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Operators shrinking the Arveson spectrum

By JERONIMO ALAMINOS (Granada), JOSE EXTREMERA (Granada)
and ARMANDO R. VILLENA (Granada)

Abstract. Let o and 7 be representations of a locally compact abelian group G on
complex Banach spaces X and Y, respectively. This paper is devoted to study whether
every continuous linear operators A : X — Y with the property that sp(r, Az) C sp(c, x)
(z € X) intertwines o and 7. We are also concerned with those operators satisfying the
shrinking property only approximately.

1. Introduction and preliminaries

1.1. Introduction. In a variety of situations we find operators A : X — Y
between complex Banach spaces, which have the property of shrinking the Arveson
spectrum with respect to appropriate actions of a locally compact abelian group G
on X and Y. This means that there exist representations 7x and 7y of G on X
and Y, respectively, such that

sp(ry, Az) Csp(rx,z) (v € X). (1.1)

As a matter of fact, this works in any of the following cases:

(1) G is a locally compact abelian group and A : L'(G) — L(G) has the
property that

supp(Af) € supp(f) (f € LY(Q)).
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(2) H is a complex Hilbert space and A : H — H shrinks the support of the
spectral measures £° and T corresponding to self-adjoint operators S and
T on H, i.e.
supp(€4,) C supp(£5)  (z € H).

(3) X and Y are complex Banach spaces and A : X — Y shrinks the local
spectrum, .e.
sp(T, Az) C sp(S,z) (z € X)

for some invertible operators S € B(X) and T € B(Y).

The standard example of an operator satisfying (1.1) is one intertwining 7x and
TY 5 i.e.

Aorx(t)=71y(t)o A (t€q).

It turns out that in many important cases these are the only operators shrinking
the Arveson spectrum. This paper grew out of a desire to determine whether every
operator satisfying (1.1) necessarily intertwines the given representations. On the
other hand, strongly motivated by the paper by G. R. ALLAN and T. J. RANS-
FORD [8], we are also addressing the problem of providing quantitative estimates
for such a phenomenon.

The question of describing the operators satisfying (1.1) fits in the so-called
linear preserver problems (we refer the reader to [18] for a full account of the
theory). Particularly, the problem of describing the general form of the operators
appearing in the example (3) above have some similarity with the problem of
characterising the operators on B(X) preserving some local spectral quantities
initiated by A. BOURHIM and T. J. RANSFORD in [11] and continued by several
authors (see [10] and the references given therein).

In Section 2 we show that if A satisfies (1.1) for representations 7x and 7y
having polynomial growth of degree «, then the following binomial identity holds

al N
2(1)"(n>75—”(t)m;;(t) =0 (te@) (1.2)
n=0
for each N > 2«. In particular, if 7x and 7y are bounded representations, then
Aorx(t)=1y(t)o A (t € G).

Section 3 is concerned with a quantitative estimate of the above mentioned
result that (1.1) implies (1.2). Let K be a compact neighbourhood of the identity
in G and € > 0. If

sp(ry,Az) C sp(rx,2)U(K,e) (z € X), (1.3)



Operators shrinking the Arveson spectrum 237

where

U(K,e)={yeG:v(K)c{?:]0] <e}},
then

N
S (V)R oA <ot ter.

n=0

where ;ig(l)@v(t,e) =0.

In order to prove this result, we give rise, in a natural way, to a bilinear
map ¢ on the weighted Fourier algebra A,(T) which encodes the personality
of the operator A. Specifically, the map ¢ has the property that ¢(f,g) = 0
whenever f,g € A,(T) are such that supp(f) Nsupp(g) = . The maps enjoying
the above-mentioned property were investigated in [5] in connection with the
problem of describing the operators preserving zero products on Banach algebras
of Lipschitz functions. It is worth pointing out that such maps have proved to
be a powerful tool for analysing the operators preserving the zero products on a
wide class of Banach algebras and for analysing the reflexivity of their derivation
spaces as well [1], [2], [3], [4], [5], [6], [7], [19]. The key property is that such a
bilinear map necessarily satisfies the identity

i(—l)” <N>¢(ZN",Z”) =0 (1.5)

for each N > 2, and this will give (1.2). By using [8] we now obtain quantitative
estimates of (1.5) which allow us to derive (1.4) from (1.3).

