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On @p-convexity

By JUDIT MAKO (Debrecen) and ZSOLT PALES (Debrecen)

Abstract. In this paper, approximate convexity and approximate midconvexity
properties, called ¢-convexity and ¢-midconvexity, of real valued function are investiga-
ted. Various characterizations of ¢-convex and ¢-midconvex functions are obtained.
Furthermore, the relationship between p-midconvexity and ¢-convexity is established.

1. Introduction

The stability theory of functional inequalities started with the paper [13] of
HvyeERrs and ULAM who introduced the notion of e-convex function: If D is a
convex subset of a real linear space X and e is a nonnegative number, then a
function f: D — R is called e-conver if

flz+ A =t)y) <tf(ex)+ 1 —-1)f(y) +e (1)

for all z,y € D, t € [0,1]. The basic result obtained by Hyers and Ulam states
that if the underlying space X is of finite dimension then f can be written as
f = g+ h, where g is a convex function and h is a bounded function whose
supremum norm is not larger than k, e, where the positive constant k,, depends
only on the dimension n of the underlying space X. Hyers and Ulam proved that
kn < (n(n+3))/(4(n+1)). GREEN [11], CHOLEWA [5] obtained much better
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estimations of k, showing that asymptotically &, is not bigger than (log,(n))/2.
LACZKOVICH [22] compared this constant to several other dimension-depending
stability constants and proved that it is not less than (log,(n/2))/4. This result
shows that there is no analogous stability results for infinite dimensional spaces X.
A counterexample in this direction was earlier constructed by CASINT and PAPINI
[4]. The stability aspects of e-convexity are discussed by GER [10]. An overview of
results on §-convexity can be found in the book of HYERS, IsAC, and RAssIAsS [12].

If t =1/2 and (1) holds for all z,y € D, then f is called an e-Jensen-convex
function. There is no analogous decomposition for e-Jensen-convex functions by
the counterexample given by CHOLEWA [5]. However, one can get Bernstein—
Doetsch type regularity theorems which show that e-Jensen-convexity and local
upper boundedness imply 2e-convexity. This result is due to Bernstein and Do-
etsch [2] for ¢ = 0, and to NG and NIKODEM [28] in the case ¢ > 0. For some
recent extensions of these results to more general convexity concepts, see [29]. For
locally upper bounded e-Jensen-convex functions one can obtain the existence of
an analogous stability constant j, (defined similarly as k, above). The sharp
value of this stability constant has recently been found by DILWORTH, HOWARD,
and ROBERTS [6] who have shown that

. 1 n 1
Jn = 5([10552(”)] +1+ m) <1l+ 3 logy(n)

is the best possible value for j,. (Here [-] denotes the integer-part function). The
connection between e-Jensen-convexity and e-Q-convexity has been investigated
by MROWIEC [26].

If D C R and (1) is supposed to be valid for all 2,y € D except a set of 2-
dimensional Lebesgue measure zero then one can speak about almost e-convezity.
Results in this direction are due to Kuczma [20] (the case ¢ = 0) and GER [9]
(the case € > 0).

In a recent paper [30], the second author introduced a more general notion
than e-convexity. Let € and § be nonnegative constants. A function f: D — R
is called (g, §)-convex, if

fle+ (1 =t)y) <tf(e)+ A =8)f(y) +0+et(l —t)]z -yl

for every z,y € D and ¢t € [0,1]. The main results of the paper [30] obtain a
complete characterization of (g, 0)-convexity if D C R is an open real interval by
showing that these functions are of the form f = g+ h+ ¢, where g is convex, h is
bounded with ||h|| < §/2 and ¢ is Lipschitzian with Lipschitz modulus Lip(¢) < e.
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In the papers [17], [18], the notion of (e, p)-convexity and (e, p)-midconvexity
were introduced: If e,p > 0 and ¢ € [0,1], then a function f : D — R is called
(e, p, t)-convex, if

flte+ (1 =ty) <tf(x)+ (1 =) f(y) +el =)z —yl)?

for every z,y € D. If the above property holds for ¢ = 1/2 and for all ¢t €
[0, 1], then we speak about (g, p)-midconvezity and (e, p)-convexity, respectively.
The main result in [18] shows that, for locally upper bounded functions, (e,p)-
midconvexity implies (ce, p)-convexity for some constant c.

