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Spherically symmetric Finsler metrics in R™

By LINFENG ZHOU (Shanghai)

Abstract. In this paper, we give the general form of spherically symmetric Fins-
ler metrics in R™ and find that many well-known Finsler metrics belong to this class.
Then we explicitly express projective metrics of this type. The necessary and sufficient
conditions that projective Finsler metrics with spherical symmetry have constant flag
curvature are also obtained.

1. Introduction

When studying Finsler geometry, one often encounters the intricacy of calcu-
lation which leads to many non-Riemann quantities uncomputable. One natural
and important thought is to study those Finsler metrics with very nice symmetry
which can make things much easier. In fact, S. DENG and Z. Hou have studied
the isometric group of a general Finsler metric and proved that it must be a Lie
group [6]. Furthermore, Z. I. SZABO studied n-dimensional Finsler spaces whose
full group of isometries have dimension 2n(n — 1) + 1 and gave a classification
theorem [13].

In general relativity, when looking for a solution of the vacuum Einstein field
equations describing the gravitational field which is spherically symmetric, one
will obtain the Schwarzschild solution in the four dimensional time-space [1]. In
the process, the condition of spherical symmetry plays a very important role:
it can greatly simplify the computation. Motivated by this idea, we investigate
spherically symmetric Finsler metrics in R™ in this paper.
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Similar to the definition in general relativity, a spherically symmetric Finsler
metric means that it is invariant under any rotations in R™. In other words, the
vector fields generated by rotations are the Killing fields of the Finsler metric.
Therefore we will firstly introduce the Killing field equation in Finsler geometry,
which generalizes the Killing field equation in Riemannian case [10].

By solving the equations of Killing fields generated by rotations, we will
determine the structure of spherically symmetric Finsler metrics F(z,y) in R"™ in
Theorem 3.1: F must have the form F' = ¢(|z|, |y, (z,y)). Extensive well-known
examples including the BRYANT metrics [5] belong to this type. Furthermore,
spherically symmetric Finsler metrics are not always («, 3) metrics. Thus it is of
certain significance to study this type of Finsler metrics.

To characterize projective Finsler metrics in R™ is a very important prob-
lem. It relates to the Hilbert’s Fourth problem [11]. We will discuss those sphe-
rically symmetric Finsler metrics F(z,y) in R™ which are projective and express
them explicitly by F = [ f(Z—z — r2)du + g(r)v in Theorem 4.2 by using famous
RAPCSAK’s lemma [8]. As we know, a projective Finsler metric is of scalar cur-
vature. It is natural to ask which metrics have constant flag curvature among the
projective spherically symmetric Finsler metrics. We will obtain a sufficient and
necessary condition in Theorem 4.4, which is two partial differential equations.
From these equations, perhaps one can find some new examples of Finsler metrics
with constant flag curvature.

The author would like to thank the referee for many helpful suggestions.

2. The Killing field equation in Finsler geometry

Suppose F' is a Finsler metric on an n-dimensional C* manifold M. Let
®: M — M be a diffeomorphism and @, : T, M — Ty ;)M be the tangent map
at point z. ® is called smooth isometry if it satisfies

F(®(z), .(y)) = F(z,y)
where y € T, M.

A vector field X on M is called a Killing field if the 1-parameter group P
generated by X are isometric. As we know in Riemann geometry, there is the
following Killing field equation [10]

EXg =0.
Here Lxg denotes the Lie derivative of Riemannian metric tensor g on M. In
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local coordinate {wi, %}, above equation can be written as
09i; ox?r 190,44
aizj XP A gpj 7 T 9w g7 =0
where g = gi;da’ @ do? and X = X' 52
Actually, in [9], S. F. RuTZ has obtained a similar Killing field equation in
Finsler geometry. For the sake of completeness, let us state it as the following
theorem and prove it:

Theorem 2.1. Let (M™, F) be an n-dimensional smooth Finsler manifold. A
vector field X is a Killing field on M. Then X satisfies the equation

5‘gij oXP oXP oXP k
9is xv 4 g O 4 g T 400, S0k =0
83: + Ipi ozt “’”axa + oG ok Y

. [e)
where g;; = 3 a?, o7 Is coefficient of fundamental tensor, Cljp = 1294

29y 1S coeffici-

ent of Cartan tensor and X = X* 8(3:1' under the local coordinate.

