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A note on two conjectures associated to Goldbach’s problem

By MICHAEL COONS (Waterloo)

Abstract. Chen and Chen recently proposed two conjectures on the structure of
multiplicative functions f for which f(p) + f(¢) = f(p + ¢) for all odd primes p and q.
In this note, we show that the second conjecture is either true unconditionally or follows
from the first conjecture, depending on whether or not there is an odd prime po such
that f(po) # 0.

Define g1(n) := n for n > 1 and define g2(n) by

1 ifnisodd
g2(n) =

2 if nis even.

Note that both g; and g are multiplicative functions.
CHEN and CHEN [1] gave the following result.

Theorem 1 (CHEN and CHEN [1]). Let f be a multiplicative function for
which

f(p)+ flg) = flp+4q)

for all odd primes p and q. If there is an odd prime py for which f(po) # 0, then
either f = g1 or f = go. Moreover, f = g, if and only if f(3) = 3.

As probable extensions of this theorem, CHEN and CHEN gave the following
two conjectures (see [1, Conjectures 1 and 2]).
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Conjecture 1 (CHEN and CHEN [1]). If f is a multiplicative function such

that f(2) #0, f(3) =0 and f(p) + f(q) = f(p+ q) for all odd primes p and q,
then f(n) =0 for all n > 5.

Conjecture 2 (CHEN and CHEN [1]). If f is a multiplicative function such
that f(2) = 2 and f(p) + f(q) = f(p + q) for all odd primes p and q, then for
n>3

f3)
3
sen -1 =T (25w 47— om).

Concerning Conjecture 1, Chen and Chen remark that if f satisfies the con-

f(2n) = (n=3)f(4)+12-2n),

and

ditions of Conjecture 1, then f(p) = 0 for all primes p > 5. Thus by induction
onn we can prove that the Goldbach conjecture implies Conjecture 1. This implies
that if Conjecture 1 is false, then the Goldbach conjecture is false.

It seems that the use of the recurrence relations in Conjecture 2 may be a
bit misleading. Indeed, Conjecture 2 can be considered following two cases: if
f(po) # 0 for some odd prime pg, then Conjecture 2 is true by Theorem 1, and
if f(p) = 0 for all odd primes p, then Conjecture 2 is implied by Conjecture 1,
which we will now show.

Proposition 1. Let f be a function satisfying the assumptions of Conjec-
ture 2 and suppose further that there is an odd prime py such that f(pg) # 0.
Then the conclusion of Conjecture 2 holds unconditionally.

PROOF. If there is an odd prime pgy such that f(pg) # 0, then by Theorem 1

f is one of g; or go. If f = g1, then for n > 3 we have that both
3
% (n=3)f(4)+12—-2n) = (n—3)44+ 12— 2n = 2n = g1(2n) = f(2n),

and
@ (n=2)f4)+7-2n)=(n—-2)44+47-2n=2n—1=¢g;(2n—1) = f(2n—-1),

so that Conjecture 2 holds. Now if f = go, then for n > 3, we have that both

@ ((n—3)f(4) + 12— 20) = O 3)2;12 —2 _ 9= go(2m) = f(2n),
and
@((n—Q)f(él)—l—?—Zn): (”*2)2;77271 =1=9g02n—-1) = f(2n—1),

so that in either case since f(py) # 0 for some odd prime py, Conjecture 2
holds. (|
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Proposition 2. Let f be a function satisfying the assumptions of Conjec-
ture 2 and suppose further that f(p) = 0 for all odd primes p. Then the conclusion
of Conjecture 2 follows from Conjecture 1.

PROOF. Suppose that Conjecture 1 holds and let f be a multiplicative func-
tion such that f(2) = 2 and f(p) + f(q) = f(p + q) for all odd primes p and ¢,
and suppose further that f(p) = 0 for all odd primes p.

Since 3 is an odd prime f(3) = 0 and it is easy to see for n > 3 that

@ ((n—3)f(4) +12 —2n) =0 = f(2n),

and 5

) (2 p(4) +7— 2m) =0 = (20— 1),
where in each of these equations the last equals sign is given by Conjecture 1.
This finishes the proof. O
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