Finally, we emphasise that we apply all the preceding results to analyse a gi-
ven operator through its local spectrum. For instance, we reprove the well-known
Gelfand—Hille theorem and we provide quantitative estimates for that result in
the vein of [8]. Similarly we proceed with a result by COLOJOARA-FOIAS (see [13,
Theorem 4.5], [17, Corollary 3.4.5]). We leave it to the reader to apply the ge-
neral results concerning operators shrinking the Arveson spectrum to some other
contexts. It is worth mentioning some works which are in the same spirit, namely,
local versions of Gelfand—Hille theorem [14], [15] and a sort of quantitative version
of that theorem [16].

1.2. Preliminaries. All Banach spaces and Banach algebras which we consider
throughout this paper are assumed to be complex.

Let X be a non-zero Banach space. Let X* denote the topological dual space
of X. We write (-, -) for the dual pairing of X and X*. If X, is any linear subspace
of X*, then o(X, X,) stands for the coarsest topology on X for which each of the
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functionals in X, are continuous. For a Banach space Y, let B(X,Y") denote the
space of all continuous linear operators from X into Y. As usual, we write B(X)
instead of B(X, X).

We are given, along with a complex Banach space X, a linear subspace X,
of the dual X™* of X. Assume further

||| = sup{[(z, p)| : p € X, [loll <1} (z € X), (1.6)
and

the o(X, X.)-closed convex hull of every o(X, X,)-compact set in X
is o(X, X)-compact. (1.7)

For example, if we take X, = X*, then (1.6) holds by the Hahn-Banach theorem
and (1.7) follows from the Krein—Smulian theorem on weak compactness. For
a second example, if X is the dual of a Banach space X,, then (1.6) holds by
definition and (1.7) holds by the Banach-Alaoglu theorem. In [9] there are some
other examples.

Throughout this paper, G stands for a locally compact abelian group with
dual group G. By a representation of G on X we mean a group homomorphism
7 from G into the group of all invertible o (X, X, )-continuous linear operators on
X such that

the map t — (7(t)x, ) is continuous for all x € X and ¢ € X,. (1.8)

We will restrict our attention to those representations with polynomial growth.
This means that

IT(kt)]] = O(|k|¥) as |[k] = o0 (t € G) for some a > 0. (1.9)

Let us also recall that 7 is said to be bounded if sup,c ||7(t)|| < oc.

Let 7 be a representation of G on X satisfying all the preceding requirements
(1.6)—(1.9). Then the map w : G — R defined by w(t) = ||7(¢)|| (¢t € G) gives a
non-quasianalytic weight on GG. The corresponding Beurling algebra consists of
the Banach space L'(G,w) of those (equivalence classes of) Borel functions on G
for which || f|| := [, |f(t)|w(t)dt < co endowed with convolution as multiplication.
This Banach algebra can be thought of as a closed ideal of the Banach algebra
M(G,w) of all locally finite regular Borel measures p on G for which the weighted
measure wy is of finite variation. Moreover, the representation 7 gives rise to a
norm-decreasing algebra homomorphism 7 : M (G, w) — B(X) which is defined by

F(u)e, o) = /G (r(t)z, 0) dp(t) (u€ M(Gw), z € X, p € X.)
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(see [17, pp. 446-448]). For every x € X, the Arveson spectrum of T at x is defined
as

sp(r,z) = {v € G: f(fy) =0 for each f € L'(G,w) such that 7(f)z = 0}.

The basics of the theory of the Arveson spectrum may be found in [9], [12,
Section 3.2.3], and [17, Section 4.12].

Ezamples 1.1.