Another, but related, notion of approximate convexity, the concept of so-
called paraconvexity was introduced by ROLEWICZ [33], [34], [35] in the late 70s.
It also turned out that Takagi-like functions appear naturally in the investigation
of approximate convexity, see, for example, Boros [3], HAzy [15], [16], HAzY and
PALES [17], [18], [19], MAKO and PALES [24], [25], MROWIEC, TABOR and TABOR
[27], TABOR and TABOR [36], [37], TABOR, TABOR, and ZOLDAK [39], [38].

The aim of this paper is to offer a unified framework for most of the ment-
ioned approximate convexity notions by introducing the notions of ¢-convexity
and ¢-midconvexity and to extend the previously known results to this more ge-
neral setting. We also introduce the relevant Takagi type functions which appear
naturally in the description of the connection of ¢-convexity and p-midconvexity.

2. ¢p-convexity and ¢-midconvexity

Throughout the paper R, R, and N denote the sets of real, nonnegative
real, and natural numbers, respectively. Assume that D is a nonempty convex
subset of a real normed space X and denote DT := {|lz — 4| : x,y € D}. Let
v : DY — R, be a given function.

Definition 1. A function f: D — R is called p-convex on D, if
fltz+ (1= t)y) < tf(2) + (L =) f(y) +to((1 = t)llz —yll)
+ 1=tz —yl) (2)

holds for all ¢ € [0,1] and for all z,y € D. If (2) holds for t = 1/2, i.e., if, for all

xz,y €D,
f<z;y) - f(a:);f(y) W(HIzy’D’ (3)

then we say that f is p-midconvexz.
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In the case ¢ = 0, the meaning of inequalities (2) and (3) is the convexity
and midconvexity (Jensen-convexity) of f, respectively.

An important particular case occurs when ¢ : DT — R, is of the form
p(x) := exP, where p,e > 0 are arbitrary constants. Then the function f is called
(€,p)-convex and (e, p)-midconvex on D, respectively (cf. [30]).

The next results describe the structure of ¢-convex functions and -mid-
convex functions.

Proposition 2.

(i) If, for j = 1,...,n, ¢; : Dt — Ry, the function f; : D — R is p,-convex
and c; is a nonnegative number, then c1 fi+---+cpfn is (crp1+- -+ cnon)-
convex. In particular, the set of p-convex functions on D is convex.

(i) Let {fy: D — R |~ €T} be a family of p-convex functions. Assume, for all
x € D, that f(x) :=sup.cr fo(x) < +oo. Then f is p-convex.

(iii) Let {fy : D — R | v € T'} be a downward directed family of yp-convex
functions in the following sense: for all v1,v2 € ' and x1,x2 € D, there
exists v € I" such that f,(z;) < fy,(x;) fori =1,2. Assume, for all x € D,
that f(z) := inf,er fy(z) > —oo. Then f is p-convex.

PROOF. (i) is easy to prove.
(ii) Let x,y € D and ¢ € [0,1]. For all v € I, we have

fy(te+ (1 =t)y) <tfy(@)+ 1 =) f5 )+ te((L =)z —yl)+ 1 = etz — yll)
<tf(z) + (A=) f )+ te((1 =)z —yl)+ (1 = etz - yll).
e f(ta + (1= 0)9) = sup £t + (1 = )y)
2!
< tf(@) + 1= 0)f(y) +te( =Bz —yl) + @ =g (tlz —yll).
Hence f is ¢-convex.

(iii) Let #,y € D and t € [0,1]. Let § > 0 be arbitrary. Then f(z) < f(x)+4¢
and f(y) < f(y) + 6. Thus there exist v1,72, such that f,, (z) < f(z)+ ¢ and
fvs(y) < f(y) + 4. By the conditions of the proposition, there exists v € I', such
that

f2(@) < fru (@) < fz) +6, W) < fru(y) < fy) +o.
Then we get

fltz+ (1 —t)y) < fy(tz+ (1 —t)y)
<tfy (@) + (1 =) f(y) +te((1 =)z — yll) + (1 = t)p(t]la — yl|)
<tf(@)+ (1 —1)f(y) + 6 +tp((1 =)l —yll) + (1 —t)e(tlz —yl).
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This proves that f is ¢-convex. O

The following statements concern midconvex functions, they are analogous
to those of Proposition 2.
Proposition 3.
(i) If, for j =1,...,n, ¢; : D¥ — R, the function f; : D — R is @j-midconvex
and c¢; is a nonnegative number, then ¢y fi+- -+ cnfn is (c1o1+- - -+ Cnon)-
midconvex. In particular, the set of p-midconvex functions on D is convex.

