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FP-injectivity relative to a semidualizing bimodule

By XI TANG (Guilin)

Abstract. In this paper, we extend the notion of C-injective module to that of
C-FP-injective module, where sCr is a semidualizing bimodule over associative rings.
We first obtain a result on the (pre)covering and (pre)enveloping properties of C-FP-
injective modules. Then we study right C-FP-injective dimension of modules via right
derived functors of Hom. As applications, a necessary and sufficient condition of semi-
dualizing modules having finite F'P-injective dimension and a new characterization of
left noetherian rings are given.

1. Introduction and preliminaries

Since Foxby, Vasconcelos and Golod independently initiated the study of se-
midualizing modules, there have been numerous publications concerning these
objects (e.g. [1], [4], [8], [21]). HorMm and WHITE [9] extended the notion of
a semidualizing module to associative rings and furthered the study of Foxby
equivalence theory. On the other hand, semidualizing modules, under another
name by WAKAMATSU [22] (Generalized tilting modules or Wakamatsu tilting
modules), proved to be powerful tools in tilting theory. HUANG and TANG [12]
proved that if S is left coherent, R is right coherent and ¢Wp is a faithfully balan-
ced self-orthogonal bimodule (semidualizing bimodule), then FP —id(sW) < n
and F'P —id(Wg) < n if and only if every finitely presented left S-module and
every finitely presented right R-module have finite generalized Gorenstein dimen-
sion at most n. This paper is motivated by this result and aims at describing the
FP-injective dimension of a semidualizing module from another point of view.
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Throughout this paper, we assume that all rings have non-zero unities, and
that all modules are unitary. For a ring R, we denote by Mod —R (resp., R —
Mod) the category of right (resp., left) R-modules. A degreewise finite projective
resolution of an R-module M is a projective resolution P of M such that each P;
is finitely generated (projective). Let S be a ring. A left S-module M is called
FP-injective (or absolutely pure) if Ext(N, M) = 0 for all finitely presented left
S-modules N. We write FZ(S) for the class of all FP-injective left S-modules.
The F'P-injective dimension of M, denoted by FP —id(M), is defined to be the
smallest non-negative integer n such that Ext%" (N, M) = 0 for every finitely
presented left S-module N (if no such n exists, set F'P —id(M) = c0).

Let R be a ring and F be a class of R-modules, by an F-preenvelope of an
R-module M we mean a homomorphism ¢ : M — F with F' € F such that
for any homomorphism f : M — F’ with F/ € F, there is a homomorphism
g : F — F’ such that go ¢ = f. If furthermore, when F' = F’ and f = ¢ the
only such g are automorphisms of F', then ¢ : M — F'is called an F-envelope
of M. So if envelopes exist, they are unique up to isomorphism. We say that F
is (pre)enveloping if every R-module has an F-(pre)envelope. Dually we have the
definitions of an F-precover and an F-cover.

By a right F-resolution of M, we will mean a Hom(—,F) exact complex
0 - M — F° - F! — ... (not necessarily exact) with each F? € F. Let
LY = M, L' = coker(M — FY), L' = coker(F"~2? — Fi~1) for i > 2. The nth
cokernel L™ (n > 0) is called the nth F-cosyzygy of M. M is said to have right
F-dimension< n, denoted right 7 —dim M < n, if there is a right F-resolution of
the form 0 = M — F% — ... - F*»~1 & F® — 0 of M. If n is the least, then we
set right F — dim M = n and if there is no such n, we set right 7 — dim M = oco.
In a similar manner, we can define the left F-dimension of M, denoted by left
F —dim M.

In Section 2 of this paper, we introduce the concept of C-FP-injective mo-
dules. It is shown that the class FZ¢(R) of all C-FP-injective left R-modules is
both enveloping and covering under some conditions.

Section 3 is devoted to investigating right FZo(R)-dimension in terms of
right derived functors Ext’s7_(—, —). If S is left coherent and 5Cp is a faithfully
semidualizing bimodule, for a left R-module M, it is shown that right FZo(R) —
dim M < n if and only if Ext?fgé(f,M) = 0 if and only if there exists a right
FZIc(R)-resolution of M such that the nth FZ¢(R)-cosyzygy is C-FP-injective.

