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Additive and multiplicative functions on
arithmetical semigroups

By KARL-HEINZ INDLEKOFER (Paderborn)
and EUGENLJUS MANSTAVICIUS (Vilnius)

1. Introduction

Many problems concerning additive and multiplicative functions de-
fined on N can be posed and solved in a more abstract setting. One can
investigate functions on an arithmetical semigroup which by definition is
a commutative semigroup G with identity element 1, and which contains
a countable subset P such that every element a # 1 in G admits unique
factorization into a finite product of powers of elements of P. The direct
generalization of N is the arithmetical semigroup satisfying

Axiom A. A completely multiplicative norm function || - || is defined
on G so that ||p|| > 1 for each p € P, and there exist constants A > 0,
0 < # < 0 such that

(1) #{a € G; |la]| < z} = A2’ + O@").

The development of analytic and probabilistic number theory in such
semigroups is represented by J. KNOPFMACHER’s monograph [8], papers
quoted in it and more recent publications. The semigroup of primary
polynomials over a finite field as well as that of the integral divisors in al-
gebraic function fields and many other interesting arithmetical semigroups
do not fall under the scope of Axiom A because the regularity of norms of
elements has different character. These semigroups satisfy

Axiom A*. A completely additive degree function 0 is defined on G
so that O(p) > 1 for each p € P and

G(n) = #{a € G;9(a) = n} = A¢" + O(¢"")

This work was done while the second author held a visiting professorship at the Pader-
born Universitat supported by the Deutsche Forschungsgemeinschaft.
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as n — oo for some constants A >0,q>1,0<v < 1.

Note that if one defines ||a| = ¢?(*), then the last asymptotic relation
implies (1) only for the sequence x = x,, := ¢" — o0.

Another nonequivalent axiom has been suggested by the first of the
authors [5]. In [9] J. KNOPFMACHER gives an introductory analytic theory
of semigroups satisfying Axiom A*, deeper problems he leaves as open
questions (Chapter 12). The purpose of the present paper is to answer
some of them. Investigating the mean values of multiplicative functions we
obtain an analogue of the HALASZ theorem [4]. Observe that the specific
structure of the considered semigroups implies a new effect in the problem
which is shown below by the example of the Mobius function. By some
limit theorems for additive functions we demonstrate that the probabilistic
number theory in N, systematically represented by J. KuBiLius [11] and
P.D.T.A. ELLIOTT [3], has its analogue in semigroups satisfying Axiom A*.

2. Analytic background

In the following let the arithmetical semigroup G satisfy Axiom A*.
For y € C, |y| < 1, we put

Zy) = G y)" =[]~ (¢Ty" ™"
n=0 k=1

where

n(k) :== #{p € P;d(p) = k}.

The function Z(y) is analytic in the disc |y| < 1 and has an analytic
continuation into the disc |y| < ¢'~* with a simple pole at y = 1 with the
residue —A (see [9], Chapter 2). As it was shown in [6], Lemma 8.5 in [9]
is not correct. In general, Axiom A* does not imply that Z(y) # 0 for

ly| = 1 though only one simple exceptional zero at y = —1 can occur. In
the general case we have the prime number theorem analogue
(2) w(k) = ¢"k ' (1 — (=1)"k) + O(¢™")

with some co, max{$,v} < co <1 ([6], [7]). Here k =1 if Z(—1) = 0 and
r = 0 otherwise.

Let f : G — C be a multiplicative function which may depend on n
or other parameters. We shall investigate the asymptotic behaviour of

Mu(f) == A7 Y fa)

O(a)=n
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as n — oo where |f(a)| <1 for each a € G. Put

=3 Y s

n=19(a)=n

= [T+ @) a'9)°® + fp*) (@ 'y P +...) =

pEP
= HXp(y) = HXp(y; f

For |y| < 1 the function F'(y) is analytic and F'(y) # 0 in this disc. Due to
the estimate (2) there is only a finite number of prime elements satisfying
the inequality

d(p) < (log2)/logq = c.
For the other primes we have
p(y) =1 < (P 1) <1 =y,

uniformly in |y| < 1 with some ¢; > 0 depending only on G. Consider the
equality

={ 1T xp(y)eXp{ > )@ty P+

d(p)<c d(p)<c
Y tos) - 10 9"} xen{E ¥ 1t}
d(p)>c k=10(p)=k

and denote by H(y) the function in the square brackets. If further

=3 (0 3 s = Y Ft

d(p)=k

then
F(y) = H(y)exp{L(y)}.

