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Invariance of Bajraktarevi¢ mean with respect to quasi
arithmetic means

By JANUSZ MATKOWSKI (Zielona Géra)

Abstract. Without any regularity conditions, we determine all Bajraktarevic

means B[f’g](x,y) = (%)_1(%) which are invariant respect to the mean-type

mapping (A1, Al9) where AU] denotes the quasi-arithmetic mean generated by f. The
case of weighted quasi-arithmetic means is also considered. Applications in iteration
theory and functional equation are included. A relation of the invariance of means and
their “harmony” is mentioned.

1. Introduction

A function M : I? — R is called a mean in an interval I C R, if
min(z,y) < M(z,y) < max(z,y), z,y € l.

A mean M is called strict, if for all z,y € I, z # y, these inequalities are sharp;
and symmetric, if M(x,y) = M(y,z) for all x,y € I (cf. BULLEN-MITRINOVIC—
Vasi¢ [4]).
If M is a mean in I then M (J?) = J for every subinterval J C I. Moreover
M is reflexive, i.e.
M(z,x) =z, x€l.

Every reflexive function M : I? — R which is increasing with respect to each
variable is a mean in /.
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Let M,N : I? — I be means. A mean K : I? — I is called invariant
with respect to the mean-type mapping (M, N) : I? — I? (briefly, K is (M, N)-
invariant), if

K(M(z,y), N(z,y)) = K(z,y), x,y€l

The mean K is also referred to as the Gauss composition of the means M and N
(cf. [5]). The invariant mean is useful when we are looking for the limits of the
sequence of iterates of the mean-type mapping (M, N) : I? — I? (cf. BORWEIN—
BORWEIN [3], also [12], [13], [14]).

Let us note that the proportion x : 2y

% = 21, ' U, the base of the theory of

harmony made by Pythagorean school, can be written in the form

r+y 2xy
2 T+y

= /7.

Setting A(z,y) = %‘W, H(z,y) = if_@; and G(z,y) = y/zy for the arithmetic,
harmonic and geometric mean, respectively, we hence get G o (A, H) = G which
says that the geometric mean G is (A, H)-invariant. This fact allows to determine
effectively the limit of the sequence of iterates ((A, H)"),en of the mean-type

mapping (A4, H) : (0,00)? — (0, 00)?, namely (cf. [12], [14]), we have

lim (A4, H)" = (G, G),
n—oo
that is useful in the theory of functional equations.

To find other triples of means satisfying the invariance (or “harmony”) con-
dition, consider the following problem. Let M, N, K be three classes of means
in the interval I. Determine all means means M € M, N € N and K € K such
that K is (M, N)-invariant. Recently this problem has been completely solved in
the case when M = N = K = A where A is the class of quasi-arithmetic means.
Recall that for every continuous and strictly monotonic function f : I — R and
p € (0,1) the function M = Aj[gf] 12—,

AP () = 7 0 (@) + L=p)f (), wyel,

is a mean, and it is called quasi-arithmetic weighted mean. The function f is
called a generator of the mean and p its weight. Of course, every quasi-arithmetic
weighted mean is increasing and continuous. If p = % the mean Alf] .= Alf)

1/27
that is
A[f]('r7y) ::f_l <f(x)_gf(y))a xayel7
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is called quasi-arithmetic (cf. [4]). In the class A the invariance problem reduces
to functional equation

ANz, y) + A9 (@, y) = 2+

The analytic solutions f, g of this equation were examined by SuTO [15], twice
continuously differentiable solutions by the present author [13] and continuously
differentiable solutions by DAROCZY and MAKSA [5]. A complete solution was
done by DAROCZY and PALES [6]. The invariance problem in the case when
M =N =K is the class of weighted quasi-arithmetic means was first treated in
JARCZYK and MATKOWSKI [10] in the class C? and it has been completely solved
by JARCZYK [8].

Let the functions f,g : I — R be continuous, g(z) # 0 for « € I, and such
that 5 is one-to-one. Then the function B9 : 12 — T defined by

BUl(, ) = (i;)_l <m> . zyel

is a mean in I and it is called Bajraktarevic mean of generators f and g ([3]).
Bl:9l s a strict mean, and it is a generalization of quasi-arithmetic mean. If g
is constant then B9 = Alfl and, if f is constant then Blf9] = Al9]. Thus the
class B of all Bajraktarevi¢ means in I is essentially larger than A.

In the present paper we solve the invariance problem K o (M, N) = K in the
case when K € Band M, N € A.

Let us add that the invariance equation K o (M,N) = K where K is a
quasi-arithmetic mean with weight-functions and M, N € B, under C* regularity
condition of some of the involved functions, was considered by JARCzYK [10].
A special case, under the same regularity conditions, was considered earlier by
DomsTA and MATKOWSKI [7].

2. Main result

We begin with (cf. [1], p. 246, Corollary 5):

Remark 1. If f,g : I — R are continuous and one-to-one and p € (0, 1), then
Al[jf] = Al[,g] if, and only if, for some a.b € R, a # 0,

f(z) =ag(z)+0b, xze€l.
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The following facts are easy to verify.