In the final section, we focus on the applications of results obtained in Sec-
tion 2 and 3. The main results of this section are Corollary 4.4 and Proposition 4.5.
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Now, let us recall the concept of a semidualizing bimodule over arbitrary
rings, which is taken from [9, Definition 2.1].
Definition 1.1. An (S — R)-bimodule C = gCp is semidualizing if
sC admits a degreewise finite S-projective resolution.

Cr admits a degreewise finite R-projective resolution.

The homothety map rRz -5 Homg(C,C) is an isomorphism.

ExtZ'(C,C) = 0.

Ext7'(C,C) = 0.

Definition 1.2 ([9]). A semidualizing bimodule C = gCg is faithfully semi-
dualizing if it satisfies the following conditions for all modules g N and Mg.

(a) If Homg(C,N) =0, then N = 0.

(b) If Homp(C, M) =0, then M = 0.

)
)
b1) The homothety map sSs 23 Homp(C,C) is an isomorphism.
)
)
)

rRR is a typical faithfully semidualizing bimodule, and more examples can
be found in [9] and [15]. It is recommended to consult [9, Section 3] for more
properties of faithfully semidualizing bimodules.

Fact 1.53. Related to a bimodule ¢Cr with R = Endg C' we have the adjoint
pair of functors

C®r—:R—Mod — S — Mod, Homg(C,—) : S — Mod — R — Mod,

and for any M € R — Mod and N € S — Mod, the canonical homomorphisms

prr M — Homg(C,C @p M), m— [c— c®m,
vy : C ®@p Homg(C,N) — N, c® f—(o)f.

We recall from [23] that M € R — Mod (resp., N € S — Mod) is called C-
adstatic (resp., C-static) if ppr (resp., vy) is an isomorphism. The class of all
C-adstatic (resp., static) left R-modules (resp., S-modules) is denoted by Adst(C')
(resp., Stat(C)). The functor C g — : Adst(C) — Stat(C) defines an equiva-
lence with inverse Homg(C, —) (see [23, 2.4]). It is straightforward to check the
following:

vegrm © (C @ pur) = idegynm and Homg(C,vn) © proms (c,n) = idHomg (C,N) -

In what follows, let us consider two classes of modules related to a semidua-
lizing bimodule.
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Definition 1.4 ([9]). The Auslander class Ac(R) with respect to a semidua-
lizing bimodule C' consists of all left R-modules M satisfying

(A1) Tor,(C, M) =0,

(A2) Extz'(C,C @ M) =0, and

(A3) The natural evaluation homomorphism gy : M — Homg(C,C @ M) is an
isomorphism (of R-modules).
Definition 1.5 ([9]). The Bass class Ba(S) with respect to a semidualizing

bimodule C' consists of all left S-modules N satisfying

(B1) Extz'(C,N) =0,

(B2) Torgl(C, Homg(C,N)) =0, and

(B3) The natural evaluation homomorphism vy : C @ g Homg(C,N) — N is an

isomorphism (of S-modules).

Lemma 1.6 ([9, Proposition 4.3]). Let sCr be a semidualizing bimodule.
There are equivalences of categories

F=C®Rr—
Ac(R) _—~ " Bc(9).
G=Homs(C,—)

By an argument similar to the proof of [21, Theorem 2.8], we have the follo-

wing result in non-commutative setting.
Lemma 1.7. Let sCg be a faithfully semidualizing R-module, M € R—Mod
and N € S — Mod. Then the following hold.
(a) M € Ac(R) if and only if C @ g M € Be(S).
(b) N € Bc(S) if and only if Homg(C, N) € Ac(R).

Using [11, Lemma 3], we obtain the following result.

Lemma 1.8. Let R and S be rings. If S is left coherent, in the situation
(Ar, sBr, sI), for n > 0, Tor(A, Homg (B, I)) = Homg(Ext't(A, B), I), where
Apg admits a degreewise finite R-projective resolution, ¢B is finitely presented,
and gl is FP-injective.

The next three classes of modules have been studied extensively in, for

example, [4], [9], [21].