The routine considerations [3], [4], [13] show that H(y) is analytic in the
disc |y| < 1+ c2 with some ¢z > 0 and |H(y)| + |H'(y)| < 1 uniformly
with respect to all parameters of the function f in this region. The same
we have for Z(y), namely,

(3) Z(y) = Ho(y) exp{Lo(y)}
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with
Ho(y) = exp{ 3 (~(k)log(1 — a~"y*) = P(k)y*) }, Lo(y) = 3 P(R)y*
k=1 k=1

and P(k) = ¢ *n(k). Here Ho(y) is analytic and |Ho(y)| + |Hj(y)] < 1 in
the disc |y| < 1+ co. At last we can use the following representation

(4) Z(y) = Z(y)/(1 —y)

with a function Z(y), analytic in |y| < 1 + ¢, such that Z(1) = A. Note
that Z(y) # 0 for |y| < 1 except, maybe, at the point y = —1. In [6]
we jointly with R. WARLIMONT showed that semigroups with Z(—1) =0
really exist. We will see further that the asymptotic behaviour of M,,(f) as
n — oo can be considerably different in both alternative cases when k = 0
or kK = 1. The analogy with the corresponding results for multiplicative
functions defined on N or semigroups satisfying Axiom A can brake down.
This effect makes the problem more interesting.

3. Results

The dependence of f on n plays the essential role. When f does not
depend on n we obtain an analogue of the HALASZ theorem [4].

Theorem 1. Let f : G — C be a multiplicative function, |f(a)| < 1.
Then there exist a real constant ty € (—m, 7| and a complex constant D
such that

(5) M, (f) = Dexpfiton+i Y _Im(F(k)e "*)} + o(1).
k=1

Here and in the following where it is supposed that n — oo we do not
indicate it.

Theorem 2. In order that M, (f) = o(1) it is both necessary and
sufficient that one of the following two conditions is satisfied:

(I) for each t € (—m, m| the series

(6) doat Y (L-Re(f(p)e™™))

k=1 o(p)=k

diverges;
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(IT) there exists a unique ty € (—m, 7| such that the series (6) converges
for t =ty and

H Xp(e_itOZ f)=0.

d(p)<c

In the formulation of Theorems 1 and 2 it is difficult to notice the role
which plays the exceptional zero of Z(y) at y = —1. Therefore we consider
the classical example of the Mobius function p: G — {0,1, —1} defined as
a multiplicative function taking values u(p) = —1 and u(p*) = 0 for each
prime p and k& > 2. Due to the prime number theorem (2) the convergence
of the series (6) at to € (—m, 7| for f = p is equivalent to the convergence
of the series

[&.9]

@ SRl ()

k=1

If kK = 0, such a ty does not exist, hence M, (1) = o(1). If k = 1, evidently,
the series (7) converges for tg = m. Now Theorem 1 with the calculated
constant D implies

0o _1\k 1k (k)
Ma() = (1" [ (1— e ) +o(1).

he1 q q

The formula (2) shows that in this case the last infinite product converges.
The following theorem is an analogue of the DELANGE result [1], [2].
Theorem 3. In order that

lim M, (f) = M(f)

n—oo

exists and M (f) # 0 it is both necessary and sufficient that the series

gk > 1= fp)

k=1 d(p)=k

converges and

IT @ #o.

d(p)<c

We remark here that Theorem 3 will be proved by applying Theo-
rem 1. The first of the authors together with P. G. SLATTERY has proved
it by more simple considerations (see [15]).
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As in [12] for the semigroup N, we obtain only partial results when
f depends on n. Let us define the class M of multiplicative functions
f=1fn:G—C,|f(a)] <1, characterized by these two conditions:

) sup 7 1qu S° (1= Re f(p) i= pn = o(1),

feMm a(p)=k

(9) sup Zq > (1=Ref(p)) < M < oc.