Remark 2. Assume that f,g : I — R are continuous and one-to-one and
g(x) #0 for all © € I. Then, for arbitrary a,b € R, ab # 0,

Blafbsl _ glfal.

Remark 3. Assume that f,g : I — R are continuous and one-to-one and

f(z)g(x) #0. Then
plfel _ plafl

The main results reads as follows:

Theorem 1. Let I C R be an open interval. Suppose that the functions
fyg: I = R are one-to-one, continuous, f(x)g(x) # 0 for x € I, and 5 is one-to-

one. Then the mean B9l is (A1 Al9))-invariant, i.e.,
Bl o (AV] Aldly = Blfial, (1)
if, and only if, either there are a,b € R, a # 0 # b, such that

f(x) =ag(x) +b, wel,
and
Blal — algl — Alf]

or there is ¢ € R, ¢ # 0, such that

and

29(2)g(y)

B (@,y) = g7 (Vol@g(w) ), AV(@,y) = g7 <g(33) +9(y)

), x,y € 1.

PROOF. Assume that equation (1) holds. Hence, by the definitions of B (F.9],
AT and Al9l) we get

S (@A y) + 1 (A @) @+ (2)

g(AN(z,y)) + g (A (z, ) g(z) +g(y)

whence, of course,

W+f(/l[g](%y)) _f@)+ fy) yel
- W T

g(A (2, y)) + g(x);rg(y) g(z) + g(y
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which reduces to the equation

(o7t (22512 ot + o) = (174 (H2ELD) ) (11004 1100,

for all z,y € I. Setting

o) :=f(g7" (), ueg(),

we can write this equation in the form

o (F D) (ot + o) = (M5 ) e o) )

Taking t = “$* for u,v € g(I) we hence get

- (@(U) + s;(% - w) (o(u) + (2t —u)) = o (1)t (3)

for all t,u € g(I) such that 2t — u € g(I).

The properties of means imply that equations (2) and (3) remain true if we
replace the interval I by an arbitrary subinterval J C I.

Assume that there is a nontrivial subinterval J; C I such that for every
t € g(J1) the function

9(J1) 2 u— p(u) + o2t —u) (4)
is a constant (depending on ¢ € J; ). Then
p(u) + (2t —u) = p(v) + (2t —v)

for all ¢t,u,v € g(J1) such that 2t — u,2t — v € g(J;). Taking t = “£ for
v,w € g(J1) we hence get

p(u) +p(w+v —u) = ) + p(w)
for all u,v,w € g(J1) such that w+v —u € g(J1). For u = # we hence obtain

o <v+w> p(u) + ¢(v)

2 = ) aneg(‘]l)'
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Applying a well-known result (cf. AcziL [1], p. 43, KuczMma [11], p. 316) there
are a,b € R such that p(u) = go f~*(u) = au + b for u € g(J;), and a # 0, as
fog~!is invertible. Thus

f(z) =ag(z)+0b, x€Jy, (5)
and, consequently,
_ +
AW, y) = A2, y) = g7! (W) , x,y € i (6)

Since
f(z) _ag(z)+b

g(z)  glz)

the injectivity of 5 implies that b # 0 as, in the opposite case,

x € Jy,

5 would be

constant. Consequently,

(3 e (L) e

Hence, by the definition of B9, for all z,y € J,

—1
i (528 )

()

b
)
=g! (W) — A[g](x’y)7

that is
Bl (z,y) = Ald] (z,y), =,y € Ji. (7)

Of course we can assume that J; is a maximal subinterval of I such that formula
(5) holds true.

If for some ¢t € I the function (4) is not constant then, by (3), the function
z — ¢ 1(%)z is constant on the range of the function (4). Consequently there is
a nontrivial subinterval Jy C I such that the function v — ¢(u)u is constant on
g(Ja), that is p(u)u = ¢ for some ¢ € R, ¢ # 0 and all u € g(J2). Hence, by the
definition of ¢,

f(l'):@, erQv (8)
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whence, making easy calculations, we get
BY 9 (@,y) = g7 (Vo(@)g(w) )

1 2g9(x)g(y) -
Alwy) = <9($)+g(y)>’ vesh ©)

In this case we also may assume that J5 is a maximal subinterval of I such that
f has the form (8). Clearly, we have

int J; Nint Jo = 0.

Thus we have proved that every x € I belongs either to the interval of the type
Ji1 or to the interval of type Js.

To end the proof it is enough to show that if int J; # () then int J, = @, and,
consequently, J; = 1.

Assume, on the contrary, that this implication is false. Then, putting a :=
inf J; and 8 := sup J; we would have either inf I < a or § < sup[.

Assume that 5 < supI.

Take xg € int J;. Since

£t (W) eintJ; and ¢! (W) € int.J;

the continuity of f and ¢ implies that there exists § > 0 such that

1 (@) + fy)
(1

9(x) +g(y)

> cintJ; and ¢! ( >

) € int J;
for all z € (xg— 9,20+ 9), y € [B, 8+ 9). Moreover, the maximality of J; implies
that there exists an open interval J C (8,3 + §) such that intJ # @ and J is
contained in an interval of the type Js.