PROOF. Suppose &, is the 1-parameter group of X. According to the defi-
nition of the Killing field in Finsler geometry, we have

F(®(2), (20)«(y)) = F(2,y).

Under the local coordinate that means

09} 09 | i,
9ij (Pe(), ((I)t)*(y))ﬁx’fy Il y = gii(z, y)y'y’.
Notice that X, = dq) (t lt=0 and ®q is identity. So taking derivative with respect
to t in above equatlon and set t = 0, we get
dgi; by dgi; OXP , . v ox’? 0XT
Spr Y v gV VY +gwyapy +gwy8ky =0.
It is equivalent to
0gi; dg;; 0XP oXP oXP
= ¢ Yk i—— + gip— =0.
OxP + oyp Oxk Y™ 9pi oxt + i OxI
By the definition of Cartan torsion, we obtain the result immediately. O

Remark. In the case of Riemannian metric, the Cartan torsion vanishes. Hence
the equation in Theorem 2.1 coincides with Lxg = 0.

Corollary 2.2. Let (M"™, F) be an n-dimensional smooth Finsler manifold. If a
vector field X is a Killing field on M, then it satisfies
oF , OF 0X'
oxt + Oyt OxJ 4
PROOF. The conclusion can be proved straight forward by contracting the
equation in Theorem 2.1 with 3* and 7. O

i
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3. The general form of spherically symmetric Finsler metrics in R™

We denote 2 a convex domain in R" and F a Finsler metric on . (9, F) is
called spherically symmetric if orthogonal group O(n) is isometry of (€2, F'). This
definition is equivalent to say that (€2, F') is invariant under all rotations in R".
Hence there is a natural question: what is the restriction on the metric F' if it
has spherical symmetry? We have the following theorem:

Theorem 3.1. Let F'(z,y) be a Finsler metric on a convex domain Q@ C R™.
F(z,y) is spherically symmetric if and only if there exists a positive function
o(r,u,v) s.t.

F(z,y) = ¢(z], [yl (,9))
where |z = \/(z1)? + -+ ("), |yl = V(y")2 + - + (y")? and
(z,y) =aly' + - +amy".

PROOF. Suppose F(z,y) is spherically symmetric on @ C R™. Choose
{e1,...,en} is the standard orthonormal base in R™ and denote X;0X; the co-
ordinate plane spanned by {e;,e;}. Consider a family rotations 6; on coordinate
plane X;0X;:

O(zt, ... 2t . 2, . 2™

1

= (z,...,2' cost +a’ sint,...,—a'sint + 27 cost,...,z").

Obviously 6; is a 1-parameter group and isometric. So a Killing vector field X

generated by 6 is
0 _ 0
Oxt Oxd’

By corollary 2.2, we have the following equation

X =27

oF . oOF . OF . OF .
J 5t J 2T a0 —
9% " 5t + 8yiy 8yjy 0. (1)

This equation is a first order linear partial differential equation. The characteristic
equation is given by ‘ ' ‘ 4
dx* dz’ dy'  dy’

xJ xt yJ Y
Thus
@)+ @) =, H)P+E) =c, 'y +aly =c
are three independent first integrals. Hence the solution of equation (1) is

~ ~

F za(xl,...7xi7...,mj,...,x”7(xi)2 + (acj)?,(yi)2 + (yj)g,aciyi —|—xjyj).



Spherically symmetric Finsler metrics in R™ 71

Here 7¢ means omitting the variable 2*. For i, j are arbitrary numbers from 1 to
n, so there are % Killing field equations like (1). Therefore, F' must have the
following form
Fz,y) = 6((2') + -+ @) (") + -+ @) ety + - 2y
= ozl [y, (z,9))-
The converse is obvious by a direct computation. O

Remark. In [9], S. F. RUTZ has yielded the form of spherically symmetric Finsler
metric in 3 dimension by using the spherical coordinate.

Let F = ¢(|zl],|yl|, (z,y)) where ¢(r,u,v) is a positive C*° function with
homogeneous of degree one with respect to variable w and v, let us find the

oy oy . 2 2 . .

condition for the positivity of (g;;) := (%%qbzg). It is easy to compute g;;:

00 N A

gij = —=0ij + (00 + dpop)r'a! + | 5= — == ) ¢y
u u u
+ <¢u¢v + ¢¢uv> (xiyj + (ﬂjyi)
u

where u := |y|. Thus we can obtain [3]

n+1
derta) = (2)" 6172 [ou-+ (ool - () 2]

Lemma 3.2. Suppose a positive C* function ¢(r,u,v) is homogeneous of degree
one with respect to u and v. If ¢ satisfies that

bu >0, puu 20

when u > 0 and r > 0, then F = ¢(|z|, |y, (z,y)) is a Finsler metric.

