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On harmonic numbers and Lucas sequences

By ZHI-WEI SUN (Nanjing)

Abstract. Harmonic numbers Hy = Zo<j<k 1/7 (k=0,1,2,...) arise naturally
in many fields of mathematics. In this paper we initiate the study of congruences
involving both harmonic numbers and Lucas sequences. One of our three theorems is
as follows: Let uop = 0, u1 = 1, and upy1 = Un — 4un—1 for n = 1,2,3,.... Then, for
any prime p > 5 we have

p—1

H,
S a5 =0 (mod p)
k=0

where § =0 if p=1,2,4,8 (mod 15), and 6§ = 1 otherwise.

1. Introduction

Harmonic numbers are those rational numbers given by

H,= Y % (neN=1{0,1,2,...}).

0<k<n

They play important roles in mathematics; see, e.g., [BPQ] and [BB].
In 1862 J. WOLSTENHOLME [W] (see also [HT]) discovered that for any prime

p > 3 we have
p—1

Hy =)
k

=1

=0 (mod p?).

| =
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In a previous paper [Su] the author developed the arithmetic theory of harmonic
numbers by proving the following fundamental congruences for primes p > 3:

1 1
H?=2p—2 (mod p?), H?=6 (mod p),
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and
p

=0 (modp) provided p> 5.
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In this paper we initiate the investigation of congruences involving both har-
monic numbers and Lucas sequences.

For A, B € Z the Lucas sequences u,, = u, (A4, B) (n € N) and v, = v, (A, B)
(n € N) are defined as follows:

up =0, uy =1, and up41 = Au, — Buy—1 (n=1,2,3,...);
vo=2, v1=A, and wv,41 = Av, — Bv,—1 (n=1,2,3,...).

The sequence {v,, }n>0 is called the companion sequence of {u, }n>0. The charac-
teristic equation #2 — Az + B = 0 of the sequences {uy, }»>0 and {v, },>0 has two

A—VA
2 9
where A = A%2 — 4B. Tt is well known that for any n € N we have

roots

A
a:7A+2\/7 and [ =

Auy + vy = 2upy1, (@ —Bu, =™ — "%, and v, =™ + g™

(See, e.g., [R, pp.41-44].) Note that those F,, = u,(1,—1) and L,, = v,(1,—1)
are well-known Fibonacci numbers and Lucas numbers respectively.
Here is our first theorem.

Theorem 1.1. Let p > 3 be a prime and let A, B € Z with pt A. Then

Ak =0 (mod p) (1.1)
k=1
and ) )
p— p—
> = i (modp). (1.2)
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Since vg(2,1) = 2 for all k € N, Theorem 1.1 yields the following consequence.

Corolary 1.1 ([Su]). For any prime p > 3 we have

Z— =0 (mod p).

Remark. In 1987 S. W. COFFMAN [C] proved that > oo | Hy/(k2¥F) = 72 /12.
Applying Theorem 1.1 with A = 1 and B = —1 we get the following corollary.
Corolary 1.2. Let p > 3 be a prime. Then

1

i

H,L L FH
];CkEO (mod p) andz kkkz
k=1

p—1
> % (mod p). (1.3)

=
Il

1
Let w denote the cubic root (—1 4+ +1/—3)/2. For n € N we have

n__ —n
un(—1,1) = up(w + 0, ww) = e (2)

V=3 \3

and
un(1,1) = (=1 Mun(-1,1) = (1" (%),

where (—) denotes the Jacobi symbol. By induction, for any k € N we have
4r(2,2) =0, ugrr1(2,2) = (—4)* and  wgpi0(2,2) = ugpys(2,2) = 2(—4)".

Now we state our second theorem.

Theorem 1.2. Let p > 3 be a prime.
(i) Let A, B € Z with pt B and (AQ;#) = 1. Then, for any n € N we have

p—1

> (14 B *)ug(A,B)Hy =0 (mod p) (1.4)

and

Il
o

S (1= BH)ou(A, B)H}

k=0

(mod p). (1.5)
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(ii) We have

p—1 k
(-1)* (=) Hr,=0 (mod p) (1.6)
kZ:O (3> k p
and
p_t Py _
(];) sz(3)4 1qp(S) (mod p), (1.7)
k=0

where q,(3) refers to the Fermat quotient (3=! —1)/p. Also,

i(_nk <§) kH), = ! _2(5) (mod p) (1.8)
k=0
and
> (1 +27M)uk(2,2)H, =0 (mod p). (1.9)
k=0

Since For, = ug(3,1), Fr = ux(l,—1) and Ly = vi(1,-1) for all k € N,
Theorem 1.2(i) implies the following result.