1. Let G be a locally compact abelian group and let 7 be the so-called regular
representation of G on L'(G) which is defined by

(r®N)(s) = f(s—1) (s,t€G, feLl(G).
From [17, Example 4.12.2] we deduce that
sp(7, f) =suppf  (f € L'(G)).

2. In the case where 7 is a strongly continuous unitary representation of R on a
Hilbert space H, then Stone’s theorem provides a projection-valued measure

&€ on R such that
+oo

T(t) = / e "t dE(s) (t € R).

In this case, if x € H, then sp(7,x) is the smallest closed set C' of R such
that £(C)z = z. See [12, Section 3.2.3]. The map A ~ ||£(A)z||? defines a
measure &, on the Borel subsets of R and sp(r, z) = supp(&,).

3. Let X be a complex Banach space. Given an operator T' € B(X), the local
resolvent set p(T,xz) of T at the point € X is defined as the union of all
open subsets U of C for which there is an analytic function f : U — X which
satisfies (T — z) f(z) = z for each z € U. The local spectrum sp(T,x) of T at
2 is then defined as sp(T,x) = C\ p(T,z). Of course, sp(T,z) is contained
in the spectrum sp(T") of T for each z € X. We refer the reader to [17] for a
full account of the local spectral theory.

Let T € B(X) be an invertible operator with polynomial growth, in the
sense that
IT*|| = O(|k|*) as |k| — oo

for some av > 0. Then T gives rise to a representation of Z on X by
(k) =TF (ke€Z)
and [17, Example 4.12.7] shows that
sp(T,x) = sp(rp,z) (z € X).
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2. Operators shrinking the Arveson spectrum: the seminal version

2.1. Bilinear maps on weighted Fourier algebras. Through a series of
papers [1], [2], [3], [4], [5], [6], [7] we have pointed out that the analysis of the be-
haviour of operators satisfying certain properties may be reduced to the analysis
of bilinear maps on the weighted Fourier algebra on the circle group which have
the property of taking functions with disjoint support to zero. We have realised
that this method still works for dealing with operators which shrink the Arveson
spectrum.

For n € N and a > 0, let A,(T™) denote the weighted Fourier algebra con-
sisting of all functions f € C(T") such that

1 llaneen = D2 |F8)| (2 +1k)" < oc,

kezn
where for k € Z™ we write |k| = |k1|+- - -+ |kn|. We abbreviate Ag(T™) to A(T™).
From now on, z stands for the function in A(T) defined by z(z) = z (z € T).
Forn € Nand j € {1,...,n} we will denote by z; the function in A(T"™) given by
z;(z) = z; (z € T™).
Given f € C(T™) and g € C(T") we define f ® g € C(T™*") by

(f ® g)(z) = f(ZI; ceey Z771).g(2:7rt-|-17 cey Zm-‘,—n) (Z S Tm+n).

Tt is straightforward to check that, if f € A,(T™) and g € A, (T™), then f ® g €
Ay (T™*7) with

1f ® gllag@mtny < fllaa ) llgllaa -

We now introduce the key result. It is just the ultimate result of the above-
mentioned series of papers.

Theorem 2.1. [5, Theorem 2.2] Let o« > 0 and let ¢ : Ay (T) x A(T) = X
be a continuous bilinear map into some Banach space X with the property that

fr9 € Aa(T), supp(f) Nsupp(g) =0 = »(f,g9) = 0. (2.1)

Then

for each N > 2a.
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2.2. Operators shrinking the Arveson spectrum. Theorem 2.1 can be im-
mediately applied for analysing the operators shrinking the Arveson spectrum.