Definition 1.9 ([9]). Let sCgr be a semidualizing bimodule, a left S-module
is C-flat (vesp., C-projective) if it has the form C' ® gF for some flat (resp., pro-
jective) module g F'. A left R-module is C-injective if it has the form Homg(C, E)
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for some injective module gF. Dually, the above notions can be defined for right
modules. Set the notation

Fo(S)={C®gr F | gF is flat} Fo(R) ={F ®gs C| Fg is flat}
Pc(S) ={C ®g P | rP is projective} Pc(R) = {P ®g C'| Ps is projective}
Zc(R) = {Homg(C, E) | sE is injective} Zo(S) = {Hompg(C, E) | Er

is injective}.

Analogously, we say that a left R-module is C-FP-injective if it has the form
Homg(C, I) for some FP-injective module ¢I. By FZ¢(R) = {Homg(C,I) |s I
is FP-injective} we mean the class of all C-FP-injective left R-modules. Obvio-
usly, Pc(S) C Feo(S), and Zo(R) € FZe(R). Note that Homg(C,C @r F) &2 F
for any flat left R-module F', and so R is left perfect if and only if Pc(S) = Fe(5).
It will be shown below that S is left noetherian if and only if Z¢(R) = FZc(R).

2. C-FP-injective modules

In this section we study C-FP-injective modules and their basic properties.

Lemma 2.1. Let sCgi be a semidualizing bimodule.
(a) FZ(S) C Stat(C) and FZc(R) C Adst(C).
(b) If S is left coherent, then FZ(S) C Bo(S) and FZo(R) C Ac(R).

(¢) Adst(C) is closed under products, coproducts and summands.

PROOF. (a). Since Ck is finitely presented, we have an exact sequence F; —
Fy — C — 0 with Fp, F finitely generated and free. Applying Homg(—,C) to
the exact sequence gives an exact sequence 0 — Hompg(C,C) — Homg(Fy,C) —
Hompg(F1,C). Note that all modules in the above exact sequence are finitely
presented. For any F P-injective S-module I, we get another exact sequence
Homg (Homp(F1,C),I) — Homg(Hompg(Fy, C), I) = Homg(Hompg(C, C), I) — 0.
Then we have the following commutative diagram

C ®@g Hom(C, I) 0

Fy @ g Hom(C,I) —— Fy @ Hom(C, I)

vr

Ty T Homg(Hompg(C,C),I) ——0
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with exact rows, where T; = Homg(Hompg(F;, C),I) for i = 0, 1. But the first two
vertical maps are isomorphisms. So vy is an isomorphism and the first inclusion
follows. The other inclusion is a consequence of Fact 1.3.

(b) is immediate from Lemmas 1.6 and 1.8.

(c). It is straightforward. O

Proposition 2.2. Let sCr be a semidualizing bimodule, then S is left noe-
therian if and only if Io(R) = FZc(R).

PROOF. “Only if” part is trivial.

“If” part. Let {F;};ca be a family of injective left S-modules, then [[ 4 E;
is FP-injective by [20, Corollary 2.4]. Thus Homg(C, ][], E;) = Homg(C, E) for
some injective module E. [, E; = C®rHomg(C,[] 4 E;) = C®rHomg(C, E) =
E by Lemma 2.1(a). Hence S is left noetherian. O

Lemma 2.3. Let sCr be a semidualizing bimodule. For U € R — Mod, the

following hold.

(a) If C ®r U is an FP-injective left S-module and U € Adst(C), then U €
FZIc(R).

(b) IfS is left coherent, then U € FZc(R) if and only if CQgrU is an FP-injective
left S-module and U € Ac(R).

PROOF. (a) is trivial.
(b) follows from Lemma 2.1 and part (a). O

In what follows, we turn to study the existence of FZ¢o(R)-envelopes and
FZIc(R)-covers.

Proposition 2.4. Let sCr be a semidualizing bimodule.
(a) FZ¢(R) is closed under products, coproducts and summands.

(b) S is left coherent if and only if FZc(R) is closed under direct limits.

PROOF. (a). Since Adst(C) and FZ(S) are closed under products, copro-
ducts and summands, the statement holds by Lemmas 2.1 and 2.3.

