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Weighted composition operators on Dirichlet-type spaces
and related @, spaces

By YUAN CHENG (Tianjin), SANJAY KUMAR (Jammu) and ZE-HUA ZHOU (Tianjin)

Abstract. We generalize Gallardo-Gutiérrez and Partington’s results on BMOA
to the Dirichlet-type spaces with similar strategy. That is, we use the generalized Nevanl-
inna counting function associated to the weight function to characterize the boundedness
and compactness of weighted composition operators on the Dirichlet-type spaces.

1. Introduction

Let D denote the open unit disk of the complex plane C. For p € (0, 00), the
Dirichlet-type space D, is the Hilbert space of holomorphic functions on D for
which the norm

1/2
|f||1>,,=|f(0)|+( / |f'<z>|2<1—z|2>pdA<z>> < oo,

where dA(z) = Xdxdy is the normalized Lebesgue measure on the unit disk. The

Tow

inner product of f and g in D, is given by

- 1/2
(f.9) = 1f(0)g(0)] + (/D f'(2)g' ()1 - |2|2)pdA(Z)> < 00,
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D, is a reproducing kernel Hilbert space with the kernel function K, (z) =
K(z,w) = (1 —wz)"?. The space D, has been extensively studied in number
of papers, e.g., [13], [14], [17], [18]. It is well known that when p = 1, D, is the
classic Hardy space H? and when p > 1, D,, is the weighted Bergman space with
weight (1 — |2]?)P~2. In particular, Dy is the classic Bergman space L2. See [17],
for example.

The space of Mébius bounded functions in D, is written as @,,. That is, @,
is the Banach space of function f € D, with the norm

Iflle, = [£(0)] + sup If 0w — flip, < o0,

where ¢, (2) = (w — 2)/(1 —wz). For different p € (0,00), Qp, C @p, when
0 < p1 < p2 < 1. In particular, @1 = BMOA, the bounded mean oscillation
space of analytic functions; and when p > 1, @, = B, the Bloch space on D. See
[21], [22], and the reference therein.

For ¢, a non-constant holomorphic map of the unit disk into itself, the com-
position operator C, with the symbol ¢ is defined by

O@(f>:f0g0,

where f is a holomorphic function in D. It is well known that C, on D, is always
bounded when p > 1 and may be unbounded when 0 < p < 1. For v holomorphic
on D, the weighted composition operator uC, is defined by uCy(f) = u- f o .
Apparently, if u = 1, the weighted composition operator uC, becomes C; and if
p(z) = z for z € D, uC, becomes the multiplier M,,.

It is a long story to characterize the properties of (weighted) composition
operator on several function spaces. The boundedness, compactness, Schatten
class property are usually related to the pullback Carleson measure, Nevanlinna
counting function and generalized Berezin transform, see [3], [4], [12], [15], [16].

Recently, Gallardo-Gutiérrez and Partington characterized the boundedness
and compactness of weighted composition operators on Hardy and weighted Berg-
man spaces in [6] and [7]. Their characterization involved a condition related to a
Nevanlinna counting function associated to the symbols ¢ and the weight u. Their
method is based on the analyzing the weighted composition operator acting the
the normalized kernel function. It is shown that the spaces BMOA and VMOA
(resp. the Bloch space and little Bloch space) play key roles in the boundedness
and compactness of weighted composition operators on the Hardy spaces (reps.
the weighted Bergman spaces).

This manuscript is a generalization of GALLARDO-GUTIERREZ and PART-
INGTON’s work [6]. Consider the Hardy spaces and weighted Bergman spaces as
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the Dirichlet-type spaces D,, [6] is about the case p > 1. We characterize the
case for all p € (0,00). The idea is the same as that of [6]. We show that the
Qp plays the role on the boundedness of weighted composition operators on D,
as BMOA related to the Hardy space.

Notation: Throughout the paper, we will denote a ~ b whenever there exist
two positive universal constants ¢ and C, such that ¢b < a < Cb. Further, for the
sake of simplicity, C' will always denote an independent constant, which can be
different from one display to another.

2. The main result

Let T denote the boundary of D. Recall that a Carleson disk in D centered
at ¢ € T of radius r € (0,1) is given by D(¢,r) ={z € D : |z — (| < r}. Tt is easy
to check that A(D(¢,r)) ~ r2. For p € (0,00), a positive Borel measure p on D
is called a p-Carleson measure, if

n(D(G, 7))
lilly = sup B2 < oo
CeT r
When p = 1, we get the standard definition of the original Carleson measure.
The main result of this manuscript is the following theorem.