Theorem 2.2. Let G be a locally compact abelian group. Let X and Y be
Banach spaces and let X, and Y, be linear subspaces of the duals X* and Y*,
respectively, satisfying (1.6) and (1.7). Suppose that T7x and Ty are representa-
tions of G on X and Y, respectively, and that

I (K|, Iy ()] = O(Ik[*) as [k] = 00 (t € G)
for some oo > 0. If A € B(X,Y) is such that

sp(ry, Az) C sp(rx,x) (z € X),
then

n

N
S (N) AT =0 (1€ G)

n=0

for each N > 2a. Accordingly, if Tx and Ty are bounded representations, then
Ty (t)A = ATx(t) (t € G).

ProOF. Pick t € G. We define a continuous linear map ®; : A,(T) —
M(G,w) by
“+o0
®u(f)= D, FK)SF (f € Aa(T)),
k=—oc0
where J; stands for the Dirac measure concentrated at the point ¢. It is immediate

to check that

—

O (f)(v) = F(V(t) (f € Aa(T), v € G)

and so
supp(®,(f)) € {7 € G : (t) € supp(f) }. (2.2)

We now define a continuous bilinear map ¢; : Ao (T) x A4 (T) = B(X,Y) by

ei(f.9) =7 (Pu(f)) 0 AoTx (Pu(g)) (f.9 € Aa(T)).

Let f,g € Aa(T) and = € X. On account of [17, Lemma 4.12.6] and (2.2),
we have

sp(ry, @1 (f, 9)x)) C supp(®;(f)) N'sp (TY7 A(?} (<I>t(9))$)>
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C supp (m) N sp (TX, X (@t(g))x)

—_—

C Supp(@t(f)) N supp(q)t(g)) Nsp(Tx,x)

C {v € sp(rx,2) : 7(t) € supp(f) Nsupp(g) }-
Accordingly, if f, g € A(T) are such that supp(f) Nsupp(g) = @, then we see that
sp(tv, pi(f,g)x) = 0 and [17, Proposition 4.12.4] now yields ¢;(f,g)z = 0 for

each r € X.
Theorem 2.1 then gives

N
N

> () )l e =0,

— n
for each N > 2a. On the other hand, it is easily seen that

oi(2?,2") = Tij/(t)Ang(t) (teG, j,kel),

which completes the proof. O
2.3. Determining operators through the spectrum. Let X and Y be comp-
lex Banach spaces. Given operators S € B(X) and T € B(Y), the commutator
C(T,S) is defined as the mapping

C(T,S): B(X,Y) = B(X,Y), C(T,S)(A) = TA— AS, (A€ B(X,Y)).

The iterates C(T,S)™ are often called higher order commutators and it is easily
seen that

C(T, S)"(A) = f:(—l)k (Z) Tk AS*, (A€ B(X,Y)).
k=0

The following special case is worth noting: if X = Y, and if S, T, and A are
pairwise commuting operators on X, then the last formula reduces to

O(T, S)™(A) = (T — S)"A, (neN).

The next two corollaries are in the vein of Colojoari-Foiag theorem (see [13,
Theorem 4.5]).
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Corollary 2.3. Let X and Y be complex Banach spaces and let S € B(X)
and T € B(Y') be invertible operators with
IS IT*] = O(K|*) as [k] — oo
for some o« > 0. If A € B(X,Y) is such that
sp(T, Az) C sp(S,z) Ve X,
then
C(T,9)N(A)=0
for each N > 2a. Consequently,

(1) If S and T are doubly power bounded, i.e. sup{||T*| : k € Z} < oo, then
TA=AS.

(2) If X =Y, and if S, T, and A are pairwise commuting operators, then

(T-S)NA=o.

PRroOF. It suffices to apply Theorem 2.2 by considering the representations
Tx = Tg and 7y = 7p, which are given as in Example 1.1.3. [l

Corollary 2.4. Let X be a complex Banach space and let S,T € B(X) be
invertible operators with

IS*ILIT* = O(k|*) as [k| — oo
for some o« > 0. If
sp(T,z) Csp(S,z) Vre X,
then
C(T,S)N(Ix) =0

for each N > 2a.. Consequently,
(1) If S and T are doubly power bounded, then T = S.
(2) If S and T commute, then (T — S)N = 0.