(b).“Only if” part. Let (U;); be a direct system of C-FP-injective left R-
modules. Then €' ®p limU; = M(C ®pr U;) is an FP-injective left S-module (for
S'is left coherent). On the other hand, limU; € A¢(R) by [9, Proposition 4.5(a)].
Hence limU; € FZIc(R) by Lemma 2.3.

“If” part. By [20, Theorem 3.2], it is enough to check that FZ(S) is closed
under direct limits. Let {I;} be a direct system of FP-injective left S-modules,
then ligHomg(O, I;) = Homg(C, I) for some FP-injective left S-module I. So
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mli = M(C@R HomS(C’, Il)) =2 (C®g li_ngHomS(C, Il) =C®gr HomS(C, I) =].
(]

Proposition 2.5. Let gCg be a semidualizing bimodule. Consider the exact
sequence 0 — U’ — U — U"” — 0 of left R-modules with U’ € FZc(R).

(a) IfU" € FIo(R), then U € FIo(R).

(b) If S is left coherent and C' is faithfully semidualizing, then U € FZo(R)
implies U" € FZc(R).

PrROOF. (b). If U’ and U are both in FZc(R), then they are in Ac(R) by
Lemma 2.1(b). It follows from [9, Theorem 6.5] that U"” is in A (R). Hence we
get a short exact sequence 0 - C @r U’ — C®r U — C ®r U"” — 0. Note that
S is left coherent, C' ®r U" is FP-injective by [16, Proposition 4.2]. So we are
done.

(a) can be proved similarly because Ac(R) is closed under extensions by [9,
Theorem 6.3], so we omit its proof. (Il

Lemma 2.6. Let S be a left coherent ring and sCr be a faithfully semi-
dualizing bimodule, then the class FZc(R) is closed under pure submodules and
pure quotients.

Proor. Consider a pure exact sequence Y =0 — U’ — U — U” — 0 with
U € FIo(R). Clearly, C ®r Y is also pure exact. In the pure exact sequence
C®rY, C®pU is FP-injective by Lemma 2.3 as U is in FZ¢o(R). Because the
class FZ(S) over a coherent ring S is closed under pure submodules and pure
quotients, C ®g U’ and C ®g U" are both FP-injective. Therefore, the result
holds by Lemmas 1.7, 2.1 and 2.3. (]

Proposition 2.7. Let sCr be a semidualizing bimodule. Then the following
hold.

(a) The class FZco(R) is preenveloping on R — Mod. In particular, every C-
adstatic R-module M has a monic FZc(R)-preenvelope.

(b) If every S-module has an FP-injective envelope, then FZx(R) is enveloping
on R — Mod.

(c) If S is left coherent and C' is faithfully semidualizing, then the class FZc(R)

is covering on R — Mod.

PROOF. (a) By [5, Proposition 6.2.4], the class of all FP-injective left S-
modules is preenveloping. Thus, for any R-module M, the S-module C ®p M



318 Xi Tang

has an FP-injective preenvelope o : C' @z M — 1. Define 8 to be the composite
homomorphism

Homg (C,
M Homg(C, C @p M) —22 Y foms(C, 1),

Hence 8 is an FZ¢o(R)-preenvelope of M in virtue of [2, Proposition 2.6]. From
the construction of FZ¢(R)-preenvelope, the other statement is quite easy.

(b) This proof is analogous to that of [9, Proposition 5.10(c)] (and dual to
that of [9, Proposition 5.10(a)]). O

Remark 2.8. RADA and SAORIN [17] asked whether every module over an
arbitrary ring S has an FP-injective envelope. The answer is negative (see [6,
Corollary 6.3.19]), but from [14, Theorem 5] (i.e., S is von Neumann regular if
and only if every S-module is FP-injecitve) we easily deduce that this statement
holds over a von Neumann regular ring.

