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General characterizations of anisotropic Besov spaces

By B. BARRIOS (Madrid) and JORGE J. BETANCOR (La Laguna)

Abstract. In this paper we establish general characterizations of anisotropic Besov
spaces associated with expansive matrices.

1. Introduction

Celebrated monographies of PEETRE [23] and TRIEBEL ([27], [28] and [29])
present exhaustive studies about Besov and Triebel-Lizorkin spaces. In this paper
we are going to concentrate on Besov spaces but analogous properties for Triebel—
Lizorkin spaces can be established.

Several equivalent ways exist to define Besov spaces. We adopt here a
Littlewood—Paley type definition as starting point. Let 0 < p, ¢ < oo and a € R.
Assume that ¢ is a C°° function on R"™ such that

suppp C {x € R" : |z| < 2},
and ¢(x) =1, |z| < 1. For every j € N, we define
pi(x) = p(2772) —p(277Fz), weRT

and g = . A distribution f € S'(R") is in the Besov space By, if and only if

oo 1/q
11z, = (21l <o
j=0
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with the usual modification when ¢ = co. As mentioned earlier complete studies
of Besov spaces By, can be found in [23], [27], [28] and [29].

Recently, several authors (see [8], [12], [13], [15], [16], [17], and [22], amongst
others) have investigated (diagonal)-anisotropic Besov spaces. These anisotropic
Besov spaces are defined also in terms of Fourier analytical quasinorm as follows.
By a = (a1,as,...,a,) we denote an anisotropy, that is, a n-uple of positive
numbers such that a; + as + - -+ + a,, = n. We write, for every j € Z,

0y = (209, ..., 2%, x=(11,...,2,) €R™.

Let 0 < p, ¢ < o0 and a € R. If ¢ is a function as above, a distribution

f € S'(R") is in the anisotropic Besov space By if and only if

) 1/q
I3 = (S 2lead ) <o
=0

with the usual modification if ¢ = oo, where, for every j € N,
i) = p(277°2) — (27Ut ),z eR",

and @ = ¢. The basic result for the (diagonal)-anisotropic Besov spaces can be
encountered in [20] and [25].

BownNIK ([2], [3], [4], and [5]) and Ho ([18] and [21]) (see also the papers of
Bownik and Ho [6], DAPPA and TRIEBEL [9], DINTELMANN [10] and [11] and Ho
[21]) have studied anisotropic function spaces associated with expansive matrices.
In [2] general anisotropic Besov spaces are introduced. In this paper we complete
that study by proving a rather general characterization of the anisotropic Besov
spaces associated with expansive matrices.

We now recall some definitions and properties concerning to expansive dila-
tions. Let n € N. A real n X n matrix A is an expansive matrix provided that
minyeq(a) |A| > 1, where o(A) denotes the spectrum of A. A quasinorm associa-
ted with an expansive matrix A is a Borel measurable function p4 : R" — [0, 00)
satisfying the following conditions

(i) pa(z) >0,z #0,

(ii) pa(Az) =|det Alpa(z), z € R™,
(ili) pa(z+y) < H(pa(z)+pa(y)), z,y € R,
where H > 1.
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All quasinorms associated with a fixed dilation A are equivalent ([2], Lem-
ma 2.4). We consider in the sequel the quasinorm p 4 defined for a fixed expansive
matrix A by

pa(z)= Y |detAffxo,(z), = €R",

k=—o0
where Oy = AF([—1,1]") \ U2 Ai([—1,1]").

If by |- | we denote the Lebesgue measure, (R™, p4,|-|) is a space of homoge-
neous type in the sense of COIFMANN and WEIsS ([7]). For any locally integrable
function f on R", the Hardy-Littlewood maximal operator M,, is defined, as
usual, by

Myuf@) = sw o [ F@ldy, 2 e R,
z€EBEB |B| B

where B represents the collection of ps — balls. The following fact will be useful
(see [6, (2.4)])

|By,(0,7)| ~ 7, >0, (1)
where B,,(0,7) = {x € R" : pa(z) < r}, r > 0. It is well known that the
maximal operator M,, is bounded from L,(R™) into itself for every 1 < p < oo
and from L;(R") into L1 o (R").