(ii) Let {fy: D — R | v € I'} be a family of p-midconvex functions. Assume,
for all z € D, that f(z) := sup,er fy(z) < +oc. Then f is p-midconvex.

(ii) Let {fy : D — R | v € '} be a downward directed family of ¢-midconvex
functions in the following sense: for all v1,7v2 € I" and x1,x2 € D, there exists
v € T such that f,(x;) < fy,(z;) for i = 1,2. Assume, for all € D, that
f(z) :=1inf er fy(z) > —oco. Then f is p-midconvex.

Definition 4. A function f : D — R is said to be of p-Hélder class on D or
briefly f is called @-Hélder on D if there exists a nonnegative constant H such
that, for all z,y € D,

[f(z) = f(y)| < Heo(llz — yl]). (4)

The smallest constant H such that (4) holds is said to be the p-Hdlder modulus
of f and is denoted by H(f).

A relationship between the @-Hdélder property and ¢-convexity is obtained
in the following result.

Proposition 5. Let f : D — R be of wy-Hélder class on D. Then f is
(Hy(f) - ¢)-convex on D.

PROOF. Let x,y € D and let t € [0,1]. Then

[z + (1 =t)y) —tf(x) = (1 -1)f(y)
=t(f(te+ (1 =t)y) = f(2)) + (1 =) (f(te + (1 = )y) — f(y))
StH(f)e(llte + (1 =)y — ) + (1 = ) Ho(fe(l[tx + (1 = t)y — yll),

which is equivalent to the (Hy(f) - ¢)-convexity of f. O

For functions ¢ : D™ — R, we introduce the following subadditivity-type
property:
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Definition 6. We say that ¢ is increasingly subadditive on DT if, for all
u,v,w € DT with u < v + w,

holds. p(u) < p(v) + p(w) (5)

Clearly, if ¢ : Ry — R is nondecreasing and subadditive then it is also
increasingly subadditive on RT.

Proposition 7. Assume that ¢ : DT — R is increasingly subadditive. Then,
for all z € D, the map x — —o(||z — z||) is of p-Holder class on D with ¢-Hélder
modulus 1, and therefore, it is also p-convex on D.

PROOF. Let z € D be fixed. To prove the ¢-Holder property of the map
x— —p(llr—2|), let z,y € D. Then u = ||z — z||, v = ||z — y||, and w = ||y — z||
are elements of DT such that (5) holds. Therefore, by the increasing subadditivity,
we get

ellz = 211) = e(lly = 2[l) < e(llz = yll) + ¢y = zl) = #(ly = 2[) = ez = yl)-

Interchanging x and y, we also have ¢(|ly — z||) — (]l — 2]|) < @(|ly — z||). These
two inequalities imply

|o(llz = 2l = ¢(lly = 2ID] < ez = yl),

which means that the map = — —¢(||z — z||) is ¢-Holder on D with p-Holder
modulus 1. 0

The next lemma is well known, for completeness we provide its short proof.

Lemma 8. Let 0 < p <1 be an arbitrary constant. Then the map x — xP is
subadditive and nondecreasing on R and hence it is also increasingly subadditive
on RT.

Proor. For s €]0, 1], we have s < sP. Hence
l=s4+(1-5)<s"+(1-9)".

If z,y € Ry then, with s := miﬂ €]0, 1], we get

= () G
r+y r+y

which shows the subadditivity of the function z + xP. O

Definition 9. Let 0 < p < 1 be an arbitrary constant. For all t € DT let
o(t) ;= P, then if f: D — R is a p-Holder function, then it is called (classical)
p-Hélder functions. In this case the p-Holder modulus is called p-Holder modulus
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of f and it is denoted by H,(f).

The next corollary gives a relationship between the p-Holder functions and
the p-convex functions.