3. Characterizing right FZc (R)-dimension via right derived functors

Consider an additive functor T' : C — & between module categories. Let
F,G C C be two full subcategories and F, be a deleted complex corresponding
to a left F-resolution of an object of C. If T' is covariant, then the nth homology
groups of T'(F,) give left derived functors L, T of T. Similarly, the right derived
functors R™T are the nth cohomology groups of T(G,), where G4 corresponds
to a deleted right G-resolution. The situation where T is contravariant is hand-
led similarly. We refer to [5, Section 8.2] for a more detailed discussion on this
matter. In this section, (—, I) stands for the functor Homg(—, I) or Homg(—, I).
Let Ext’z7(M,—), Ext’zz_ (M, —) and Ext7_ (M, —) denote the nth right deri-
ved functors of Hom(M, —) respectively, since FZ(S), FZc(R) and Zc(R) (see
Definition 1.9) are preenveloping by Proposition 2.7 and [9, Proposition 5.10(c)].

Lemma 3.1. Let sCr be a semidualizing bimodule, M € R — Mod and
N € S — Mod.
(a) If M has a right FZ¢(R)-resolution X, then C®p X is an exact right FIZ(S)-
resolution of C @ g M.

(b) If N is C-static and has a right FZ(S)-resolution Y, then Homg(C,Y) Is a
right FZc(R)-resolution of Homg(C, N).

PROOF. (a). Suppose X = 0 — M — Homg(C,I°) — Homg(C,I') — ---,
where Homg(C,I") € FIc(R) for n > 0. Tensoring by C yields a complex



FP-injectivity relative to a semidualizing bimodule 319

C®RX=0—>C®RM—>C®RHOH15(C,IO) —>C®RH0m5(C,Il) — ---. For
any I € FZ(S), applying (—,I) to C ®r X, we obtain a commutative diagram

o ——= (C®g (C,IY),I) — (C @R (C,1°),]) — (C®r M,I) — 0

o~ o o

T ((07[1)7(071))

(€, 1%),(C. D))

(M, (C,I)) ——0.

The exactness of the bottom row implies that of the top row. Because injective
S-modules belong to FZ(S), the assertion is true.

(b). Suppose Y =0 — N — [ — [* — ... then Homg(C,Y) =0 —
Homg(C, N) — Homg(C, I°) — Homg(C, I') — ---. For any I € FI(S), apply-
ing (—, (C,I)) to the complex Homg(C,Y), we obtain a commutative diagram

(1Y) (1) ——m ——= (N,]) ———0

]

1R

(vn, I)

o —— (C®g (C,I"),]) — (C®r (C,I°),I) —— (C ®r (C,N),I) ——0

]

1R

]

- —((C, 1Y), (C, I)) —— ((C, I%),(C, I)) —— ((C, N), (C, I)) ——= 0.

Since N is C-static, Homg(vy, I) is an isomorphism. It follows that the bottom
row is exact, hence we are done. O

We now investigate how right FZ¢(R)-dimension, right FZ(S)-dimension
and FP-injective dimension relate.

Theorem 3.2. Let sCi be a semidualizing bimodule, M € R — Mod and
N € S —Mod. The following equalities hold.

(a) right FIc(R)—dim M = right FZ(S) —dim(C @ M). Moreover, if S is left
coherent, right FZ¢(R) — dim M = FP —id(C ®@g M).
(b) If N is C-static, then right FZ(S)—dim N=right FZ¢(R)—dim(Homg(C,N)).

PROOF. (a). Assume that right FZ(S)—dim(C®gM) = n, there is an exact

right FZ(S)-resolution Y of C @p M, thatis, Y =0 — C ®r M Sopdn,

-+ = I" — 0, then we claim that the complex 0 — M N (C, 1% LR (C, 1Y) —

-+ = (C,I") — 0is aright FZc(R)-resolution of M, where 8 = Homs (C, f)ou,
0" = Homg(C,d") for 0 < i < n. For any FP-injective left S-module I, we get a
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commutative diagram after applying (—, (C,T)) to the complex above

(C®R%)* (CORB)*

- —— (C®r (G 1)) (C®r (CI°),1)) ——— (C®r M,I)

T ((0711)7(617])) - ((C,IO),(C,I)) %(M7 (071))

Because the assignment v is natural, it is routine to check that (C ®@r B) =
(Vo' of) and C®pS* = vty odiovy: for 0 <4 < n—1. Then we have (C®rB)* =
(Vo' o f)* = f*o I/I_Ol*, and (C ®p 6")* = (vl odiovp)* =vp*od o Z/I_i}rl*.
Hence the bottom row is exact, as Y is a Homg(—, I) exact complex. This means
that right FZ¢(R) — dim M < n. Conversely, it is straightforward to get that
right FZ(S) —dim(C ®g M) < right FZ¢(R) —dim M by Lemma 3.1 (a). Hence
we have the first equality in (a). Furthermore, if S is left coherent, it follows from
[13, Lemma 3.4] that right FZ(S) — dim(C ®g M) = FP—1d(C ®r M), and so
we get the other equality.