Corolary 1.3. Let p be a prime with p = +1 (mod 5). Then

p—1 p—1 p—1
S FPyHp =Y FHP =Y LHP =0 (mod p) (1.10)
k=0 k=0 k=0
20k 2tk
for every n =10,1,2,... .
Our third theorem seems curious and unexpected.

Theorem 1.3. Let p > 5 be a prime. If (1%) =1, ie, p = 1,2,4,8
(mod 15), then

p—1
ug(1,4)
X Hip =0 (mod p). (1.11)
k=0
If (&) = —1,ie, p=17,11,13,14 (mod 15), then
P g (1,4)
k+1\1,
> +THk =0 (mod p). (1.12)

k=0
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In the next section we are going to prove Theorems 1.1 and 1.2. Section 3 is
devoted to the proof of Theorem 1.3.
To conclude this section we pose three related conjectures.

Recall that harmonic numbers of the second order are given by

HP = >

2

0<k<n

(n=0,1,2,...).

Conjecture 1.1. Let p > 3 be a prime. Then

p

k=0

(=2)

2k 2
o

26(? (mod p)

where q,(2) = (2°~! —1)/p. If p > 5, then we have

p—1

D (-F
k=0

Conjecture 1.2. Let p be an odd prime. Then

2k 2 5
(i) =

S () =0
)
(V) =0
) =
k) 0 (mod p)
k)2 =0 (mod p)
o (4,1)

» B
LYt
5 (5) o (mod p).
(mod p) if p=5 (mod 8),
(mod p) if p=7 (mod 8),
(mod p) if p=5,7 (mod 8),
(mod p) if p=5 (mod 8).
if p=2 (mod 3),
if p=11 (mod 12),
2k * ,
e ) = 0 (modp) if p=5 (mod 12).
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Conjecture 1.3. Let p > 3 be a prime. Then

S o

k=0

(g) (31 —1) (mod p?).

If p= 41 (mod 12), then

:1) (p; 1) <2kk) (~D*up(,1) = (=)@ 2u,_1(4,1) (mod p*).

k

If p=+1 (mod 8), then

k=0

2. Proofs of Theorems 1.1 and 1.2

Let p be an odd prime. For £ =0,1,...,p — 1 we obviously have

(—1)‘“(1’; 1) - 11 (1 - 73’) =1-pH, (mod p?). (2.1)

0<j<k
This basic fact is useful in the study of congruences involving harmonic numbers.

Lemma 2.1. Let n > j > 0 be integers. Then

>(521)-()

PrROOF. This is a known identity due to Shih-chieh Chu (cf. (5.26) of [GKP,
p. 169]). By comparing the coefficients of z7~! on both sides of the identity

g L (4ot
;(Hz)k T lta) -1’

we get a simple proof of the desired identity. ([
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PROOF OF THEOREM 1.1. Let o and 8 be the two roots of the equation
22 — Az + B = 0. In view of Lemma 2.1,

=1 2
Sy (ke (=1)’v;(4, B) 1Ak aNJ BY’
_H;Q_l) jjp Zlkal(]> <*Z> + (A>
p—1 bt -
_ (1—a/A)F +(1—p/A)k - 55 1 ob X
- ; L - — kAk -2 ; %
p—1
A
= Uk/(f A7kB) (mod p®)
k=1

-1
(‘1)k<pk >—1E—QDH;C (mod p?) fork=1,...,p—1,

(1.1) follows from the above.