PROOF. We only need to apply Corollary 2.3 with Y = X and A being the
identity operator on X. O

By applying the preceding corollary with S = I'x, we arrive at the classical
Gelfand—Hille theorem. This theorem has been proved in a number of different
ways, but for a particularly brief and elementary proof we refer the reader to [8].

Corollary 2.5. Let X be a complex Banach space and let T' € B(X) inver-
tible and such that sp(T) = {1}.
(1) If T is doubly power bounded, then T = Ix.
(2) If |T*|| = O(|k|*) as |k| — oo for some a > 0, then (T — Ix)™ =0 for each
N > 2.
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3. Operators shrinking the Arveson spectrum: quantitative estimates

The purpose of this section is to obtain quantitative estimates for the bino-
mial relation provided in Theorem 2.2 in the same vein as in [8]. To this end we
will restrict our attention to the binomial relation provided with the minimal N
with N > 2a.

3.1. Bilinear maps on weighted Fourier algebras: quantitative estima-
tes. Our method for obtaining quantitative estimates of Theorem 2.2 consists in
applying a quantitative version of Theorem 2.1 which will be given after several
lemmas.

Throughout this paper we shall consider sets of the form

E.={e%cT: |0 <e},
where 0 < € < m. Given a nonempty closed set S C T" we define
Lu rey(S) = {F € Au(T") : £(S) = {0},
Then I, (1n)(S) is a closed ideal of A, (T™).

Lemma 3.1. Let N € Z with N >0and 0<e < N:—l' Then

+1

dist((z — 1)N+1,IAN(T)(E5)) < 2tan <N 5) C1(N),

where, here and subsequently,
N+1
N +1
Ci(N) =3V N
=93 (M)
PROOF. Our starting point is the property
dist (z ~1, IA(T)(EE)) < 2tan(s/2), (3.1)

which is shown in the proof of [8, Corollary 3.3]. This gives the assertion in the
lemma for N = 0. From now on we restrict our attention to the case N > 1.

Let o > 2tan(%5). On account of (3.1), there exists a function g €

IA(T)(E(N+1)E) such that
lz—=1—gllam <a. (3:2)
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For n € Nand f € C(T), let §,,f stand for the function defined by

Onf)(2) = f(z") (z€T).

It is clear that [|6, f|lacr) = | flla(r) and that &, f € Ty (E:) (n=1,...,N+1),
whenever f € I4r)(E(n41)e). According to the preceding observation and (3.2),
we have

2" =1 =6ngll gy <a (n=1,...,N+1)

and therefore

n

N+1
3LV (N * 1) (in)V (2" — 1 - 5,9)

N+1
N+1\ »
< E .
an:l ( n )n

n=1 A(T)
(3.3)
We now observe that
N+1
nf(N+1Y, . .
D (=Nt ( X )(m)ﬂ =0 (j=1,...,N), (3.4)

n=1

because the number in the left side is nothing but the jth derivative at zero of
the function x — (e — 1)V +1. From (3.4), the inequality (3.3) turns into

N+1
N+1
I1F = Gll oy < Z ( n )nN7 (3.5)
n=1

where F,G € A(T) are the functions given by

N+1
P = L e (Ve e
and N
+1
6= Y (0" (Y i ) e,

Since 8,9 € I5(r)(E:) for each n =1,..., N 4 1, it follows that G € I4(r)(E:).

~

For every f € C(T) with f(0) = 0, we define V f € C(T) by

(VI)(e™) = /: fletydt (z €R).
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~

If f € A(T) and f(0) = 0, then a standard fact of the classical Fourier analysis is

that R R
f(K) b f(k)
= Lt — —_ T
(Vf)(z) Z T Z i (z €T),
k#0 k#0
where the right side of the equality is the Fourier series of the function on the left

side. Accordingly, if f € A, (T) for some n > 0 and f(0) =0, then V f € A, +1(T)
and it is easily checked that

IV £l ania ) < 3l f 1A, (m)- (3.6)
It is also immediate to see that
—~ 1
fec(T), f(0)=o0, nGN:>V5nf:E5an (3.7)
and that
fels,mE:), f(0)=0=Vfels, (L) (3.8)
We now intend to iterate the operator V' in (3.5) to get
[VNE — VNG| ay(m) < aCi(N). (3.9)

In order to do that we are required to check that
ViF(0)=ViG(0)=0, j=0,...,N—1.