(b) Since N is C-static, N = C' ® g Homg(C, N). Hence, by (a), we have

right FZ¢(R) — dim(Homg(C, N)) = right FZ(S) — dim(C ® g Homg(C, N))
= right FZ(S) — dim N O

Motivated by [21], we then study how vanishing of the relative cohomology
functor Ext'; (=, M) characterizes the finiteness of FZ¢(R) — dim M.

Theorem 3.3. Let S be a left coherent ring and sCr be a faithfully semi-
dualizing bimodule. The following are equivalent for a left R-module M.

(a) Extrz (-, M)=0.
(b) ExtZy (—, M) =0.
(¢) M is C-FP-injective.

PROOF. (a)=(c). Suppose X =0 — M EN Homg (C, I°) 4 Homg (C, I') 4

- is a right FZo(R)-resolution of M. Let L be the cokernel of f and g :
Homg(C, I°) — L the natural epimorphism. There is a homomorphism [ : L —
Homg(C, I'') such that d° = log. Noting that d'olog = d'od” = 0, the surjectivity
of g implies that d' ol = 0. Since Ext}IC(L,M) = 0, the induced sequence
Hompg (L, Homg(C, I°)) — Hompg(L, Homg(C, I')) — Hompg (L, Homg(C, I?)) is
exact. Hence, there exists h € Hompg(L, Homg(C, I°)) such that [ = d® o h =
logoh. There is an equality C ®rl = (C ®r!l) o (C Qg g) o (C ®g h) and so
(C®Rrg)o(C®grh)=idegyr (for C ®g 1 is monic by Lemma 3.1). Therefore,
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the exact sequence 0 - C ®@r M — C @ (C,1°) — C @ L — 0 splits. Thus we
have C ® g M is FP-injective, and so M is C-FP-injective by Lemmas 1.7, 2.1
and 2.3.

(b)=(a) and (c¢)=(b) are trivial. O

It should be noted that if one replaces FZo(R) with an arbitrary preenve-
loping class, then one does not always have (a) = (c) as in Theorem 3.3 (see [7,
Lemma 3.3 and Remark 5.6]). Using dimension shifting, we can easily obtain the
following results.

Theorem 3.4. Let S be a left coherent ring, sCg a faithfully semidualizing
bimodule and n a non-negative integer. The following are equivalent for a left
R-module M.

(a) Ext}! (=, M) =0.

(b) ExtZ7"'(—, M) =0.

(c) right FIc(R) — dim M < n.
)

(d) There exists a right FZc(R)-resolution of M with the nth FZc(R)-cosyzygy

C-FP-injective.
(e) Every right FZc(R)-resolution of M has a C-FP-injective nth FZco(R)-
COSyZygY.
Proposition 3.5. Let sCr be a semidualizing bimodule, M, N € R — Mod.
The following hold.
(a) Extlr, (M,N) = Exty7(C ®@r M,C @r N).
(b) If S is left coherent and M is finitely presented, then Ext’r, (M,N) =
Extr7(C ®p M,C ®@r N) = Exts(C ®g M,C ®@g N).

PROOF. (a). Let X be a right FZc(R)-resolution of N. By Lemma 3.1(a),
C ®r X is a right FZ(S)-resolution of C' ® g N. Thus, by definition, we have

Ext’7(C ®r M,C ®r N) = H (Homs(C @ M,C @ X*))
>~ H'(Hompg(M,Homg(C,C ®r X*))
= [’ (Homp(M, X*)) = Extier, (M, N)
where X*® denotes the deleted complex of X.