Corollary 10. Let 0 < p < 1 be an arbitrary constant and z € X. Then
x — —l|lx — z||? is of p-Holder class on X with the p-Hélder modulus 1, and
therefore, it is (1, p)-convex on X.

The subsequent theorem, which is one of the main results of this paper, offers
equivalent conditions for p-convexity. It generalizes the result of [30, Theorem 1].

Theorem 11. Let D be an open real interval and f : D — R. Then the
following conditions are equivalent.
(i) f is p-convex on D.
(ii) For z,u,y € D with x < u < y,

fu) = f(z) — p(u—1) < Fly) = fu) +oly —u)

U—x y—u

(6)

(iii) There exists a function a : D — R such that, for x,u € D,
f() = f(u) = a(u)(z —u) — ol —ul). (7)

PROOF. (i) = (ii) Assume that f: D — R is p-convex and let < u < y be
arbitrary elements of D. Choose ¢ € [0, 1] such that u =tz + (1 — t)y, that is let
t := Y22 Then, applying the p-convexity of f, we get

y—z’
) < S22 @+ 2 ) e (A )+ (L - )

which is equivalent to

(y—u)(f(u) = f(z) —p(u—2)) < (u—2)(f(y) = f(u) + ey —u)).

Dividing by (y — u)(u — x) > 0, we arrive at (6).
(i) = (iii) Assume that (ii) holds and, for u € D, define

o(w) = it AW W Fely—w)

yeD u<y Yy—u

Then in view of (ii), we get
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for all x < uw < y in D. The left-hand side inequality in (8) yields (7) in the
case x < u, and analogously, the right-hand side inequality (with the substitution
y := z) reduces to (7) in the case x > u. The case = u is obvious.

(iii) = (i) Let =,y € D, t € [0,1], and set u := tx + (1 — t)y. Then, by (iii),
we have

f@) = f(u) > a(u)(@—u) —p(lz—ul),  fy)—f(u) > a(u)(y—u)—p(y—ul).
Multiplying the first inequality by ¢ and the second inequality by 1 —¢ and adding
up the inequalities so obtained, we get (2). a

Remark 12. In the vector variable setting (i.e., when D is an open convex
subset of a normed space X), instead of condition (iii), the following analogous
property can be formulated:

(iii)* There exists a function a : D — X* such that, for x,u € D,
f(@) = f(u) = a(u)(z — u) — ([l — ul]).

One can easily see (by the same argument as above) that (iii)* implies (i), that is,
the p-convexity of f. The validity of the reversed implication is an open problem.

The next theorem gives another characterization of ¢-convex functions, if ¢
is increasingly subadditive.

Theorem 13. Let D be an open real interval and let ¢ : DT — R, be
increasingly subadditive. Then a function f : D — R is ¢p-convex if and only if
there exist two functions a : D — R and b : D — R such that

#(&) = sup (aw)z + b(u) — p(lz — ul)), (©)
ueD
for all x € D.

PROOF. Assume that f is ¢-convex. By Theorem 11, there exists a function
a: D — R such that

f(@) = f(u) + a(u)(z —v) — o(|z — ul),
for all u,z € D. Define b(u) := f(u) — a(u)u, for u € D. Thus, for u,x € D,
f(@) = a(u)z + b(u) — @(|lz — ul)

and we have equality for u = x. Therefore, (9) holds.

Conversely, assume that (9) is valid for € D. By Proposition 7, for fixed
u € D, the mapping = — —p(Jx — ul]) is p-convex. The map = — a(u)z + b(u)
is affine, and hence the function f,, : D — R defined by f,(z) := a(u)x + b(u) —
o(|x — u|) is p-convex for all fixed u € D. Now applying (ii) of Proposition 2, we
obtain that f is ¢-convex. O



On p-convexity 115

Remark 14. In the vector variable setting (i.e., when D is an open convex
subset of a normed space X), the following implication can be formulated: If
¢ : DT — R, is increasingly subadditive and there exist two function a : D — X*
and b : D — R such that, for x € D,

f(@) = sup (a(u)(z) + b(u) — ¢([lz — ul))),

ueD
then f is p-convex. The validity of the reversed implication is an open problem.