Note that, according to [3, (2.2), p. 4], there exists jo € N such that

AT-LA" C AT=1/2,1/2]", j = o, JEN,
and
A7 =L = AL A € AR -1/2,1/2)

Assume that ¢, ® € S(R™) are such that

suppp C {z € R™ : |det A|77° < pa-(x) < |det A|0} 2)
supp & C {z € R": py-(x) < |det AJ°} 3)
and
sup {16((4%) )|, [9(@)]} > 0. = € B, @
J

By A* we represent the matrix adjoint to A. Observe that if  # 0 there exists
k € Z such that = € O}, where Of = (A*)*([-1,1]") \ Uf;ioo(A*)i([—l, 17m™).

Let « € R and 0 < p, ¢ < co. We say that a distribution f € S'(R"™) is in
the inhomogeneous Besov space B;"’qA associated with A if and only if

o0

A 1/q
g0 =17 01y + (X (detaplf xggl)t) <o

j=1
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Here and in the sequel, for every j € Z, the function ¢; is defined by
pj(z) = |det A p(Alz), = €R™

The anisotropic Besov spaces Bz‘if;]A are independent of the function ¢ and ®
as above. These spaces were introduced in [2]. There Bownik characterized them
by the magnitude of the anisotropic ¢-transforms in appropriate sequence spaces.
He also obtained atomic and molecular decompositions of the elements of the ani-
sotropic Besov spaces extending isotropic results of FRAZIER and JAWERTH [14].
Recently, the authors ([1]) have established other characterizations of the spaces
By

In this paper our objective is to establish a BS* version of [28, Theorem 251].

We choose two functions ha, Hs € S(R™) such that

suppha C {z € R" : pa- () < |det AJ°} and ha(z) =1, pa-(z) <1,
and
supp Hy C {z € R" : |det A| ™7t < pa-(z) < |det A*} and Hy(z) =1,
1 .
—— < pa- < | det A|?°
S < (o) < det A
where j; € Nis large enough (see [3, (2.2), p. 4]). Here A is as always an expansive

matrix and in the sequel to simplify we will write h and H to refer to hy and H 4.

Theorem 1.1. Let 0 < g < 00, 1 < p < oo, a >0 and sg < a < s1.
Assume that A is an expansive matrix and that ¥ and ¢ belong to L1(R™) being
U(z) # 0, pa~(z) < |det A[%o. Suppose also that there exist Cy and Cy such that
if h(z) # 0, Cy < pa-(x) < Ca, and that the following conditions hold:

ﬁ[ Ax)—m

sup H( (A% Z))V < 00, (P1)
te[0,1] ,meN A (2)%° 1
su < 00, P2
7n€% H( PA* ) 1 ( )
}AL A*)—Jo

sup H( ((4%) Z))VH < 00, (P3)

tefo,1] PA*( )5 1
where jo is that appears in (2). Then, the quasinorms || - ||(1()1 a and || - ||§iA

defined by

1/q

||f||BaA—||f*‘1/||p+< / £ (A7) B 1) F ()8 ) 7
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and
@) o0 ] 1/q N
12 = 7 %l (;udemwwwm)q) e B,
i=
(where the usual changes are made when q = 00) are equivalent to || - || ga.a on
Ba,A B e
P

Anisotropic Triebel-Lizorkin spaces Fz‘ff;]A associated with expansive matrices
were studied in [4], [5], [6], and [21]. A version of Theorem 1.1 for Fpof;]A—spaces
can be established following a similar procedure by using an anisotropic Peetre
maximal function (see [28, Theorem 2.4.1] for the isotropic case).

Throughout this paper by C we always denote a positive constant that can
change in each occurrence.