(b). By hypothesis, C @z M is also finitely presented. Hence we get
Ext’7(C ®r M,C ®r N) = Exty(C ®pr M,C ®g N) by [19, Theorem C]. O
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4. Applications

Lemma 4.1. Let S be a left coherent ring and sCr be a faithfully semidu-
alizing bimodule. Then M is in FZg(R) if and only if the Pontryagin dual M ™
is in Fo(R).

PRrROOF. Assume that M is C-FP-injective, so there exists an FP-injective
left S-module I such that M = Homg(C,I). Thus Mt = Homz(I,Q/Z) ®@s C.
Since I is FP-injective and S is left coherent, Homy(I,Q/Z) is flat. Hence,
MT is in Fo(R). Conversely, if MT = F ®g C with F a flat right S-module,
then M+t = Homg(C,FT) € FZc(R). But C ®r M is a pure submodule of
C@®r M*T = F*. So C®gr M is FP-injective. Hence M € FZg(R). O

Following [5, Definition 8.2.13], let C, D and E be abelian categories and
let F and G be classes of objects of C and D respectively. Let T : Cx D — E be
an additive functor contravariant in the first variable and covariant in the second.
Then T is said to be right balanced by F x G if for each object M of C, there is
a T(—,G) exact complex --- — F; — Fy = M — 0 with each F; € F, and if for
every object N of D, there is a T(F, —) exact complex 0 = N — G° — G — - .-
with each G* € G. Similarly, the definition above is easily modified to give the
definitions of a left or right balanced functor relative to F x G with other choices
of variances and complexes.

Proposition 4.2. Let S be a left coherent ring and sCr be a faithfully
semidualizing bimodule. Then — ® — is right balanced on Mod —R x R — Mod
by Fo(R) x FZc(R).

PROOF. We need to show that if 0 = M — X% = X' — ... is a right
Fc(R)-resolution of a right R-module M, which exists by [9, Proposition 5.10(d)],
and G is a C-FP-injective module, then 0 = M @z G = X°®rG = X' @rG —

- is exact. Applying the functor Homgz(—, Q/Z) and using adjoint isomorphism,
we get the sequence --- — Hompg(X% G*) — Hompg(M,G*) — 0. But G is
in Fo(R) by Lemma 4.1 and so this sequence is exact. This means the desired
sequence is exact. On the other hand, given a right FZ¢(R)-resolution X =0 —
N = U% - U' = ... of a left R-module N. Applying C ® — to this sequence,
we obtain an exact sequence by Lemma 3.1(a). Note that F ®g C = limC () for
any flat right S-module F', hence F ®35 C' ®r X is exact. Therefore the result
follows. O

Let Torg(—, —) denote the nth right derived functor of — ® — with respect
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to the pair Fo(R) X FZco(R). Based in part on an idea of ENOCHS and JENDA
in [5, Theorem 8.4.31], we now come to the first main result of this section.

Theorem 4.3. Let S be a left coherent ring and sCg be a faithfully semi-
dualizing bimodule and n > 0. Then the following are equivalent.

(a) For every flat left R-module F, right FZc(R) — dim F' < n.

(b) If0 - M — X° — X' — ... is a right Fc(R)-resolution of Mg, then the
sequence is exact at X* for k > n — 1 where X~ = M.

() If0 - M — W% — W' — ... is a right ”Pé(R)—reso]ution of a finitely
presented right R-module M, then the sequence is exact at Wk for k >n—1
where W1 = M.

(d) right FIc(R) — dimg R < n.

PROOF. (a)=(d) is immediate.

(d)=(b). Suppose 0 = R — U® — --- — U™ — 0 is an exact right FZc(R)-
resolution of R by [9, Theorem 6.5], Proposition 2.7 and Theorem 3.4. If n > 2, we
get Tork, (M, R) = 0 for k > n — 1. Computing using 0 — M — X — X' — ...
as in (b), we see that Tor]f%(M7 R) is just the kth homology group of this complex,
giving the desired result.

Forn=1,R — U° — U' — 0 exact gives Toril(M, R) = 0o that, as above,
X0 - X' - X? — ... is exact at X¥ for k > 1 and M @z R — Tor%(M, R)
is onto. Computing the latter homomorphism using 0 — M — X% — X! shows
that 0 — M — X% — X! is exact at X©.

