that in the case when the affine subspace B
has zero dimension (and hence B = {w} consists of just one nonzero vector
w = (wy,....,wq) € R?) the definition (1) gives

1
inf — inf |x — tw™ 2
xezr}?l\m}(w<|x|>%‘ém'x v > >0 @)

with w* = (1,wi,...,wg). Under mild restrictions on the function % the ine-
quality (2) is equivalent to the condition that there exists a positive constant

~v = y(w) such that

all >~ -
max flwigll =y -¥(al), ¥q€Z\{0} (3)
(here || - || denotes the distance to the nearest integer). We can consider the
inequality
. (k)
>
71}51 o(T) >0, Ve>1 (4)

as an example of such a condition on the function .
The condition (3) is a usual condition of ¥-badly simultaneously approxima-
bility of the vector w. This explains our definition (1).

2. Badly approximable vectors in affine subspaces

We consider a special case b = 0 and ¢4(T") = T-1/4. Then 14-badly appro-
ximable vectors w are known as simultaneously badly approximable vectors (see
[Schm], Chapter 2). Take

¢a,a(T) = a(T) - (logT)™™ = T~ (log T) 2. (5)
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Theorem 1. Consider an affine subspace A C R%. Suppose that there
exists a badly approximable vector w € A. Suppose that A > % Then almost all
vectors from the subspace A are g a-badly approximable vectors, where g a(T')
is defined in (5).

We should note that a similar result dealing with ‘not very well approximable’
vectors (this is a condition weaker than ‘badly approximabe’ vectors) was obtained
by DMITRY KLEINBOCK (see [Klel], Theorem 4.2) by means of theory of dynamics
on homogeneous spaces. Some generalizations are due to DMITRY KLEINBOCK
[Kle2] and YUQING ZHANG [Zha]. We also refer to a relevant paper [Kle3]. We
would like to note that the main subject of the papers [Klel], [Kle2], [Zha] is
dynamical approach to Diophantine approximations on submanifolds. A weaker
result was announced by MIKHAIL B. SEVRYUK [Sevr].

Consider the function 9, (T) = T~ 4. It can be shown that for a given affine
subspace A C R? of dimension dim A = a > 1 there exists a t,-badly approxi-
mable vector w such that w € A. Moreover in this case ¥,-badly approximable
vectors in A form a winning set (see [Mosh], where even a little bit stronger result
is proved).

Obviously we have the following corollary to Theorem 1.

Corollary 1. For any affine subspace A C R? almost all vectors from A are
©q,a-badly approximable vectors, where ¢, A(T') is defined in (5).

3. General result

In the sequel we consider two positive decreasing to zero functions (T,
©(T') under the condition ¢(T") < (T"). We consider the following condition on
function ¢ (T'):

o(KT)
o(T) =52 L)

0 < inf < 400, Vk>1. (6)
T>1

For these functions we define quantities

e (@) e CR) (R

Now we are ready to formulate the main result of this paper.
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Theorem 2. Consider function (T decreasing to zero as T — +o00. Sup-
pose that for all T > 1 one has 0 < ¢(T') < (T) and the series

400
Z NJT>\T (7)
T=1
converges. Suppose that i satisfies (4) and ¢ satisfies (6). Suppose that B C A
are affine subspaces and 0 < b = dim B < a = dim A < d. Let B be a v-badly
approximable affine subspace.
Then almost all (in the sense of Lebesgue measure) vectors w € A are -
badly approximable vectors.

We should note that Theorem 1 immediately follows from Theorem 2 (one
should take b = 0) as in the case A > 1 the series (7) converges.

We believe that the condition that (7) converges in Theorem 1 is optimal.
Here we would like to refer to related papers [BBDD], [Ghol], [Gho2]; in par-
ticular these papers study metric Diophantine approximations with respect to
convergence/divergence condition.

4. Proof of Theorem 2

Take R > 1. In the sequel we do not pay attention to the constants. All
constants in the symbols <, < may depend on d, subspaces A, B and R.