2. Proof of Theorem 1.1.
(1)

We will show that the quasinorms || - HB"“ A and |- poA are equivalent on
pP,q ’

B;"’qA. The corresponding property for || - ||(Ba 4 can be seen in a similar way with
p,q
minor changes.
For every a, 8 > 0 we will repeatedly use the following well known properties:

(i) A AB = Aa+5;
(i) | det(A%)| = |det(A)|*; and
(i) (47)° = (4%)"

. A
First we prove that, for every f € By,

1/q

! . R d
I el + ([ em@anyensa g foris s ) < g,

when 1 < ¢ < co. When ¢ = co we only need to make the usual changes.
We choose two functions ® and ¢ € S(R™) such that

supp® C B,,,. (0, | det A),
supp ¢ C EPA* (0, ]| det A|j0) \Epm (0, ]| det A|_j°)

and

Oy)+ Y rly) =1, yeR™
k=1
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Here jo is that appears in (2). Also we have that, for every f € S’(R"),

F=Fx®+) frop in SR (5)
k=1
To simplify we write ¢y = ® and we define ¢, =0, when k € Z, k < —1.
Let f € B, j € Nand t € [|det A7/, | det A|77+1]. We define

Yy (r) = %@z;(A* 10g) qet 4| tx), r € R".
Then
Dy (y) = V((A%)'Blaearty) 4y e R™.

To obtain this we have used that |det(A4%)| = |det A|®, and (A4*)? = (A48)*, for
every 3 € R.
By (5) we can write

0 o0
Frowm= D frhyy*@ui+ Y fxtbe*oy,; inS (R, (6)
l=—o0 1=1
Moreover, since the series in (5) also converges in L,(R™) and ¢ € L1(R"), the
last series converges in L,(R™) and it represents, in the suitable way (that is, via
some subsequence), pointwise the function Yy * [ ae R
We analyse the first series in the right hand side in (6). We define, for every
k € Z the function @ by

G = (pa- (A7) %) n())"
We can write

0
Z | det AP(f * ¥y * i45)(2)

l=—00
0
< D et APR|(G((A") R a1 2)p((A7) 1 2) f(2)) (@)
l=—00
0 7 lo t
S1—« w((A*) gldEtA‘ Z) a7 r 2 -
< 3 laer | (S | et A ()6 () (o)
0
= > |det A7)
l=—00

| (Pt

pa-((A*)=iz)s B((A*)fjfjozﬂ det A|a(j+z)f(z)<ﬁj+l(z))v(x)‘,
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In the last equality we have used that h(z) = 1, when pa-(z) < 1. Indeed, since

suppp C B,,,. (0,|det A|°),
then

supp ;1 = supp(pa-((A*) "% 5,.) C B,,. (0,] det AP HH0),

Hence,
supp @j41 € By, (0, ] det A H0),
and h((A*)~I-doz) =1, z € supp @j 1, | € Z, 1 < 0.

For every [ € Z, | <0, we have

) #)0108 det 4|t 5) o o
‘ (wp(iil(();l)—jz)a (%)) des A|a(]+l)f(2)¢j+l(z))v(x)‘

< [ (A D ) )

x |(] det A\O‘(Hl)f(z)sszrl(Z))v(I —y)|dy, xeR"

Minkowski and Young inequalities lead to

0
D7 et AP(f * ey * i)

l=—o00
0 n lo t
_ A*) S| det A| Z)
< E det A|!(s1=) v(( -
= | | ( pA*((A*)_JZ)Sl

X H(\detA|a(J+l)f 2)@;11(2))” H

P

Ay z)) |

1

Moreover, by making suitable changes of variables it obtains

[Cx ‘°g“;;;:M«Am—j—wy

(e
PA*

1

o)

By (P3), we get

0 0
D et APO(f # ey *pigg)|| <C D [ det A7)

l=—o00 p l=—00

x [|(| det A|*U*D F(2)G541(2)) -

sup
| det A|=3 <t<|det A|—i+1
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Hence, since s1 > «, if 1 < g < co (with the usual changes with ¢ = o)

oo ) a\ 1/4q
(ZdetAPaq( sup ) )
P

= | det A|=i <t<|det A|=i+1

0

D () *eiey)

l=—00

0 oo . 1/q
<C det AJl(s1=) det A[*UHD|(f5,.)7)|
J+ D

l=—00 Jj=1

> o 1/q
< C(ZldetAla”l(f@j)“llg) , )
=0

and if 0 < g <1,

<ZdetA|jaq( sup
j=1

| det A|=i <t<|det A|—i+1

0

Z (f * ) * 0115)

l=—00

)