FEMOT  a(p)=k

Let in the following H, (1) be derived from H (1) defined in Section 2, by
putting f(p) =1 for d(p) > n

Theorem 4. For arbitrary §, 0 < § < %, and uniformly in f € M we
have

(10) M, (f) = Hn(1)Hy (1)
X eXp{Zq_’“ > (flp) - 1)} + O (ué_é - n‘%) :
k=1 d(p)=k

The above Theorems supply a possibility to prove probabilistic results
about the distribution of additive functions defined on G. We present here
only some of them. Put

Un(...) =AY ¢ " #{a € G, 0(a)=n,...}.
Then one of the main problems can be formulated as follows:

Let h,, : G — R be a sequence of additive functions, and let a(n) be
a sequence of real constants. When does the sequence

Un(z) := vp(hn(a) — a(n) < x)
weakly converge to a limit distribution function?

In the following the weak convergence will be denoted by — .
Put v* = min{|ul, 1}sgnu, u € R. As in the paper [12] we have

Theorem 5. Let h, : G — R be a sequence of additive functions,
a(n) € R. Suppose in advance that h,(p") — 0 for each fixedp € P, r > 1
and

(11) Zq—k Z h*2 Zk —k Z h*2 )

d(p)=k a(p)=k
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In order that v,(x) == ®(x) where ®(x) is a distribution function
it is both necessary and sufficient that the following two conditions are
satisfied:

(i) there exists a non-decreasing bounded function ¥(u) defined on R such
that

Uo(u):=> ¢ * > wlp) = Y(u),
k=1 a(p)=Fk
hn(p)<u

U, (+00) — ¥(£o00);

(ii) for some constant a € R

aln)=> ¢ % Y hip)+a+o(l).

k=1 a(p)=k

If these conditions are satisfied the characteristic function of the distribu-
tion ®(x) is equal to

exp{itoz + /(eit“ -1- itu*)u*_zdlll(u)}.
R

The famous KUBILIUS class H (see [11]) has its analogue too. Denote

n

An)=>_q* > hp), B*n)=>_q¢" Y @)

k=1 a(p)=k k=1 o(p)=k

Definition. We say that an additive function h : G — R belongs to
the class H if B(n) — oo and B(un) ~ B(n) for each u, 0 < u < 1.

Theorem 6. Let h € H. In order that v,(h(a) — A(n) < xB(n))
weakly converges to a distribution function with variance one it is both

necessary and sufficient that there exists a distribution function K (u) such
that

n

K,(u):=B*n)> ¢* > h(p) = K(u).
k=1 d(p)=k
h(p)<uB(n)

If this condition is satisfied the characteristic function ¢(t) of the limiting
distribution can be expressed by the Kolmogorov formula

o(t) = exp{/R(e““ —-1- itu)u_ZdK(u)}.
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The function

> logd(p)

pla

defined on the semigroup of primary polynomials over a finite constant
field evidently belongs to the class H and a remainder term estimate in its
limit theorem has been obtained by J. L. N1coLAs [14].

At last we demonstrate that limit theorems with normalizing con-
stants f(n) ~ n®, a > 0, are available, too.

Theorem 7. Suppose (3(n) — oo, and assume that there exists a
nondecreasing bounded function Wq(u) such that

U (u) == k — = Uy(u), ¥, (£o0) — Yp(£o0).
,;q 8@2)_ ) (5(n)>

h(p)<ufB(n)
Let further for each ¢ € N the sequences
Ry
D DURLID DI
k=1 o(p)=k
h(p)<up(n)
weakly converge to some limiting distribution function Vy(u). Then with
n ~ h D *
at) =5 S0t ¥ (55
2 o, i)
= p)=k

the sequence v,(h(a) — a(n) < zf(n)) weakly converges to a limiting
distribution.

Its rather complicated characteristic function is given in the proof.