PROOF. Since ¢(r,u,v) is homogeneous of degree one, we have

(buuu + ¢uvv = 0.

So

buu = == bur-
Similarly we have

bus = -

Thus we obtain that
oA 2
uu — (7) ¢vv~
U
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Hence the condition ¢, > 0, ¢, > 0 is equivalent to

Gu > 0,04, > 0.

By the formula of det(g;;) computed above, one can easily see that the matrix
(gi5) is positive. -

In fact, many classical Finsler metrics are spherically symmetric [2], [3].

Example 3.3 (Klein model). Let B™ C R" be the standard unit ball and let

_ VP = (=Pl = (@.9)?)

1= |z? ’

a(z,y) : y € T,B".

a(xz,y) is a Riemannnian metric on B™. It is projective and has constant flag
curvature K = —1.

Example 3.4 (Funk metric). A Randers metric F is defined on the standard
unite ball B™:

_ VP = (=PlyP — (@, 9)%) + (@, y)
1= a2 '

F(z,y):

It is also projective and has constant flag curvature K = *i'

Example 3.5 (Berwald metric). An (a, 8) metric F' is also defined on B™:
Floy) = Vv = (2PlyP — (z,9)?) + (z,9))°
(1= 222y 2 = (2Plyl? = (z,9)?)

F is projective and has constant flag curvature K = 0.

Example 3.6 (projective spherical model). Let S C R"*! be the standard unit
sphere. The standard inner product (,) in R"*! induced a Riemannian metric
on S™: for x € S™, let

a:=lyl, yeT,S" c R

Let S% denote the upper hemisphere and let 1 : R™ — S be the projection
map defined by

x 1
vl = <¢1+ 22" T+ |xl2> '

The pull-back metric on R™ from S” by 1 is given by

_ VP + (=Plyl? - (,9)%)
L+ [af?

F(x,y) : , yeT,R"

(R™, F(x,y)) is projectively flat and has constant flag curvature K = 1.
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Example 3.7 (Bryant metric). Denote

= (cos(20)|y* + (J2?ly|* — (z,)*))* + (sin(20)|y|*)?,

cos(20)|y|? + (|z)*y|* — (z,y)?),

= sin(2a){x, y),

O QO © »
|

|z|* + 2 cos(2a) 2| + 1.

For an angle o with 0 < o < 7, Bryant metric F is defined by

A+ B c\? cC
PV +(5) +5

2D D
on the whole region R"™. As we know it is projective and has constant flag cur-
vature K = 1.

From above examples, we can see that spherically symmetric Finsler metrics
do not always belong to (o, 8) metrics. So it is meaningful to study projective
metrics of this type with constant flag curvature [7].

4. Projective spherically symmetric Finsler metrics in R™

A Finlser metric ' in R™ is called projective metric, if its geodesics are stra-
ight lines. Since spherically symmetric Finsler metrics have very nice symmetry,
when discussing projective metrics of this type in R™, we can obtain a quite
simple result compared with projectively flat («, 3) metrics [12]. Before stating
our result, we need an important lemma about projective Finsler metrics.

Lemma 4.1 (RAPCSAK [8]). Let F(z,y) be a Finsler metric on an open subset
U € R™. F(x,y) is projective on U if and only if it satisfies

kayzyk = Ly,
In this case, the projective factor P(x,y) is given by

po Foyt
2F
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Theorem 4.2. Suppose F' is a spherically symmetric Finsler metric on a convex
domain ) € R™, F is projective if and only if there exist smooth functions f(t) > 0

and g(r) s.t
2
o) = [ (2 = r2) dut glrye

where F(z,y) = ¢(|z, |y, (x,v)).

PRrOOF. By lemma 4.1, F is projective if and only if F' satisfies
le, = Fyl,wkyk. (2)
If F is spherically symmetric, then there exists ¢(r,u,v) s.t.