Theorem 1. Let ¢ be an analytic self-map of D. For p € (0,00), suppose
u € Qp. Then uC,, is bounded on D, if and only if

su w(2)|?(1 = |z))P v) = O(r?*7).
p/ﬂ)@)(Zl()(l ||)>dA() O(r=7) (1)

CeT o(z)=v

The case for p > 1, has been proved in [6], so we focus on the case for
p € (0,1). To give the proof we need some preliminary results. The following
lemmas are quoted from [21] or [2].

Lemma 1. Letp € (0,00) and let pu be a positive Borel measure on D. Then
u is a p-Carleson measure if and only if

1 Jul )
Ssu —_— d z) < 00.
ap | (|1zw|2 He)

Lemma 2. Let p € (0,00) and f holomorphic on D with duy,(z) = | f'(2)|*
X (1 —|z|)PdA(z). Then f € Q, if and only if uy,, is a p-Carleson measure.
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PROOF OF THEOREM 1. We only consider p € (0,1). Firstly fix a Carleson
disk D({o,70) in D, centered at (o € T of radius rg. Consider wy = (1 — 7).
Then, if k,,, denotes the normalized reproducing kernel in D, at wy € D, that is,

Kuy(2) _ (1= Jwol*)P/?
1Kuollp, — (1—wo2)P

kuwo (2) =

For all w € D, it is well known that {k,} spans a dense subset of D,. Consider
uC,, acting on ky,(z), we have

[uCp (ko) 1D, = [(0)]*Ew, (£(0))[* + / [(u(kw, © ) (2) (1 = |2[*)PdA(2).
It follows that

|k, ©9))'(2)* = [ (2)kuy (9(2)) + ul2)k, (9(2)) ' (2)]
= [/ (2)kuwo (P(2))? + [u(2)kiy, (0(2)¢ (2)
+ 280 (2) ks, (9(2) u(2) kY, (0(2))¢' (2) = Ty + Tz + Ts.

)+
)

If we write I; = [, T;(1 —|z|?)PdA(z) for j = 1,2,3, the Cauchy-Schwarz inequ-
ality implies that I3 < 41;15. We have

I = /D [ (2 kg (9 (2))2(1 = [2?)PdA(2)

2
(1- \wo|2)p/2

w(2)2(1 — |2|%)P 2

and the Area Formula of change variables gives that

I, = i lu(z)kl, (0(2))¢' (2)]*(1 = |2*)PdA(z)
:/ Ik’wo(v)2< > |U(Z)|2(1—|z2)p>dA(v).
P ()=

Now, since u € Q,, it follows from Lemma 2 that |[u/(2)*(1 — |2|*)PdA(z) is a
p-Carleson measure. So

(1-— \w0| p/2

I
! (1 —wop(2))?

dA(z) = C||Cy(ku, )17z -
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Because ky, € D, C L2 is bounded and C, is bounded on L2, we conclude that
17 is bounded.
If further (1) holds, denote

Ap(wg) ={v € D:2" 1 ryg < |¢o —v| < 20}

for n > 1 and denote Ag(wy) = D((p,r0). Notice that for any v € A, (wp) one
has |1 — wv| = 2"ry. We can get

Iz=/leéuo(v)2<w(Z IU(Z)|2(1—|22)”>dA(v)

z)=v
=/ Koy (0) 2 < |U(Z)|2(1—|z2)p>dA(v)
UA,, (wo) Y=o

p(2)=
—Z / ( Z u<z>|2<1—|z|2>p>dA<v>

p(z)=v
1—|w\ / 2 2
~ u(2)]°(1 = |2[°)?P |dA(v).
Z o Jy ((Z)_| ()P~ [22)7 | dA(v)

Since 1 — |w|? & ro, An(wo) C D((o,2"rg) and A(D(Co,2™rg)) ~ (2"rg)?. Com-
bine these to (1) we have that

/A (wo) ( Z |U(Z)|2(1 — |22)p> dA(v) < 0(277/7,,0)2-‘1-1)’

w(z)=v
and thus

12<CZW

The above series converges when p > 0. Since k,, spans a dense set of D, we
conclude that if (1) holds, then uC, is bounded.
Now suppose uC, is bounded, then I; and I + I are bounded. Therefore,

IQ:/DUGLJO(’U)‘ <LPZ |u(z)| (1—|Z‘ )p>dA(’U)

(2)=v
is bounded. So

K (v)]? w(2)2(1 = |212)P |dA(v
/D@W|wo<><2|<>|< |>> (v)

e(z)=v

- /D(c ) W( Y )P - |Z|2)p> dA(v) < C.

e(z)=v
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For v € D((p, o), using the fact |1 — wov| ~ 1 — |w|? ~ ry again, we have

cer ~/D(g7,a) ( Z lu(z)[*(1 - |z|)1’> dA(w) = O(r2+P).