Corollary 15. Let D be an open real interval and let 0 < p <1 ande >0
be arbitrary constants. Then a function f: D — R is (g, p)-convex if and only if
there exist two functions a : D — R and b : D — R such that

flx) = sup (a(w)z + b(u) — ez —ul?),

for all x € D.

The subsequent theorem offers a sufficient condition for the ¢-midconvexity.
The result is analogous to the implication (iii)=-(i) of Theorem 11. Unfortuna-
tely, we were not able to obtain the necessity of this condition, i.e., the reversed
implication.

Theorem 16. Let f : D — R and assume that, for all uw € D, there exists
an additive function A, : X — X such that

f(@) = fu) = Au(z —u) — (e —ul])  (z € D). (10)

Then, f is p-midconvex.

PROOF. Let z,y € D and set u := ‘”TJ”’ Then, by (10), we have

=
2 )

1) = 10 2 Auty =) = ol ul) = (155 ) = o 157

) = ) > A= = olla = ul) = 4u( T2 ) o

Adding up the inequalities and multiplying the inequality so obtained by %, we
get (3). O

The following result is analogous to Theorem 13, however it offers only a
sufficient condition for ¢-midconvexity.



116 Judit Maké and Zsolt Péles

Theorem 17. Let p: DT — R, be increasingly subadditive and let f: D— R.
Assume that, for all u € D, there exists an additive function A, : X — X and
there exists a function b: D — R such that

F(@) = sup (Au(x) + b(u) — p(lle — ull), ()
ueD

for all x € D. Then f is p-midconvex.

PROOF. Assume that (11) is valid for z € D. By Proposition 7, for fixed
u € D, the mapping x — —¢(||lx — u||) is p-convex, so it is ¢-midconvex. The
map z — A, (x) + b(u) is affine, and hence the function f, : D — R defined by
fulz) := Ay(z) 4+ b(u) — o(||lx — u||) is ¢-midconvex for all fixed u € D. Now
applying (ii) of Proposition 3, we obtain that f is p-midconvex. |

Henceforth we search for relations between the local upper-bounded @-mid-
convex functions and ¢-convex functions with the help of the results from the
papers [14] and [18] by HAzY and PALES.

Define the function dz : R — Ry by

dz(t) = dist(¢, Z) := min{|t — k| : k € Z}.

It is immediate to see that dy is 1-periodic and symmetric with respect tot = 1/2,
ie., dz(t) = dz(1—t) holds for all t € R. For a fixed ¢ : £DT — R4, we introduce
the Takagi type function T, : R x Dt — R, by

T (t,u) = f: W ((t,u) € R x D*). (12)

n=0

Applying the estimate 0 < dy < %7 one can easily see that T,(t,u) < 2@(%) for
u € DT whenever ¢ is nondecreasing.
For p > 0, we also define the Takagi type function T}, : R — R by

>, (dz(27t))”
T,(t) =) (2% (t € R). (13)
n=0
In the case when ¢ is of the form ¢(t) = ¢|t|P for some constants ¢ > 0 and p > 0,
the following identity holds:
To(t,u) =eT(t)u?  ((t,u) € R x DT).

Observe that T, and T}, are also 1-periodic and symmetric with respect to ¢t = 1/2
in their first variables.
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In order to obtain lower and upper estimates for the functions T, and T},
defined above, we need to recall de Rham’s classical theorem [31]. By B(R,R) we
denote the space of bounded functions f : R — R equipped with the supremum
norm.

Theorem 18. Let ¢ € B(R,R), a,b € R, |a|] < 1. Let Fy : B(R,R) —
B(R,R) be an operator defined as follows
(Fypf)(t) :==af(bt) +(t) for f € B(R,R), t €R.

Then
(i) Fy is a contraction on B(R,R) with a unique fixed point fy, which is given
by the formula

fot) = a"p(™)  (t€R);
n=0

(ii) if @ > 0 and the functions g,h € B(R,R) satisfy the inequalities g < Fyg
and Fyh < h, then g < fy, < h.

Remark 19. In view of the first assertion of this theorem, observe that the
functions T,(-,u) and T, defined in (12) and (13) are the fixed points of the
operator:

(Fuf)(t) = %f(%) L) for feBRR), teR (14)

where 1 € B(R,R) is given by (t) := ¢(dz(t)u) and ¥(t) := (dz(t))p, respecti-
vely.