Similarly,
(OZ — ﬂ) j:j U]éfjjB)( 1)] <p ; 1) _ § (Oé ﬂ])zj](A,B)( 1)] Z:j (j_ i)
— pol ko (—=1)7(a — B)u;j(A, B)
- ;;; (j - 1) jAI
p—1 1 k k o B ;
B ,;%Fl (]) <(_A> - <_A> )
:pfl (1—04/A)k—(1—5/A) _pilﬁk_ak
P k AR
= (8- )1H “kéif)
k=1

Thus, if A = A2 — 4B # 0 then

p—1 p—1

UL _ UL 2
kZ:l kAk —pHy) = Zl k:Ak (mod p7)
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and hence (1.2) follows.
Now suppose that A = 0. By induction, us = k(A/2)*~! for k =0,1,2,....
Thus

Sy )-SR0 ()

S R S T i)
A Luotl A Ladk k Ak
§=0 k=1 k=1
This yields (1.2) with the help of (2.1).
So far we have completed the proof of Theorem 1.1. O

Lemma 2.2. Let A,B € Z and A = A? — 4B. Suppose that p is an odd
prime with pt BA. Then we have the congruence

()
A+ VA i
(2) = BU=(3))/2 (mod p) (2.2)

in the ring of algebraic integers.

PrROOF. Both a = (A++vA)/2and 8 = (A—+/A)/2 are roots of the equation
2?2 — Az + B = 0. Observe that

207 = 2°aP = (A+ VAP = AP + (VAP = A + (i) VA (mod p).

Similarly,

28° = A — (i) VA (mod p).

Thus, if (%) =1, then
o’ 'B=a’B=aBf =B (modp) and FP'B=aff =af=DB (modp),
hence a?~1 =1 = 3P~! (mod p). When (%) = —1, by the above we have

P =aa? =af =B (modp) and pPT =pPB=aB =B (modp).

This concludes the proof. ([



On harmonic numbers and Lucas sequences 33

PROOF OF THEOREM 1.2. (i) The equation 22 — Az + B = 0 has two roots

A+ VA A—VA
=——— and f=—-—,
2 2
where A = A% — 4B. Also,
1
Hy oy p=H,1— » ——=H, (modp) fork=0,1,...,p—1.
o<k P Y

As (%) = 1, with the help of Lemma 2.2, for any n € N we have

p—1 p—1 p—1
> vn(ABYHE = vpaw(A, BYH = (o178 4 g7 178) HyY
k=0 k=0 k=0

—Z( Bk)Hk_ZB Fup(A, BYH?  (mod p).

k=0
This proves (1.5). Similarly,
p—1 p—1
(@ —=B)Y un(AB)HE =) (P77 —pgr "My,
k=0 k=0

p—l k p—1
- (Bk - Bk> Hi = (8 —0a))_ B *ur(4, B)H}  (mod p).
k=0 k=0

As (a—B)2=A #0 (mod p), (1.4) follows.
(i) If p = 1 (mod 3) (ie., (5}) = 1), then by putting A = +1 and B = 1
in (1.4) we get (1.6) and (1.7). Now we prove (1.6) and (1.7) in the case p = 2

(mod 3). Observe that
ERIOREHE

NM"S
fen) —_
—
S~—

ol
Y
Wl =
N~~~
N
VR

S
> |

—_
N~
—

—_
S~—

Eal

|

—_
~~_

Il
bl
Il
[en)

k=0 k V=3 k=0 V=3
1 1 1+ wP 1+ @P
- ((1 =1 _ (1151 —
= (e =@+ a™) \/—3(1+w 1—|—w>




k=0 d=0
- L (- —a - - (252)
= s (—wp T (1= () -1
nd hen
O R R e NEE L
_ \—/w%( B 1= —(—3) D22 g
(er-(2)
z—(2)<<—3>P—1— ‘;’)2>:3 — (mod 1?)

Combining these with (2.1) we immediately obtain (1.6) and (1.7).
Next we show (1.8). Observe that

p—(%) 3 (»—(5)/6 5 Vo (Sg—7
kz_o(_l)k<3)k: ; ;(_1)6 (qg )(ﬁq—r)
(r—(%))/6 »
> ((6g=1) + (6g—2) — (6g—4) = (6g = 5)) =p — (&)
and h
X k 1+ (%)
;H)k(g)’“: S (3)
Als
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I
—

P2 o\t @it p p=2 1 yp?
) M i e e T Ry

=0

p 2\p—2 2 p—2\y _ P— » 2\ _ P
:ﬁ(w(—W) —w(—w) )_ﬁ(w Cw )_(p_l)(g)'

This implies (1.8) due to (2.1).
Finally we prove (1.9). If p =1 (mod 4) (i.e., (*74) = 1), then (1.4) in the
case A = B = 2 yields (1.9). Below we assume that p = 3 (mod 4). Note that

(1+40)F —(1—9)*

up(2,2) = 5

for all kK € N.