IN

0 %) . . 1/q
0( 3 |detA“W”Z|detA|"<J+“Q||<f¢j+zr||g)

l=—00 j=1

IN

0 oo 1/q
c( 3 |detA“Sl—‘”qz|detA|aﬂ'q||<f@>*||g)
=0

l=—00

oo o 1/q
<o X ldeeariizyly) ®)

=0
Our next objective is to see that
e _ o 1/q 0o - ) 1/q
(Tlaeeapropty) <o Xldecarnienty) . ©
=0 =0

Inequality (9) will be proved when we show that

1/ &)y < ClI(F @)y -4 € NU {0}, (10)

where C' > 0 does not depend on j.
Jjo+J

Let j € N. The support of ¢; is contained in ] = Ul:ﬂ.ﬁj

Oy, where

-1
Of = (A [-1,1"\ |J @) [-1,1", lez

k=—oc0
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We can write,

(f85) (@) = (F(2)¢5(2)pa- (A7) Z)Sl)(flf)

= (f(2)%;(2)xa;: (2)pa-(A") 7 2)*) (2)
= [det AP ((f * 03V ((A*) 2)xa: ((A*) 2)pa- (2)™) (Ax)
(((f*%)(A Tu)) (2)xay(2)pa- (2)™) (A')

= Z (((f * @) (AT u)) (2)x0; (2)pa-(2)*) (Al2)
l=—jo

= Y ldet A" (((f * 9) (A7) (2)x0; (2) (Az), = €R™
l==jo

If, for [ = —jo, -+ , jo, the function xoy is an L,-Fourier multiplier, then

I(F¢) Il < C Z I((f * 95) (A7 u) ) (2)x05 (2)) (A7)l
l=—jo
<C > | det A[7FII(((f * 9) (A W)Y (2)x0; (2))
l=—jo

< Cldet A" #|(f * 9) (A7) lp < Clf % 05l = CIFE) 1o,

and (10) is established, for every j € N.
We are going to see that xo+ is a L, Fourier multiplier. In a similar way we
can see that xor is a L, Fourier multiplier, for every | € Z. We have that

0
0f = A -1,11"\ | (411"
l=—o0
According to [21, Lemma 1.1.1], lim;_, o, [(A*)~'z| = 0, uniformly in [-1,1]".
Then, there exists [y € N such that

—lp—1

U @' -11" c[-1/2,1/2"

l=—0o0
Hence

0
o7 = A*[-1,1"\ | (A")'-1,1"
I=—1lo

Moreover, since (A*)*[—1,1]" is a polygon for every k € Z, O% is a finite union of
polygons in R™. Then, by [19, Corollary 3.2] (see also [26]), xox is an L,-Fourier
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multiplier.

Moreover, the support of g is contained in Uk_ Oj. Then we can write

—00

(of) = (Popli-f) = Y |det A|™* (goxor , f)"

k=—jo

As above, we have that, for every k € NU {0},

1@ofx0m, ) Il = I((f * w0y xor, ) lls
= [1(((f * po) (A™u) T x05 ) ((A") ™" )llp < CIIf * @oll,-

Hence, it follows

[(@of)llp < D [ det A|7F=1 || f % @oll, < CIIf * poll,-
k=0

By combining (7), (8) and (9) we conclude

> ) 0 a\ 1/4q
<ZdetAjaq( sup _ Z e * oigj ) )
= | det 4|~ <t<|det A~ ||, Z2 »
s ) 1/q
<o Llderapaisply) (1)

Jj=0

We now analyze the second series in the right hand side of (6). We define,
for every k € Z, the function ¢y by

P = (pa- ((A")75)0 k()" (12)

Let 5 € N. We have that

o0

> det AP(f * ) * prig)(x)

=1

3

< 37| det AP (P((A*) B0 a1 £ 2)G((A*) 7170 2) f(2)) ()|

=1

00 #)108) et 4y t 5 S
<3 Jdet At (ﬁif‘(()m') et AT )5 0(2)) (o)
=1

= Z | det A]!(s0=)
I=1
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, x €R".

Ay D Fos
| (B (A 2] et AP O () 0(2)) ()

The last equality can be justified as follows. The support of SéjH is contained in
{z € R" : |det AFF=do < pan(z) < |det APFHHio} ) for every | € Z. Then, since
H(z) =1, |det A|=7° < pa-(2) < |det AP0, it has

H(A) 77 2)pi0(2) = ¢j41(2), z€R™andl € Z.