F(z,y) = ¢(|x‘) |y|7 (z,9))-
So

¢r +¢vy ¢r +¢vy

and

l
Fylmkyk = ((byl)mkyk = <¢u|y + (bvml) yk
zk

!,Ck y l k vl
1

= < || >|y +¢uv|y|y +¢rv<$|>ml+¢vvy|2xl+¢vyl

(aﬁm + dui?) o'+ (rum + G+ 00 )
where r := |z|, u := |y|, v := (z,y). Thus (2) holds if and only if ¢ satisfies

¢T’U + QZS’U’UQJ/2 ¢;‘T

¢uvu + d)rui =0
Tu

In fact, the two equations in (3) are equivalent by only noticing that

¢rv = ¢T — U(bruv ¢vv = _%

v v

for ¢ being homogeneous of degree one. Hence F' is projective if and only if ¢
satisfies
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This is a first order linear partial differential equation with respect to ¢,. The
characteristic equation is

du=F(0* —u’r® u?) =f(f;—r27l) =f(22—r2)

is the solution of equation (4). Here it should be pointed out that in above
equation, we use the homogeneous property of ¢,. Thus there exists a function

¢/f(::2r2> du + ¢(r,v).

Again noticing the homogeneity of ¢, we conclude that

c(r,v) s.t.

c(r,v) = g(r)v.
Thus complete the proof. O

As we know, projective Finsler metric is of scalar curvature. So from above
theorem, we can find many spherically symmetric Finsler metrics having scalar
curvature. Now let us study those projective Finsler metrics which have constant
flag curvature among this type in R™. We need a lemma first.

Lemma 4.3 ([11]). Suppose F = F(x,y) is a projective Finlser metric on a
convex domain 2 C R™. Then F has constant flag curvature K = X if and only
if projective factor P satisfies

Pyr = PPy — AFFyx
Fymy™

where P := 5T

With this lemma, we have the following conclusion.

Theorem 4.4. Let a spherically symmetric Finsler metric F' = ¢(|z|, |y, {z,y))
be projective on a convex domain ) C R™. Then F has constant flag curvature
K = X if and only if ¢(r,u,v) satisfies

{4>\r¢4gbu + 76uQ? — 4rudd,Q + dud?, = 0 -

4/\T¢4¢v + Td)vQQ + 2¢2Q7' - 4¢¢7’Q =0

where Q := 2¢, + u¢,.
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PRrOOF. From Lemma 4.3, F' has constant flag curvature K = X if and only
if
Py = PPy — AFF (6)
where projective factor P = % Now F = ¢(r,u,v), r = |z|, v = |y| and
v = (z,y). Hence

P= g5 (For+0.).
1 (¢
PLEk = 2¢2 ( k + ¢'Uy > <¥¢r + U2¢v)
2
1 (gbrr Qx + (b’r‘v y + — (/j)r k ¢r + (brvu*wk + (bvvuzyk) ,
qﬁ r

PPyk:P( 2¢2> <¢“ L )(U¢r+u2¢v)

P ¢T o
2¢ (¢ruy +¢Tv .27 + —

)\FFk—)\¢<¢“ y* + pox )

u¢uvyk + ¢Uvu2xk + 2¢vyk) )

Substituting above equations into (6), we can know that (6) holds if and only if

- 2(:5;2 (g(br + ug(b'u) ¢ <¢rv + ﬂ + (bm,u )
_ P ¢ bu
= 7@7 (¢r + dpu ) ¢(¢ru + Uy + 2¢v) /\Qbi (7)
and
2
- o (B ut,) + 5 (as,, 5 =60+ %“)
P ¢r
= *ﬁ(ﬁv ( (br + u2¢v> + % <¢rv + — + ¢vvu > - )‘(bgbv (8)
Noticing that F' is projective, so ¢ satisfies equation (3) in Theorem 4.2

¢T’U + ¢’U’U u2 ¢T

d’uvu + (bru* =0.
ru

Using above two equations and substituting the formula of P, we can simplify
equation (7), (8) and obtain the result. O
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Remark.

1) It can be verified that the examples in section 3 satisfy our Theorem 4.2 and

Theorem 4.4 by Maple.

2) Very recently, the author solved the equations (5) in Theorem 4.4 by using

]
2
3
]
5]
6]
7
8]
9]

[10]

[11]

12

(13]
(14]

a new parameter and gave the classification Theorems [14].
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