If n = 0 then (d) means R is a C-FP-injective module. But the balance of
—® — then gives 0 > M ®r R — X°®r R — X' ®r R — - - is exact. That is,
0—M— X% X! — ... is exact.

(b)=(c) is trivial.

(¢)=(a). Assume (c¢) with n > 2. By [9, Theorem 6.5], Proposition 2.7
and the fact that flat modules are in Ac(R), we suppose that 0 — F — UY —
U' — ... is an exact right FZc(R)-resolution of a flat left R-module F. Then
by (c), we get Tor%(M, F) =0 for k > n—1 and all finitely presented right
R-modules M, as F is flat. Computing using 0 — U® = U' — U? — --- and
using [5, Lemma 8.4.23], we get K = ker(U™ — U™*!) is pure in U™ and so K is
also C-FP-injective. Hence 0 - F — U°? — ... U™ ! & K — 0 gives the desired
exact sequence.

Now let n = 1. Then (c) says M — W% — W! — ... is exact. So
Torlfg(M, F)=0fork>1and M®gF — Tor'%(M, F) is onto. Hence M @ F —
MerU° - M ®r U' - M ®g U? is exact for all finitely presented right
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R-modules M. By [5, Lemma 8.4.23], we again get the desired exact sequence
0—F—U°— K —0with K =ker(U! — U?).

Ifn=0then 0 » M — W° — W' — ... exact means Tor*(M,F) = 0
for k > 1 and M @z F — Tork(M, F) is an isomorphism. This gives that
0> MrF - M®rU° - M @ U is exact for all M. Thus F is a pure
submodule of U° and so it is C-FP-injective. O

Following the definition of a noetherian pair of rings in [3, Definition 1.1], we
call an ordered pair (S, R) a coherent pair of rings provided that S is left coherent
and R is right coherent.

Corollary 4.4. Let sCgr be a faithfully semidualizing bimodule over a co-
herent pair (S, R). Then the following are equivalent.
(a) inf{n | Torz"(—, F) = 0 for every flat left R-module F} =

inf{n | Torz"(F’, =) = 0 for every flat right S-module F'} < co.
(b) FP-id(sC) < 00, FPid(Cr) < 0.

PrOOF. (a)<(b) follows from Theorems 3.2, 4.3 and [25, Theorem 2.6] (i.e.,
FP-id(sC) =FP-id(CR) if both of them are finite). O

We conclude this section with a new characterization of a left noetherian
ring. In fact, the result of [16, Theorem 5.4] is just a particular case of our
conclusion, when we take C' = SSg in Proposition 4.5 below. Suppose that
we have a right FZc(R)-resolution 0 — N — Homg(C,I°) — Homg(C, 1) —

- of N. Suppose further that we have a right Zo(R)-resolution 0 — N —
Homg(C, E°) — Homg(C, E') — --- of N. Because Z¢(R) C FZc(R), we are
able to complete the following diagram

00— N — (C,1%) — (C, ") —— -

@0 1

idn

0—>N— (C,E°) —— (C,E") ——---.

Now applying Homg(M, —) to the diagram gives natural maps Ext’zz_ (M, N) —
Ext7 (M, N) for all n > 0.

Proposition 4.5. Let sCg be a faithfully semidualizing bimodule, then the
following conditions are equivalent.

(a) S is left noetherian.
(b) Extrz.(M,N)— Exty_(M,N) is an isomorphism for all M and N.
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(c) Ext’zz,(M,N) — Exty_ (M, N) is an isomorphism for all non-negative inte-
gern, M, and N.

PROOF. (a)=(c) and (c)=(b) are trivial.

(b)=(a). Let N € FZc(R), then Ext}IC(M, N) = 0 for all M. So by
assumption Exty_(M,N) = 0 for all M. Observe that C is faithful, N is C-
injective by a similar argument in the proof of [21, Theorem 3.1(b)]. Hence the
class FZc(R) is equal to the class Zo(R), and S is left noetherian by Proposit-
ion 2.2. (|
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