It is a simple matter to compute VI/F and (3.4) entails that ﬁ(O) = 0 for
j=20,...,N —1. On the other hand, from the fact that @(O) = g(0) for
n=1,...,N + 1, together with (3.4) and (3.8) we obtain that ‘77?77(0) = 0 for
j=0,...,N—1.

Finally, we observe that (VN F)(z) = (z — 1)+ (2 € T) and that VNG €
T4 (ry(E:). Consequently, (3.9) yields

dist((z = )™, L) (E.) ) < aCa(N)

and finally we take the limit as a — 2tan (%5) (]

Lemma 3.2. Let N € Z with N >0and 0<e < NfrH. Then

+1

N
dist((z1 - zz)NH,[AN(W)(E?)) < 2tan < 5) Cy(N),

where E2 = {(21,22) € T? : 2125 * € E.}. Here and subsequently,
Cy(N) = CL(N)(N +2)7,

where C1(N) is the constant obtained in the previous lemma.
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PROOF. We define the continuous linear operator
U An(T) = An(T?), (Uf)(21,22) = flz125 )T (21,20 € T).
If f € An(T), then

(U f) (21, 22) Z HOE R

k=—o00
and so
too
19 fllayem = Y ‘f(k)‘ (1+ k| +|N+1-k)N
k=—o0
+oo
< ) ‘f(k)‘(2+2|k|+N) ‘ ‘Z( )2" (14 |k|)"NN—"
k=—o00 k=—
+oo N N N
< 3 [l S ()N =l (V2
k=—o00 n=0

This shows that ||¥| < (N +2)". On the other hand, it is clear that

U (Lay(m)(Ee)) C Lay 2y (E2)

and that
(21 —22)V T = U(z —1).

From this we deduce that
dist ((zl — 22) " Ty (7o) (E2 )) < dlSt((Zl —z2)N W (La(m) (EE)))
_ dist(\Il(z 1), (IAN(T)(EE))) <(N+ 2)Ndist((z — )N Lo (EE))
and finally Lemma 3.1 establishes the required inequality. ([l

Now, we are in a position to prove a quantitative version of Theorem 2.1.

Theorem 3.3. Let o« € Z with a > 0, and let ¢ : A, (T) x Ao(T) — X be a
continuous bilinear map into some Banach space X with the property that

19 € Au(T), supp(f)(supp(g)) " NE. =0= ¢(f,9) =0 (3.10)
for some 0 < e < ST +1 Then
N
S0 () et ran)| < 2en (Ge) lelcav -1 @)
n=0

for N = 2o+ 1.
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PROOF. The map ¢ gives rise to a continuous linear operator ® : Ao, (T?) —X
by defining

O(f)= > Flhrka)o(z,2) (f € Aga(T?)).

k1,ko€Z

If f € Ago(T2), then

IR D2 [Ttk k)| lle(a™ 2l < D7 | Flhn, k)| Il (1R )™ (14 o)

k1,k2€7Z k1,k2€7Z

<lgll S0 [P k)| (@ + ol + a)® = Il 1l e

ki,k2€Z

and therefore ||®]| < ||¢|l-
Furthermore, on account of the continuity of ¢, we have

O(fog) =D Y flk)i(ka)p(z" 2")

k1E€EZ ko €Z
— (Z Flkzt, 3 §<k2>z’”> —4(f9) (f.9 € Asa(T)). (3.12)
k1€Z ko€Z

We claim that & has the following property
§>0, fE€Ila, 2 (E2,) = ®(f)=0. (3.13)