By using Minkowski and Young inequality we obtain

> I det AP (f * ) * i)

=1

P

— sp—« i((A*)log‘detAltz) ] *\—j— .
Slz:;|detA|l( ) ( AT A lz))

x [|(] det A" f(2)541(2)) -

1

Suitable changes of variables lead to

(AT D gy o) |,

Jz)SO
H( A* ]+10g\stA| u)
pA*

((A") "))

1.

)

By using (P1) and by proceeding as in the above case, we get

(Z|detA|j°‘q< sup
j=1

o0
Z F*0e) * pirj
=1

| det A|=7<t<|det A|1—3

0o ‘ . 1/q
<C(Z|detA|”ql(f¢j)’II§) .

j=1
o0 ) 1/‘1

< C(ZldetAIJ“qlf*%IIZ) , (13)
j=1

because sy < a.
By combining (6), (11) and (13) we conclude that

1 dt 1/q | det A|_-H'1 dt 1/q
1—oq q _ t—oa q
(/0 1f *Plld ; > ( E: /detA 1f*lld ; >
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fe%e) q\ 1/q
gc(2|detA|M< sup ||f*¢(t)|p) )

j=1 | det A|—7<t<|det A|—I+1

oo

' 1/q
< C(ZldetAIJ“qlf*%llg) . (14)

j=1
On the other hand, we have that
frU=fxUsxpo+> fxUxq. (15)
1=1

where the convergence is in S’(R™) and in L,(R™), and hence, in a suitable way
(via certain subsequence), pointwise in a.e. R™.
Since ¥ € LY(R™), Young inequality implies that

1% @5 golly < CIF * ol (16)
and
oo oo ) 1/‘1
Fesg, sc(zdewvaqnfwjg) . an
Jj=1 p j=1
Then, (15), (16) and (17) imply that
) ) l/q
1wl < C<||f*soo|p n (Z|detA|M||fwj||g) ) a8)
j=1

Finally, (14) and (18) lead to

1 dr\ V4
||fwnp+</0 taqnf*wmlzt) < Ol g -

We are going to show that, for every f € B2,

! . d 1/q
1115 SC(IIf*\I/IIﬁ ( / t-aqn@m*f‘)glwt~>f<->>v;;f) )

for 0 < ¢ < co. When ¢ = co we make the usual changes.
Let f € Bg‘;;‘ and j € N\ {0}. We choose a function A € S(R™) such that A
has compact support and

Az) =1, pa-(z) < |det AJK,
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Here K € N will be specified later.
The support of ; is contained in B,,. (0, |det A["T90)\ B, . (0, | det AJJ~J0).
Moreover, according to [2, Lemma 2.2], we have, for certain &y, & > 0,
A*((A*)fjflog‘dem\ t2) < C<|(A*)710g\detA| t(A*)—jZ|£o +1)
< C(||(A%) 7 ToBrasal 8| (A*) 72| 41) < Clpa- (A7) 72)% +1)
< O((|det Al P pa-(2))* +1) < O, z € suppp; and 1 <t < |det A,

and for some &g, &3, &4, &5 > 0,

pA*((A*)_j_IOg\detA\ tz) > Cmin{|(A*)_10g|detA\ t—jz|£z’ |(A*)_10g|detA\ t—jz|£3}
> C min {(||(A*)'Braseal || 7 (A%) T 2])%2, (||(A*)'Braceal | TH(A%) T 2])%0}
> Cmin {|(A*) 77 2[%, [(A*)72|®} > Cmin{pa- ((A%) 77 2)%, pa- ((A*)72)%}
= Cmin{(|det A|7pa-(2))*, (| det A| 7 pa-(2))*}
>C, zesuppp; and 1 <t < |det A.
Then, there exist C7, Co > 0 such that
O < pA*((A*)*j*IOg\detA\tz) < Cy, z€suppy; and 1 <t <|det Al.
Hence, if ﬁ(x) # 0, when C; < pa~(z) < Cq, we can write, for every K > jo,
Fros=(f5) = (F()@i(VA(AT) )