2
9 (p—1)/2 92 (p—1)/2 ;(p+1)/2
() () e
and hence .
p— _ _ 1)/4
p—1 - (—1)p+
k=0
Also,
p—1 p—l

20 (27 + Dup(2,2) =Y 27+ 1) (L +4)F — (1-i)F)

k=0 k=0
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:1—((1+i)/2)p71—((1—1’)/2)” 1—(1+49)? 1—-(1—49)P

1—(141i)/2 1—(1—1i)/2 1—(14i) 1—(1—4)
-\ p+1 -3 p+1

s (5 (o))

+i—i(L4+)(1+i)P i —i(1—a) (1 —q)P?

(Y <p+1)/2+2 g\ (P2
- 1 A

+ 20+ (1 —0)(20)P~D/2 — (1 4 4)(—24) P~ 1)/2
= 4i +2(20)PV/2 = 9 (2 + ¢<P—3>/22<P—1>/2)

and hence
p—1

3@+ Dug(2,2) =2 — (—1)FTD/Age-D/2, (2.4)
k=0

Combining (2.1), (2.3) and (2.4) we obtain

gt (- (p+1)/19(p—1)/2
_p;@ + Dugp(2,2)Hy, = SO 2+ (—1) 2

1)/4
(—1)+D/ (2(;;71)/2 _ (_1)(p+1)/4>2 =0 (mod p?)

2(p—1)/2
since
<2> (< 1) D/ () erD/AX (=12 _ (qyH)/4,
p
Therefore (1.9) holds.
By the above, we have completed the proof of Theorem 1.2. O

3. Proof of Theorem 1.3

Lemma 3.1. Let A,B € Z. Let p be an odd prime with (%) = 1. Suppose
that b> = B (mod p) where b € Z. Then

2 _
0 (mod p) if <A43) =1,

(£52) w0 (52) -

u(p-1)/2(A, B) =

S| =
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and
A—2b A% — 4B
< > (mod p) if <) =1,
_ p p
u(p+1)/2(A’ B) = A2 —_ 4B
0 (mod p) if () _—y
p
PROOF. The congruences are known results, see, e.g., [S]. O

Lemma 3.2. Let u, = u,(1,4) for n € N. Then, for any prime p > 5 we

u, — 2P~ 1 (1%)

ProOF. The two roots

W VTS
e

have

2(%)_2%_(%) (mod p?). (3.1)

1—-+-15

and (= 5

2

of the equation z© — x + 4 = 0 are algebraic integers. Clearly

—15u, = (o — B)*up = (o — B)(af — B°) = (a — B)PT = (=15)PT/2 " (mod p)

and hence

u, = (—15)P~H/2 = (15> = (1%) (mod p).

p
Also,
vp=aP+ P =(a+B)P =1 (modp),
where v, refers to v,(1,4). (In fact, both u,(A4, B) and v,(A, B) modulo p are
known for any A, B € Z.) By induction, u,, + v, = 2u,11 for any n € N.
Case 1. ({£) = 1. In this case,
up —vp _ 1-1

5 ETZO (mod p)

dup_ 1 = Up — Upy1 =
and
Vp—1 = 2up —up—1 =2 =27 (mod p).
Since

(tp-1 = 2) (01 +27) = (@1 4+ 5712 — 4!

= (Pt —prh)? = —15ul2,_1 =0 (mod p?),
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we must have v,_1 = 2P (mod p?) and hence
2up = Up_1 + Vp_1 = Up—1 + 2P (mod p?).

Case 2. (§) = —1. In this case,

Qupr1=up+v,=—-1+1=0 (modp)

and
Vpi1 = 2Upyo — Upr1 = Upy1 — Sup =8 =2PT2 (mod p).
As
(U1 = 202) (v +2772) = (071 4 )2 — ()t
= (aPT! — prt1)2 = —15u127+1 =0 (mod p?),
we must have v,11 = 2P*2 (mod p?) and hence
8up = 2(upt1 — Upy2) = 2Upy1 — (Ups1 + Vps1)

— 2 2
= Up+1 — Up41 = Up41 — 2°*2 (mod p?).