Let 6 > 0 and f € I, (12)(EZ ). For every z € T let U, = {z¢ : |6] < §/4}.
By compactness, there exist z1,...,2, € T such that T = UjL,U,,. There are
functions wy, ..., w, € C*°(T) with wy + -+ + wy, = 1 and supp(w,) C U, for
p=1,...,m. Since
m
Z wp ®uwg =1,
P,q=1

it follows that

f= Z [ (wp ®wg) = Z f(wp ®wg) + Z [ (wp @ wg).

p,g=1 U., Uz, NE.=0 U, Uz, NE-#0

Assume that U, U;' N E. # () and let z, € U.,, wo € U, with zowal e E.. If

Zp Zq

z€U,, and w € U,_, then

2wt = (zzo_l)(wwo_l)(zowo_l) € Esjols)2B: C Eoys.
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This implies that
Y. (@ew)=0
U., Uz, NE-7#0

and so

f= Z [ (wp ®wy).

U.,Uz,' NE-=0
On the other hand, we have
F=3" fl.ke @z

J,k€EZ

f= Z Z f g, k) (2 wp) (kaq)-

U.,Uz,'NE.=0 J:k€Z

We thus get

On account of the continuity of ® we arrive at

2= XX e[ @ ).

U., Uz, NE.=) J,k€Z
We can apply (3.12) to get
O(f) = Z Z f (4, k)p(2? wp,z wq) 0,
U., Uz, NE.=0 J-kEZ
because of (3.10) and the fact that
supp(z’w,) (supp(zkwq)) NE.CU, U *NE.=0

ZpYzq
for all the terms appearing in the preceding identity for ®(f).
Since IAZQ(T"‘)(ESM) C ker @, it follows that ® drops to a continuous linear

operator on the quotient Asq (T?)/1a,, (12)(EZ, 5)

P5: A2a(T2)/IA2a(T2)(E2+5) =X, ®5(f) =2(f), (f € Aa(T?),
with the property that || @] < ||®| < |l¢||. This implies that

1A < lleplidist a, (r2) (f, Ltz 1) (E245)),  (f € A2a(T?)). (3.14)

It is a simple matter to check that

Y (N
d _ NY) _ 1) N—-n _n )
(s =22)) = 32 () 0rota o
According to (3.14) and Lemma 3.2, we arrive at
N

N N
> () -1mpta¥am)| < 2 (G +9) lellcay - 1),

n
n=0
whenever § > 0 is such that e + § < §. Finally, taking 6 — 0 in the preceding

inequality we arrive at (3.11). O
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3.2. Operators shrinking the Arveson spectrum: quantitative estima-
tes. Throughout this section we shall consider the sets of the form

U(K’E) = {’Y € é : ’V(K) - Ee}’>

where 0 < ¢ < m and K is a compact neighbourhood of the identity in G. It is
worth pointing out that the family consisting of all those U(K,¢) is a basis of
neighbourhoods of the identity in G.

Analysis similar to that in the proof of Theorem 2.2 with Theorem 2.1 rep-
laced by Theorem 3.3 gives the following quantitative version of Theorem 2.2.

Theorem 3.4. Let G be a locally compact abelian group. Let X and Y be
Banach spaces and let X, and Y, be linear subspaces of the duals X* and Y*,
respectively, satisfying (1.6) and (1.7). Suppose that T7x and Ty are representa-
tions of G on X and Y, respectively, and that

[ (k)[, |7y (kt)[| = O(|k|*) as [k| = o0 (t € G)
for some o € Z with o > 0. If A € B(X,Y) is such that
Sp(TYan) C Sp(Tx,lC)U(K, 6) (l’ € X),

for some 0 < & < ﬁ and some K C G compact neighbourhood of the identity
in G. Then

< 2tan (‘2@) Co(N — )| Al (te K) (3.15)

for N = 2a.+ 1, where

[rx (BRI v (k)]

t) = su su
1) = S0 TR o (Tt [k

(t e qG).