In the results below, we establish upper and lower bounds for T, in terms of
the function 7, : R x DT — R defined by

To(t,u) = dz(t)((1 — dz(t))u) + (1 — dz(t)e(dz(t)u) ((t,u) € R x D).
Observe that, for ¢t € [0, 1], we have
To(t,u) == to((1 = t)u) + (1 —t)p(tu) (ue DT),

which is exactly the error term related to y-convexity.

Proposition 20. Let ¢ : D* — Ry be subadditive. Then, for all (t,u) €
R x DT,
To(t,u) < Ty(t,u). (15)
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PROOF. Let u € DT be arbitrarily fixed. By the 1-periodicity and symmetry
with respect to the point t = 1/2, it suffices to show that (15) holds for all
te [0, %] If ¢ = 0 then (15) is obvious. Now assume that 0 < t < % Then there
exists a unique k£ € N such that 2,9% <t< 2% Then, one can easily see that

dz(t) =t, dz(2t)=2t, ..., dz(2F7't)=2""1¢, dp(2M) =1-2%. (16)
On the other hand, by the well-known identity Zf;é 27 =2k — 1, we have
(1 —t)u=tu+2tu+ -+ 2" tu + (1 — 2")u.
Then, by the subadditivity of ¢, and by ¢ < 2% < 2,%1 <-- < %, it follows that
to((1 — t)u) < to(tu) + tp(2tu) + - + tp(28 1 tu) + to((1 — 27)u)
pt) | e (=2 u)

< to(tu) + Yy + kT ok

Adding (1 — t)p(tu) to the previous inequality and using (16), we get

2t
To(t 1) = to((1 — ) + (1 — t)p(tu) < o(tu) + w .
k- .
e(25 M) (1 - 2%t)u) p(dz(2t)u)
T ok - Z 2J < Tolt, ).
§=0
Which completes the proof of (15). O

Proposition 21. Let ¢ : DT — R, be nondecreasing with p(s) > 0 for
5 > 0 and assume that

2
Yo = sup (25) <2
0<s€3D+ ©(s)
Then, for all (t,u) € R x DT,
2
To(t,u) < pp—y T, (t, u) (17)

holds.

PROOF. To prove (17), we fix an arbitrary element v € DT. By Remark 19,
the function T, (-, u) is the fixed point of the operator

(Fof)(#) = 3 20) + plds(t)w).
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Define the function g : R — R by g(t) := ﬁﬂp('ﬁ, u). In view of Theorem 18,
in order to prove inequality (17), it is enough to show that
(Fpg)(t) < g(t)  (t€R). (18)

Since g is periodic by 1 and symmetric with respect to t = 1/2, it suffices to
prove that (18) is satisfied on [07 %] Trivially, v, > 1, hence the inequality (18)
is obvious for ¢ = 0 or for u = 0. Thus, we may assume that v > 0 and 0 < t < %
By the definition of the constant v, we have that

oltn) (1~ 22 < (o) - 22 (19)

Since t <2t and 1 — 2t <1 — ¢ and ¢ is nondecreasing we also have that
0 < t(p((1 = t)u) — (1 = 2t)u)) + to(2tu) — to(tu).

Adding o(tu) — ‘9(2;”) to the previous inequality and also using (19), we obtain

ot (1= 22) < o) - 22

< H(p((1 — 1)) = (1 = 20)u)) + (1~ Dg(ru) — (5 — 1) (21,

Rearranging this inequality, we finally obtain that

Py (2t((1 = 2t)u) + (1 — 2t)p(2tu)) + @(tu)

< 52 (1o 00+ (1 el

which means that (18) is satisfied for all 0 < ¢ < 1. O

Let 4 be a nonnegative finite Borel measure on [0, 1] and let supp p denote
the support of u.