Corollary. For each p > 0 the sequence
Un (Z 0°(p) < :L’n9>
pla

weakly converges to the distribution with the characteristic function

1 1+ioc0 e? 1 eitupfl
— — exp{ e_zudu}dz.
0

27TZ 1—400 ya u

Comparing our probabilistic results with that obtained for additive
functions defined on N (see [3], [11], [12], [13]) one can notice a great
analogy. Principal differences appear in the problem of distribution of real
valued multiplicative functions. To this topic we shall devote the next

paper.
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4. Auxilliary lemmas

Our method is based on the information about the function L(y) near
the boundary |y| = 1. Let in the following r = exp{—2}. The symbol <
will be used when the constant implied depends on G only. All the lemmas
of this paragraph hold even for sequences of multiplicative functions f = f,
such that |f(a)| < 1.

Lemma 1. We have

n

max exp{Re L(re"")} < nexp{— min » (P(k) — Re(}"(k;)eitk))}.

[t|<m [t] <7
k=1

Proor. At first we note that

(12) Sk k+ > (h -1k«

k>n k<n

and by (3) and (4) we have exp{Lo(r)} < Z(r) < n. Now remembering
the asymptotic formula (2) and estimating exp{Re L(re®*) — Lo(r)} we
obtain the desired result.

Lemma 2. Suppose K > 1 and

n

(13) U, =Y (P(k) —ReF(k)) < My < 0.
k=1

Then for §; > 0 there exists a positive constant C7, depending on G, M,
and 6, only, such that

max exp{Re L(re')} < CinK 1101,
i PR LI} < O
PROOF. As previously we have

o0

(14) exp{Re L(re’)} <« nexp{— Z rH(P(k) — Re(]—"(k:)eitk))}.
k=1

For the difference in the brackets we will apply the inequality

1 —Re(z122) >1—Rez; — (1 —Rez) —2y/1 —Rez;y/1—Rez

where 21,29 € C and |21| < 1, |22 < 1. Hence

P(k) = Re(F(k)e™) > ¢ Fr(k)(1 —costk) —q~* D (1—Ref(p))—
o(p)=k



10 Karl-Heinz Indlekofer and Eugenijus Manstavicius

—2¢7 /1 = costk Z v 1—Ref(p).

d(p)=k

Applying twice the Cauchy inequality we have from (12) and (14)

exp{Re L(re’)} <« nexp{ Z ¢ *rFa(k)(1 — costk) + U, +

)}

N|=

Zq rFr(k)(1 — costk))? (U, + 1)

Now appealing to (3) and (4) we see that
Z(ret) -
Z(r)

if K/n < |t| <mand C; = C;(61, M), i = 2,3, are constants. Lemma 2 is
proved.

exp{Re L(re'*)} < Can ( ) < CanK 1o

Lemma 3. We have

7 ;:/ L (re't)Pdt < .

—Tr

Proor. We will apply the Parseval equality for the Fourier series. It
S krh U (k)i 1>‘ dt =

yields
g = /
T k=1

S k2D ER P < 3 k22D = / Ly (reit)|2dt.
k=1

k=1

But by (3) and (4) the last integral does not exceed

/ﬂ Z/

- (reit)

2

dz&+0(1)<<fr dt +1x +/ﬂdt<<
—_ n —_ n.
. |1 reit]? L {2

Thus the Lemma is proved.
Lemma 4. For each v > 1 there exists a positive constant Cy depend-
ing on G and ~ only such that

Jo = Jo(y) = / exp{yRe L(re’*)}dt < Cyn" ™",

—T
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The PROOF is based on the Parseval equality, too. At first we expand

the integrand into a Fourier series. By (12) it is enough to consider the
function

= . L ¢ 2kl ithe
Q) ZEGXP{%T’“F(k)e“k} = 13; (2Fm) ——— =
_ = m _itm le(l) .. Fe"(n) y li+...+4, .
_mzor - , 2;>0 A (2)
B Gi420at Tt =m
— Z ,rmeitmbm )
m=0
But

by | < Z Ph(1)... P (n) <7>£1+,,,+en

By =d
| | m
£1yee £ >0 IS 92
014200440l =m
Now the Parseval equality yields
3 3 " Y = . 2
Jo = mz_orzmlbmp < mz_orzmdgn — /_7r eXP{§ Zrkfp(k)eztk}’ gt

which by (3) and (12) does not exceed

05/ ]Z(Te”)]”dt<</ —— < Cen" .

- e [L et T
This ends the proof.