€T o(z)=v

This means that we can get (1) from the boundedness of uC,. g

Let u = 1, we have the following corollary on the boundedness of composition

operators on D,

Corollary 1. Let ¢ be an analytic self-map of D and p € (0,00). Then C,
is bounded on D,, if and only if

su — 2P v) = O(r?*P).
p/D(c,r)<Z(1 ||>>dA<> O(r2+7)

cer e(z)=v

If we let p(2) = z for all z € D, then the following corollary follows imme-
diately.

Corollary 2. Let u € D,. For p € (0,00), consider the following three
properties that u may possess:
(a) u € Qp;
(b) M, is bounded on D,;

c su w(2)]2(1 — |2|)PdA(2) = O(r**P).
© sup [ WP AR = 00*

Then any two of these properties implies the third.

PROOF. Theorem 1 has shown that (b) and (c) are equivalent under the
assumption (a). We need to prove that (b) and (¢) imply (a). Indeed, according
to [17], u is a multiplier on D, if and only if u is bounded and |u/(2)|?(1—|z])PdA(=)
is a p-Carleson measure. It follows from Lemma 2 that v € @,. This completes
the proof. a

If Qp,0 stands for the space of all functions f € @), with
tm [ 17RO leu()PPdAG) =0
D

Jw|—1

then @, ¢ is a closed subspace of Q,. Since k,, converges to 0 weakly in D, we
have the little-o version of Theorem 1.
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Theorem 2. Let ¢ be an analytic self-map of D. For p € (0,00), suppose
u € Qpo. Then uCy, is compact on D), if and only if

r~“sup /D((,r) ( Z lu(2)]7(1 — z|)1’> dA(v) = o(rP) asr — 0.

ceT o(z)=v

Corollary 3. Let ¢ be an analytic self-map of D and p € (0,00). Then C,,
is compact on D,, if and only if

r~%sup /D(g,r) < Z (1- Z|)p> dA(v) = o(r?) asr — 0.

CeT _
e(z)=v
Corollary 4. Let u € D,. For p € (0,00), consider the following three

properties that u may possess:
(a) u € Qpo;
(b) M, is compact on Dp;
(c) P2 sup/ lu(2)]2(1 — |2)PdA(2) = o(rP) asr — 0.

CeT JD(¢,r)
Then any two of these properties implies the third.

3. Weighted composition operators on 'Dg spaces

For 0 < g < 0o and —1 < p < oo, the spaces of Dirichlet type D} consist of
those functions f holomorphic on D such that

1/q
1fllos = (|f<o>|q+ A |f’<z>q<1—|z2>PdA<z>) < co.

Obviously, D} is a generalization of D), and in particular, when ¢ = 2, DI is
D,. For more details about Dg, see, [1], [19], [20]. Further, Di* C D2, if
1 < g2 < ¢1. For detail about Dirichlet type spaces one can refer to [8], [9], [10]
and the references therein.

In this section we characterize boundedness and compactness of D] by taking
different values of p and gq.

Theorem 3. Let ¢ be an analytic self-map of D. For p € (0,00), suppose
u € Dy_y with |u'(2)[P(1 — |z[)P~1dA(z) is a Carleson measure. Then uC, is

bounded on D, if and only if

= /D(g,r) <¢Z lu(z)[P(1 —[2])"~ >dA(1}) = O(r¥t). )

CeT (z)=v
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Theorem 4. Let ¢ be an analytic self~map of D. For 0 < ¢ < 00, ¢ < p+ 2
and p > —1, let u € D} with [u'(2)|?(1 — |2|)PdA(2) is a Carleson measure. Then
uCy, is bounded operator on D} if and only if

sup/D(w) < Z lu(z)|9(1 — |Z|)p>dA(U) — 0(+), 5

¢eT o(z)=v

Theorem 5. Let ¢ be an analytic self-map of D. For 0 < g < co,q =p+ 2
and p > —1, let u € DY with |u'(2)|9(1 — |2|*)PdA(z) is a Carleson measure. Then
uCy is bounded operator on D} if and only if

1
su w(2)]|9(1 — |z|)? v) = O(r**Plog —=).
p/Dm<Z|<>| a ||>>dA<> OW**log 5). ()

€T o(z)=v

The proof of Theorem 3, Theorem 4 and Theorem 5 follows on similar lines
as proof of Theorem 1, with the following minor modifications:

For different values of p and ¢ , we have the different test functions. If
0<g<oo,p>-—1:

e For ¢ < p+ 2 with ¢ # p + 1, the test function is

(1|
fz(w) = 1z )M, |z| < 1.
— Zw q
e For ¢ = p+ 1, the test function is
1— |2]?)a
fa(w) = <(1|_Z|))z7 2| < 1.
— Zw)a
o If g=p+ 2, then
log jzw
fz(w):%7 |Z| <1
(log m)q
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