Lemma 22. Let o be a nonnegative and nonzero finite Borel measure on
[0,1] and let x :]0,00[— Ry be defined by

o (29)7dulp)
Sy sPdulp)

Then x is nondecreasing on ]0, oo and

x(s)

lim x(s) =27, (20)

S§—00

where pg := sup(supp p).
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PRrROOF. The function = — 27 is strictly increasing, hence, for p,q € R, we
have (2P — 29)(p — q) > 0. It suffices to show that x’ > 0. For s > 0, we obtain

Vis) = f[o’l] 2 psP=1dyu(p) - f[o,u sPdu(p) — f[ 2P sPdp(p f[o . dyu(p)
(f[o 1] sPdu(p ))
f[o,l] 2PpsP~td f[o 18 Ydu(q) + fo 1y 2%qs7 Ydu(q f[o s Pdu(p)

2( f[o 1] sPdp(p ))
Sy 2757 du(p) - Jig 1y 45" dp(a) + Jio 1y 277 dua) - Jig y p5” du(p)
2(f[o,1] Spd#(P))
_ Jioay oy (2 =29 (p — @)sP*~ du(p)dp(q) -
2( fg.q) sPdp(p )? T

which proves that y is nondecreasing.

Using supp u C [0, po], for s > 0, we obtain

S\P S\ P
S”dup:/ 2P( ) du(p §2”°/ 5 ) du(p),
/[o,n ) [0,1] <2> ) [0,1] (2) )

which proves that x(s) < 270, and hence, lim;_, o x(s) < 2P0,
To show that in (20) the equality is valid, assume that lims_,o x(s) < 2P0.
Choose ¢ < go < po so that lims_, o x(s) < 29. Then, for all s > 0,

/[M]@s)ﬁdu(p) <90 / Pdu(p).

[0,1]

ie., forall s > 1,
0< [ - 2)aut)
[0,1]
— [ @)+ [ @ - )dut)+ [ @0 2)du)
(0,9( [q,qo

[20,1]
S/ (29 —2P)sPdu(p —|—/ 1 —2P)sPdu(p)
[0,q] [q0,1]
<[ @-mdu) + / 27) 5% dju(p).
[0,q( (90,1

Therefore, for s > 1,

o< [ @i+ [ (0= 2)du),
[0,q] (q0,1]
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The first integrand converges uniformly to 0 on [0, ¢[ as s — oo. Thus, by taking
the limit s — oo, we get

OSA%JWZWW@) (21)

On the other hand, the inequality o < po = sup(supp ) implies u([go,1]) > 0
and, obviously, 29 — 2P < 0 for p € [qo, 1]. Hence the right hand side of (21) is
negative. The contradiction so obtained proves (20). O

Proposition 23. Let u be a nonnegative and nonzero finite Borel measure
on [0, 1]. Denote « := sup DT and pg := sup(supp ) and define ¢ : D* — Ry by

p(s) = / sPdu(p) for all s € DY,
[0,1]

Then ¢ is subadditive and nondecreasing, furthermore,

JogoPdulp)
Tou(@2rdutpy < )

Yo =

2P0, if a=o0

and 7y, < 2 if either o < oo and p is not concentrated at the singleton {1} or
po < 1. In addition, for all t € [0,1] and u € DT,

/ wuwﬂwhﬂﬂMW@s/ T, (tyuP dpu(p) (23)
[0,1] [0,1]

and, provided that vy, < 2,

T,(H)uPdu(p) <
AM]p(’ o) < 72—

/ [t(1 =) + (1 — )t ]uPdu(p).  (24)
[0,1]
PROOF. It can be easily seen that ¢ is nondecreasing. The subadditivity is
a consequence of Lemma 8.
02s) _ Jo(2s")du(p) (s)
@(s) T i1y sPdn(p)
is nondecreasing on %D‘*‘, s0 it attains its supremum at «/2. Thus, in this case,
_ f[O,l] aPdu(p)
Yo = Tou@/2Pda(p)
p € [0,1] to obtain:

/[0,1] ordule) = /[0,1] 2p(%>pdu(p> = 2/[0,1] (%)pdu(p)'

Let a < 0o. Then, by Lemma 22, the map s —

To prove that v, < 2, we use the inequality 27 < 2 for
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In the case o = oo, by Lemma 22, we have that v, = lim,_,o x(s) = 2P°.
Obviously, v, < 2 if pg < 1.

The inequalities (23) and (24) are immediate consequences of Proposition 20
and Proposition 21, respectively. O

In the case when the measure p is concentrated at a singleton {p}, Proposit-
ion 23 simplifies to the following result.