The Main Lemma. Suppose the condition (13) is satisfied. Then for
each K > 1,0 < 2 < 1 the following formula holds:

1+iK e? o o
My (f) = %/1 —exp{Z(f(k) —P(k:))en}dzx

2
—iK k=1

X (1 +0 (%)) +O(K~27%) 4 O(n™ 7).

The functions H(y) and Hy(y) are defined in the second section and the

constant in the symbol O depends at most on G, d5 and My, given by the
condition (13).
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PrOOF. By the Cauchy formula we have

(15) e R

where r = exp {—%} Let J denotes the part of the integral where K /n <
argy =t < m, K > 1. Integrating by parts we obtain

J = 'Le/ F(reit)e_itndt = O(’n_l max |F(7’€lt)’)+
K/n K/n<t<w

+ O(n_l/ |H'(re™)| exp{Re L(re™)}dt) +
K/n

+0(nt /Kﬂ/ |H (re)| exp{Re L(re")}|L'(re')|dt).

Now Lemmas 2, 3, 4 and the estimates discussed in the second part show

that for 1 < vy < 2

J = O(K~1%) 4+ O(n~1J3 (2))+
(16) +O(n*1J1%( max exp{Re L(Teit)})%J2% (v) =

K/n<t<m

= O(K~ ') £ O(n™%) + O(K~ =02y = O(K 3402 4 3,
Here 0 < 42 < % is arbitrary and v, d; 7 are chosen to satisfy

(-6)0-1)> -6

The same estimate holds for —m < t < —%. In the remaining interval

t| < & we compair F(y) with Z(y) to obtain
n

N (1 — rei)Hy(rett) eXp{Z(]—"(k) — P(k))e’% }
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Further we have for [t| < &
s K
Zrey =440 )
n
it K ,
Hi(re)=H;(1)+0(—), i=0,1, H=Hy;
n

. 1 L4 2 -
(n(1 — reit))~t = <n ( Lo (<—‘ “t”’> )))
n n
K
=(1—itn)~ " (1 + O (—)) :
n
Using these estimates and (16) in the formula (15) we obtain
H(1) K 1 el—itn
M, = 1 — —_ :
(/) Hy(1) ( 0 (n)) 2m /|t|§1< 1—itn
_ (A—idtn)k

X exp {i(f(k:) —P(k))e n}dt—f— O(K~2%% 4 n73),

k=1

Thus the Main Lemma is proved.

5. Proofs of the Theorems

PROOF of Theorem 4. The values f(p*) for d(p) > n have no influence
to M, (f) therefore we take f(p*) = 1 when 9(p) > n and k > 1. It is easy
to check that (8) implies

sup n‘l‘z kgt > Imf(p)( = O(V/Iin)-
fem k=1 a(p)=k
Hence for z =1 +it, |t| < K, we have

exp { S (F () - P(i)e /) =

k=1

= exp { 3 (F(K) = P(k) (1 + Ozl y/jim)) | =

>
I
—

=exp{ D a7 D (F() — D} + Ozl iim)).
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The integral in the formula for M, (f) in the Main Lemma is equal to

e {Lat X (-} [T AEOEED

k=1 8(p)=k —iK

:eXp{Zq EST (flo) - 1)}(1+O(K‘1+K\//Tn)).

k=1 9(p)=k

The choice K = g and the Main Lemma yield Theorem 4.

PROOF of Theorem 1. Suppose at first that the series (6) converges
at t = to. Such a tg € (—m, 7| can only be unique. For, if (6) converges for
t = t, too, then the inequality

1 —Re(z122) < (1 —Rez1) + (1 —Reza), |21 <1, |22 <1
and (2) yield
. 1 — cos(to — t§)(20 + 1
oo>2q_k Z (1 —cos(ty — tp)k >>Z coslto — )2 +1)

k=1 o(p)=k 20+1

which is impossible if tq # t3.