Accordingly, if Tx and Ty are bounded representations, then

Iy () A = Arx (8[| < 2tan(e/2)[|rx [y [[[All - (¢ € K).
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PRrOOF. This follows by the same method as in the proof of Theorem 2.2.
Pick ¢t € K. We define a continuous linear map ®; : A,(T) - M(G,w) and a
continuous bilinear map ¢ : A, (T) x Ao(T) — B(X,Y) by

+oo
O (f)= Y Fk)SF (f € Aa(T))

k=—o0
and

ei(f,9) =17 (2u(f)) 0o Ao Tx (Pi(g))  (f,9 € Aa(T)),

respectively. It is immediate to check that |¢|| < n(¢)| A
By using [17, Lemma 4.12.6] and (2.2), we can prove as in the proof of
Theorem 2.2 that, if f,g € A,(T) and z € X, then

sp(1v, ¢i(f,9)x)) C {7 € G : 4(t) € supp(f) N (supp(g)Ex) }.

Accordingly, if f, g € A4(T) are such that supp(f) (supp(g)f1 NE. =0, then we
see that sp(1y, ¢i(f, g)x) = 0 and [17, Proposition 4.12.4] now yields ¢ (f,g)x =0
for each x € X. Theorem 3.3, completes the proof. ([l

3.3. Determining operators through the spectrum: quantitative est-
imates. We now apply Theorem 3.4 for obtaining quantitative versions of the
results showed in Subsection 2.2.

Corollary 3.5. Let X and Y be complex Banach spaces and let S € B(X)
and T € B(Y) invertible operators with

ISII, 17"} = O(|&[*) as [k| — oo
for some o € Z with o > 0. If A € B(X,Y') is such that
sp(T, Az) Csp(S,z)E. V& € X,

s
for some 0 < e < s then

|CT, )V 4| < 2tam (N) sup My I ayon v — 1y
2 ) kez (L+ kD) ez (1+ [k])>

for N = 2a + 1. Consequently,
(1) If S and T are doubly power bounded, then

ITA — AS|| < 2tan (/2) sup ||S*|| sup | T*|| | A
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(2) f X =Y, and if S, T, and A are pairwise commuting, then

N ||Sk|| ijH
T-85VA <2tan(€)su su A||Coy(N —1).
H( ) H 2 keg (1 + W)o‘ kGIZ) (1 + |k|)a H H 2< )

PRrROOF. It suffices to apply Theorem 3.4 by considering the representations
Tx = Tg and Ty = 7p, which are given as in Example 1.1.3. O

Corollary 3.6. Let X be a complex Banach space and let S,T € B(X)
invertible operators with

ISII, 17|} = O(|k[*) as [k| — oo
for some o € Z with o« > 0. If
sp(T,z) C sp(S,z)E. Vzre X,

us
for some 0 < e < PREnE then

N | S¥|| | T*]]
C’T,SNI §2tan(s>su su Cy(N -1
le sl 2 )3 T ke SR T e 2 Y

for N = 2a + 1. Consequently,
(1) If S and T are doubly power bounded, then

IT — S| < 2tan (/2) sup | S*|| sup | 7.
kEZ kEZ

(2) If S and T commute, then

k k
(T = $)M|| < 2tan (J;fg) sup 151 Iy — 1),

su
ez (1+ [RD™ ez (1+ (k)
Corollary 3.7. Let X be a complex Banach space and let T € B(X) inver-
tible and such that sp(T') C E. for some € > 0.
(1) If T is doubly power bounded and € < w, then

|T — Ix|| < 2tan(e/2)sup ||T"|.
keZ

(2) If |T*|| = O(Jk|*) as |k| — oo for some o € Z with a > 0 and & < —20‘11,
then

N IT]]
T —Ix)N §2tan<5>su ——(%(N -1
I = 20" 2) 2 o ey 2 Y

for N =2a + 1.
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