@;(-) gt A ]
(@((Aﬂfj—log‘dewt_)¢((A) log, Y FOA((AH) ))7

1<t <|det Al

Indeed, note that A((A*)~7z) = 1, provided that pa-(z) < |det A5, Then,
/A\((A*)’jx) =1, for every x € supp ¢; when K > j.
Interchange formula leads to

|(f * pj) ()] < COx

|Gt o e e e

—j— 10g| det Al Ly

for 1 <t <|detA|, z € R™.
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Let a > 0. By [2, Lemma 2.2] we get
(L+pa)* <CA+yP™), yeR",

for some m € N. Moreover, if A denotes the Euclidean Laplacian operator, it
follows that

|y|2m‘(,&( )(ﬁl(ogdew tu) ) ’ B ’( ( )@lgl;)detAtu)>)V(y)‘ =¢

1<t<|detA] and yeR".

Then, by making changes of variables we obtain

’(&((A*) fJEOg\detA\ z ) ‘_ )( —Jj—= 1?3;7dze3A| z))“(y)‘

= | det AIJ‘(z/;((A*)%Zg)dem| tz))v(Ajy)’

< COldet AP (14 pa(Aly))™, 1 <t <|det Al and y € R™.

On the other hand, we can write

(Gt sty ) oo

(&((A*)fjgjg) Y tz))*(e*ixzdj(_(A*)fjflog\detA| tZ)f( ) ( (A*) ))(u),

for 1 <t <|detA| and z, u € R™. The support of this last function is contained
in the set

supp @; + supp A(—=(4%) ) € B,,,.. (0, ] det AP THHE),

for some L > 0 that is not depending on j.
Assume that 0 < r < 1. By applying [27, Proposition 1.3.2] we get

|(f " (p])(x)‘r < C|det A‘(j-‘rK)(l—T) /]Rn (,(Z)((A*)_figfg)ldet‘“tz))V(y)

T

r

x| (DA e 2) f)A((AT) T 2)) (@ — )| dy
< O|det ArHU+EA=T) / (1+ pa(Aly))=ar
X @A) R a1 ) ) A (A7) 2)) (0 — )] dy,
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1<t<|det Al and z € R".
Then, a standard decomposition procedure by using (1) leads to
(F @) (@)I" < Ol det APT+UHHO0—)

= |(D((A%) 7 01aer1 L) F(2) A (A7) 7 2)) (@ —y)|"
(X (1 + [ det A pa(y))™ a

=V det A|=3+1<pa(y)<| det A|=3+1+1

+ / |(((A7) I8 a1 2) f(2) A((A) Z))V(rcy)lrdy>

pa(y)<|det A|=7

< C|det A|jr+(j+K)(1—7“)

(Zdemw [ 16y s ) fR(AY) ) )y

pa(y)<|det A|=I+itt

+ / |(h((A) 1081 2) f(2)A((A") 77 2)) (w — y)lrdy>

pa(y)<|det A|~7
< Cldet AU M, (J((A") T 71081041 82) f(2)A((A") 792)) ") (),

for 1 <t <|det A] and z € R™, provided that ar > 1.

We fix 0 < r < min{l,¢}. By integrating in ¢ € [1,|det A|], since the
Hardy-Littlewood maximal function M,, is bounded from L,,.(R") into itelf
([6, Theorem 2.4]), it follows

1Cf *23) Mo/
| det A|

< C|det AKX / 1M (J((A*) 7T a182) F () A((A*) 79 2)) 1) |t

| det A| . ) R R ]
<o a0 [ gy ) A

Then,

| det AT f * 51l

[

K(1—-r)+jar |det 4] n *\—j—log t N\ f A i - ’l‘dt
< Cldet A /1 1(((A7) e Al f2) f(2)AAT) 7 2)) Nl
| det A| 77

<Cldeafin) [ WA R 1) R ((AT) T o

| det A|—i—1
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We conclude, by using Jensen inequality,