Corollary 24. Let 0 < p < 1 be an arbitrary constant. Then, for all
t e 0,1],
t(1—t)P + (1 —t)tP <T,(¢)

and, provided that p < 1,

2

Ty(t) < 5 o

(t(1 = )P + (1 = t)tP).

The proof of the next theorem is analogous to that in [18].

Theorem 25. Let ¢ : DT — R, be nondecreasing. If f : D — R is ¢-
midconvex and locally bounded from above at a point of D, then f is locally
bounded from above on D.

The following theorem generalizes the analogous result of the paper [18] ob-
tained for (g, p)-convexity. A similar result was also established by TABOR and
TABOR [36], [37].

Theorem 26. Let f: D — R be locally bounded from above at a point of
D and let ¢ : %D“‘ — R, be nondecreasing. Then f is p-midconvex on D, i.e.,
(3) holds for all x,y € D if and only if

flte+ (1 =t)y) <tf(z) + A=) f(y) + Tt |z —yll) (25)

for all z,y € D and t € [0,1].

PRrROOF. Assume that f is p-midconvex on D and locally bounded from above
at a point of D. From Theorem 25, it follows that f is locally bounded from
above at each point of D. Thus f is bounded from above on each compact subset
of D, in particular, for each fixed z,y € D, f is bounded from above on [x,y] =
{tz+ (1 —t)y | t € [0,1]}. Denote by K, , a finite upper bound of the function

te flte+ (1=ty) —tf(2) = A =0)f(y) (¢ <€][0,1]). (26)
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We are going to show, by induction on n, that

Fltm 4+ (1= 1)y) < 17() + (L= 0F () + 22+ so(dz@j;)jnx —yl)
j=0

(27)

for all z,y € D and ¢ € [0, 1]. For n = 0, the statement follows from the definition
of K, (with the convention that the summation for j = 0 to (—1) is equal to
zero).

Now assume that (27) is true for some n € N. Assume that ¢ € [0,1/2].
Then, due to the ¢-midconvexity of f, we get

b+ (1= t)y) = f (y + (2tz +2(1 - 2t)y))

fly) + [tz + (1 = 2t)y)

< 5 + @(tllz = yl))-
On the other hand, by (27), we get that
.y o (dz( 2ﬂ+1t Mz —yl)
2tz + (1 —2t)y) < 2tf(x) + (1 —2t)f(y ’ +Z

Combining these two inequalities, we obtain

n

! T | —
e+ (- 0w) <170+ (- () + (B + 30 EE D)

“M

otz —yl) = tf(z) + (1 — ) fly) + ;f:i@{ N @(dZ(Zjl;)Jlx —ul)

J

0

In the case t € [1/2,1], the proof is similar. Thus, (27) is proved for all n € N.
Finally, taking the limit n — oo in (27), we get the desired inequality (25).
To see that (25) implies the ¢-midconvexity of f, substitute ¢ = 1/2 into (25)

and use the easy-to-see identity T, (5, u) = go(l%‘) (u € R). O

The optimality of the error term in (25) and the appropriate convexity
properties of T, have recently been obtained in [23].

Theorem 27. Let ¢ : DT — R be nondecreasing with ¢(s) > 0 for s > 0

and assume that v, := SUPp<se D+ (2;)) < 2. If f: D — R is locally bounded

2
2=

from above a point of D and it is also p-midconvex, then f is (
on D.

. cp) -convex
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ProOOF. By Proposition 21 and by Theorem 26, the proof of this theorem is
evident. ]

Corollary 28. Let p be a nonnegative and nonzero finite Borel measure on
[0,1]. Denote o := sup DT and pg := sup(supp u) and assume that either o < 0o
and p is not concentrated at the singleton {1} or py < 1. Define ¢ : DT — R,
by

p(s) == / sPdu(p) forall sec DT.
[0,1]

If f: D — R is locally bounded from above a point of D and it is also -

2
2—,

Corollary 29. Let 0 < p < 1 and e > 0 be arbitrary constants. If f : D — R
is locally bounded from above a point of D and it is also (&, p)-midconvex, then

midconvex, then f is ( -go) -convex on D, where vy, is given by (22).

f is (%55, p)-convex on D.
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