For a set € C R4*! and a point x € R*! we define the distance |x|¢ from x
to € by

X|le = inf |x —y]|.
x|e ye¢| Y
Consider the set
Qr ={z=(20,21,...,24) ER™M:0< 20 <T, max |zj| < RT,
1<j<d

2| < - (RT)}.

Here we suppose that v > 0 is strictly less than the infimum in (1). As B is a
1-badly approximable subspace we see that

QrnN 74+ = {O}

(we use the definition (1)). Now we observe that any translation of the 1/2-
contracted set 1
5 Qr+e c € R*! (8)
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consists of not more than one integer point. Indeed if two different integer points
x, y belong to the same set of the form (8) then 0 # x —y € Qp. This is not
possible.

Consider the set

My ={zc R :0< 2 <T, 1I£1§E<d|zj| < RT, |z|a < o(RT)}.
<<

Let v7 be the minimal number of points c;,1 < j < v¢ such that
vt 1
117 CjLJl (2-QT+Cj).

As o(T) < ¢(T) and ¢ satisfies (4), we see that v < pr. That is why the set
II7 can be covered by not more than C'- ur different sets of the form (8) (here C
is a positive constant). So we deduce a conclusion about an upper bound for the
number of integer points in II7:

# (M NZHY) < pr. (9)
For an integer T" > 1 we consider the set

Zr ={z=(20,21,...,2q) €23 : 2y =T, 1rila§d|zj‘ < RT, |z|la < @(RT)}
<<

of the cardinality
B — w70, 0< P <10 (10)

For p > 0 and z € R put
ty(z) = {y e R : [z —y| < p}.

Consider the set
Up = U%;(RT) (z)

where the union is taken over all integer points z such that

20 =T, fgj&%{d |Z]| < RTa i’[Lp(RT) (Z) na 7& .

Clearly
Up = U Uy (rr)(2)

zELT
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Consider the cone
@TZ{XER(H_I x=t-y, teRyelr}

and the projection
Ur = AN G,

Now we suppose that w € AN {|z| < R} is a ¢-badly approximable vector.
Then from (3) it follows that for any positive 7 there exist infinitely many positive
integers ¢ such that

max [lwjql] <ve(q)-

Define integers z; from the condition
wiql = |wiqg—z|, 1<j<d.

So we consider integer vector z = (q,21,...,24) € Z91. We suppose 7 to be
small enough. Then by the left inequality from (6) for the corresponding vector
w* € A one has
qW" € o) (2) C Up(rg)(2)-
As w € {|z|] < R} and w* € A we have gw* € iy and w* € Up. So if
w € ANn{|z| < R} is a p-badly approximable vector then there exist infinitely
many 7" such that
w* e Ur.

Consider the series
“+o0
> mesalr (11)
T=1

where mes, stands for the a-dimensional Lebesgue measure. Suppose that the
series (11) converges. Then by the Borel-Cantelli lemma argument we see that
the set of non-p-badly approximable vectors w* € AN {|z| < R} is a set of zero
measure. As R is arbitrary we see that Theorem 2 follows from the convergence
of the series (11).

Now we show that the series (11) converges. Note that the set {7 is a union
of not more than ((TR) balls (in sup-norm) of radius ¢(RT'). Hence the set Uy C A
can be covered by not more than C;R) balls of radius ¢(RT)/T. So in order to
prove the convergence of the series (11) one can establish the convergence of the

5. (40)’ a2
T=1

(we take the right inequality form (6) into account).

series
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It follows from (9) and monotonicity of ¢ that

T a—b a—b

) T/2¥ T

SN« 3 =Y (U > < ( = .
Jj=1 v<logT v<logT w(T/2 ) QZ)(T)

Now we see that the convergence of the series (12) follows from the convergence

of the series (7) by partial summation as from (10) we see that

CRE <‘p(TT++11)> < (@(T)* =0, T — +oo.

Theorem 2 is proved.
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