00 . 1/q
(Z (Idet A f » mm)
i=1

u

- 1 R . 1/q
< claee = (( fumeaieanyosse e oy )
0

| det A| =7

(S [ snie-aen o) ). o

I=1) qet A|—i-1

We now analyze the second summand in the right hand side of (19).
Let j € Nand u € (0,00). As in (6), we write

vy — Fxdpay Ay = D (Fr ) — F* Py * Aj) * iy
l=—0o0
= 3 (F)d((A) s aivz) (1 — A((A*)72)p((A7) " 2)),
l=—00

when the convergence is understood in S’(R™), in L,(R™) or, in a suitable way
(via certain subsequence), pointwise a.e. R”. Note that A((A*)772) = 1, pa-(2) <
| det A|K+7 and supp $((A*)~'7.) € B,,. (0, |det A|'+3+J0). Then

pax

)y — f* ) * Ay

= > (fEP(A) B ) (1= A(A) T 2))@((A7) ),
I=K—jo
and we get
| det A| =7 o .
w N (FR)b((AT) R 2) (1-A (A7) 7 2))((A") 7' 2)) ;u
| det A]=3-1 I=K—=jo P
< C‘ det A|O‘jq sup
|det A|=i—1<u<|det A|—J
D (R ((A) Brmerarz) (1= A((A")72))@((A") 7' 2))
1=K —jo P

Assume that u € [|det A|77~1,|det A|77]. By proceeding as in the paragraph in
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the first part of this proof concerning to the estimate of > ;2 -, it obtains

| det A7 i (f)((A)oBrasai2) (1 = A((A7) 7 2))p((A") 717 2))
1=K —jo P
o #)10g| dep 4| U * A *)=J 5 §
< 3 g (B i) 0 - M)y
x (| det AI*UHD £ (2)540(2)) s
where ¢; is defined by (12) for every j € Z.
Also, we have
H (&((A*)log‘de“*' “)H((AY) ) (1 - /A\((A*)_jZ)))VH
(@) 72) :
A*]+10gth P * —AZ 5
_ H( | pA)( )((A) z) (1 — A( )) H1
A* J+1og) get 4 Py A* 712, 3
< | (R,
A* JH1og| qet a| U A* 5
+H( | pm) A2,
: H( A*ng:t? >Z) e ), | a+ial), ez
Hence by (P1) we get
| det A|*/ i (f(2)P((A7) Braear2) (1 — A((A") 7 2))p((A") ™ 2))"
I=K—jo P

< D et AT ([ det AU F(2)0541(2)) -
I=K—jo

Then,

(i (/| A et (A% 012 F) (1 A<<A*>‘jz>))v”ﬁ>w>

2 \Jldet |1

oo

i o a\ 1/4q
<o(X( X I det AT Gy ) )

=1 M=K—jo
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e’ o l/q
3 |detA“so-a)(z||<|detAa<f+“f<z>¢j+z<z>>w|g) ,
1=K —jo =0
> 1
cc ezt N - »
( 3 |detA|l<80-“>qZ||(detA|a<ﬂ+”f<z>¢j+z(z»vng) 7
I=K—jo Jj=0
0<g<l,

0o 1/q
< Cldet A== (3 [dot AP (15,13

=0
. 00 . R 1/q
< O] det A](0-0) (=) (Z | det Al”al(f@j)VHZ) . (20)

Jj=0

Since W (x) # 0, pa-(z) < | det A|, by using (P2) we obtain

1—r
ra

1f * @oll, < Cldet A 55||(F fA),
< Cldet AK5 (|1 f # 0l + |8 F(1 = A))7],)

i _ 0 _ N 1/q
sc(||fwnp+|detA|Kr+<S°—“><K—J°>(Z|detz4|m<f¢j>'||g) ) (21)

J=0

From (19), (20) and (21), by choosing 0 < r < 1 such that o —sg > (1 —1r)/r,
we get

[e'e] ) l/q
(Zmemwuf* %IIZ)

Jj=0

1/
< o(jaeeap = ([Lareapanyme s farit)

e ] o0 ] R 1/q
ot (3 e APl )l )

Jj=0

<ol + ([ uweaanyenses i)
(17wt (] )

1 0o . ) 1/q
#3( S ldeapeiconty)
=0

+ 1 f P, + | det A

provided that K is large enough.
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It concludes that

0o ) 1/q
EjmaAWﬂf*wm)

Jj=0

gch*wp+(Aﬂrwmame%MA”ﬁﬁY%ﬁvvv'

Thus the proof is completed.
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