Combining the above, we immediately obtain the desired result. O

PROOF OF THEOREM 1.3. Set 6 = (1 — ({¢))/2. Then

p—1 p—1 k(p—1

Uk+5 upys 1= (1))

——H = . mod p).
kZ:o ok kz:;) 2% p (mod )

So it suffices to show

p—1 p—1
-1
otk =3 (P ~2)P"1F  (mod p? 3.2
kZZ()Uk+6 Z( i Upys5(—2) (mod p~), (3.2)

k=0

which implies (1.11) and (1.12) in the cases 6 = 0, 1 respectively. Recall that

ak+s 7Bk+5
Uk+s = 77
where
1++/-15 1—+v—15
a=—————# and f=—T——

2 2
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are the two roots of the equation 22 — x + 4 = 0. Since
P _ P
Zzyplk xz Yy and Z< )kpllc (+y)p717
Y k=0
(3.2) can be rewritten as follows:
1 P _9p P _ op
of o _ g p
a—pf a—2 b—2
0¥ (o — 2~ — (5 — 2!

= " (mod p?). (3.3)

Note that (« —2)(8—2) =44+ af —2(a+8) =4+4—2 =06 and

a’(a? = 27)(8 = 2) = B(a — 2)(B" — 2°)
= (27 —a?) (@’ + o) + (87 + 50) (87 - 27)
_ 2p(a5+1 _ ﬁ6+1 + aé _ 55) o (ap+5+1 _ ﬂp+6+1) _ (ap+6 _ Bﬁ-l—é)
= (= B) (2 (ust1 + us) — (Upts+1 + Upts))
(

o — /3) (2p+5 — 2’1,Lp+5 + 4Up+5,1) .

So the left-hand side of (3.3) coincides with

2Pt _ 2upys +4upyrs—1 _ opto—1 _ Upts + 2Upys—1

6 3

Since (o —2)? = —3a and (3 — 2)? = —383, we have

af(a =2t = BB -2 _ a¥(-3a)0 V2 - §(-3p)0 V2

a—pf a—pf

—-1)/24+6 _ 6(p—1)/2+6
a—p
Applying Lemma 3.1 with A =1 and B = 4, we get that

_ (_3)@—1)/20‘(” _ (—3)-D/2

Up—(F))/2:

-3 2y
Up—(£))/2 =0 (HlOd p), U(p+(%))/2 = (p) 2(( 5)—1)/2 (mod p)' (34)

15

For any n € N we have

_a _B2n_an_5n
BT Ta=B T e g

(@" + ™) = upvy.
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If (&) =1, then by (3.4) we have u(,_1)/2 = 0 (mod p) and

V(p—1)/2 = 2U(p41)/2 — U(p—1)/2 = 2 <p) (mod p),

hence
-3

Up—1 = U(p—1)/2V(p—1)/2 = 2 (p) U(p—1)/2

= 2(—3)(p_1)/2u(p_1)/2 (mod p?).

If (f5) = —1, then by (3.4) we have u(,41)/2 =0 (mod p) and

ot

V(pt1)/2 = 2U(p+3)/2 = U(p+1)/2 = U(p+1)/2 — SU(p—1)/2
- ~3
=-38 (3> 27t =4 () (mod p),
p p

-3
Upt1 = U(pt1)/20(p+1)/2 = —4 (p) U(p+1)/2

hence

= —4(—3)([)_1)/2U(p+1)/2 (mod p2).

Thus the right-hand side of (3.3) is congruent to up,(l%)/(Z(—2)‘s) mod p?.
By the above, (3.3) is equivalent to the following congruence

2P0 s+ 2up s Up_ (2
p-?s;(s po-l _ 21()_(21)”6) (mod p?). (3.5)

If ({£) = 1, then ¢ = 0, and hence (3.5) reduces to the congruence

2(2°71 —wy +2up—1) = 3up—1 (mod p?)

which is equivalent to (3.1) since () = 1. When (%) = —1, we have § = 1 and

hence (3.5) can be rewritten as
—4(27 = up1 + 2up) = Bupsr (mod p?)

which follows from (3.1) since () = —1. This concludes the proof. O
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