Put f(a) = f(a)exp{—ityd(a)}. For M = {f} the condition (9) is
satisfied. Now f does not depend on n, so (9) implies the condition (8).
Applying (10) we get the asymptotic relation

Mo(f) = i<mp{§jq S ()~ 1} +o(1)

k=1 o(p)=k

where H, (1) is obtained from H, (1) by setting f(p¥) in place of f(p*).
Since A R
M, (f) = e Mo (f),

we obtain (5) with

lim H, (1 .
D="=2———exp { Zq > (Re(f(p)e™"") — 1)} )

CH(1) k=1 a(p)=k

when the series (6) converges at t = tg.
If the condition (I) of Theorem 2 is satisfied, then as in the proof
of the Main Lemma we integrate in the complex domain. We take the
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formula

A

2min

M, (f)

/ F'(y)y "dy
ly|=r

where, as before, r = exp {—%} Now by Lemma 1 we have

ln‘lgx exp{Re L(re’)} = o(n).
t|<m

Then for arbitrary v, 1 < v < 2, applying Lemmas 3 and 4 we obtain

My (f) = O(n™JF (2)) + O(n = JE J3 (7)) = o(1).
So in this case we have D = 0, and Theorem 1 is proved.

Theorems 2 and 3 are only corollaries of Theorem 1 if we analyse the
formula (5) and possible values of the constant D.

Remark. When the function f depends on n, too, and

min 3 q" Y (1= Re(f(p)e™"™)) — oo

e
then M, (f) = o(1) as n — oo. In order to see this one can repeat the
second part of the proof of Theorem 1.

PrOOF of Theorem 5. Let f,(a) = fn(a,t) = exp{ith,(a)}, t € R
and let T" > 0 be an arbitrary fixed number. We will apply Theorem 4
when M = {f,(a,t);|t| < T}. The conditions (8) and (9) evidently follow
from (11). The formulas given in the second part for Hy, £ > 0, yield that
the condition f,(p*,t) = o(1) which holds uniformly in [t| < T for each
p € P and k > 1 fixed, imply H,(1)/Ho(1) = 1 + o(1) with the same
uniformity. The weak convergence of v, (z) is equivalent to the uniform
convergence of M, (f,)exp{—ita(n)} when |t| < T. Due to the formula
(10) we have that the last one is equivalent to the convergence of

n

S a7 Y (exp{itha(p)} — 1) —ita(n) =

k=1 a(p)=k

_ /R (et —1 —itu " d, () + it g™ S hi(p) - a(n))

k=1 A(p)=k

(17)

with the same uniformity. Now as in [3] or [12] using the HELLY theorem
we obtain both the necessity and sufficiency of the conditions (i) and (ii)
in Theorem 5 as well as the formula of the characteristic function of the
limiting distribution.
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PROOF of Theorem 6 is in fact contained in the previous one. We
note that for each 0 <e <1

Zk: -k Z h%(p) < eB%(n) + (B%(n) — B%(en)).

a(p)=

Hence Q,, = o(B?(n)) as n — oo and the condition (11) even without the
star notation for h,, = h/B(n) is satisfied. Other details can be omitted.

PROOF of Theorem 7. Let f,(p*) = exp{ith(p*)/B(n)} when 0(p) <
n and f,(p¥) = 1 for d(p) > n. As previously, with the help of the
expression (17), we have the convergence

S0 Y () -1 - itan) = [ ML ) + o1) —

u*2
k=1 A(p)=k
= k(t) + o(1)

uniformly in |t| < T for each T' > 0. Further, for ¢ > 1,
(19) - Z S o) =0 o)
d(p)=

where 7;(t) is the characteristic function of the distribution V;(u). As in
[13] we apply the Main Lemma. The formulas (18) and (19) yield

> (F(k) = P(k))e /™ = ita(n )+ Z M — D +0(1)

) = ita(n) + q(z, 1) + 0(1)

uniformly in [¢| < T and |Imz| < K. The factor H,(1)/Hy(1) tends to 1
as n — oo with the same uniformity. Hence

exp{—ita(n)}q_nA—l Z exp{ith(a)/B(n)} =
8(a):n
1 Itico 2
=5 J . expla(z0}dz 4 o()
where the convergence of the integral is also uniform in [¢| < T'. This ends
the proof.
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In order to prove the Corollary we need only to observe that summa-
tion by parts yields

S (o (3} )t - [

uniformly in |¢t| < T for each T' > 0.
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