Then, by (5) and (8), for all z € (g — d, 20 + ), y € [8,5 +0), we have

Az, y) = 7 (W) _ <(ag(r) +2b) + M)

c

(ag(z)+b)+ﬁ _ _c
-1 —— —g! (ag(x) b+g(y)>

=9 a 2a

for some real ¢ # 0.
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By (6) and (7) it follows that, for all x € (zg — 6,29 4+ 0), y € [8,8 + 9),
Bl (A[f] (x,y),A[g] (z,y)) = Ald] (A[f] (x’y),A[g] (z,7))

ag(x)—b+ -5~ -
=g (g(gl(g()mw)) +g(91(g()§g(y))))

2

o <2ag(x) —b+ .65 +ag(y)>
=g i .
a

On the other hand, according to the first part of the proof, for each (z,y) €
(xo — 8,20 +9) X [8,8+ 0), we have either

e (1Y (1@t _ L B
= (1) (Joroam) =0 (wwwﬂwua>_A)

g(z)+9(y)
e B(g(z) +9(y))
(a—A)g(x) +b+ ;05 — Ag(y)

for some A, B € R such that B # 0, or

-1
I M): Sl
BY(z,y) (g) <9(I)+g(y) g %

for some real C' # 0.
Hence, from (1), we have that either

L (209(@) —0+ iy tagly)) B(g(x) + 9(y))
g 4a =9 (a— A)g(z) +b+ 67 Ag(y)

L [209(@) = b+ oG5 +agy) Clg(z) +9(y))
g da -9 (ag(z) +b) + 55

9(y)

or

for all (z,y) € (xo—0,20+9) x[B,8+7). As each of these equalities implies that g
is a constant function on a nontrivial interval, we obtain the desired contradiction.

Thus, if there exists a nontrivial interval Jy, then I = J; and if there is a
nontrivial interval J, then I = Js.
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Since in the case when inf I < a the reasoning is similar, we omit it.
Applying, respectively, either the formulas (6) and (7) or (8) and (9), we

obtain “the only if” part of our theorem. Since the “if” part is easy to check, the
proof is complete. O

Remark 4. Theorem 1 can be proved without using functional equation (3).

To show it note that the invariance equation (1), equivalent to (2), can be
written in the form

(AN y) + 1 (ANwy) _ f Ay

g(AN(z, ) + g (Al (z, ) g(Abl(z,y))’

which simplifies to

F (V@) 9(AV @, y) = F(A) @, 9)g(A @), oy el (10)
Suppose first that there exists a nontrivial subinterval J; C I such that
ANz ) = A9z, y), =,y e .
By Remark 1 it follows that there are a,b € R, a # 0, such that
f(z) =ag(z)+0b, x€J;. (11)

To consider the opposite case, assume that Al and A9 do not coincide on
any nontrivial subinterval of I.
Take arbitrary zg,yo € I, zg < yo, and define v : [zg, yo] = [z0o, yo] by

eg! (g(xo) +go f'(2f(u) — f(zo)

2

Y(u) = _
(9o f M 2f(w) = fyo) + 9(wo)
g 1( 5 0 0 )

) for u € [xo, A¥l(z0,y0)]

for u € [AF](zq,y0), yo].

Of course, 7 is continuous. It is not difficult to verify that the mean type mapping
(A1 Al9ly maps [z, y0]? onto the set contained between the diagonal {(u,u) :
u € [zg,yo]} and the graph of the function v. Moreover, replacing, if necessary, xo
and yo by arbitrary close xj, and y{,, we can guarantee that the equality v(u) = u
does not hold true in the whole interval [z, yo]. Indeed, in the opposite case, we
would have f = ag + b on a nontrivial subinterval of [xg, yo].

As in the above reasoning the numbers xg,yg € I, xg < ¥yg, has been chosen
arbitrarily, we conclude that the set W := (A1) Al91)(1?), the range of the mean-
type mapping (A1, Al9)), has the following property: for every wg € I and
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€ > 0 there are ug € I and § > 0 such that |ug — wo| < € and for all u,v €
IN(up—d,ug +90), u+# v, there are x,y € I such that

(A2, ), AV (2, y)) = (u,v).

Hence, by (10), we get
f(u)g(u) = f(v)g(v)

for all u,v € I'N(ug — d,ug + 0), u # v, which means that the function fg is
constant in Jo := I N (up — d,up + 9).

Now, applying (11), we can repeat the suitable argument of the proof of
Theorem 1.

3. The case of weighted quasi-arithmetic means

The harmony proportion z : Ay,(z,y) = Hy(x,y) : y, where

1
Ap(z,y) :==pr+ (1 —ply, Hpy(v,y) = 15—

) 3«"73}>0a
D
+y

x

remains true for arbitrary p € (0,1), so the geometric mean G is invariant with
respect to the mean-type mapping (A,, Hp). To examine the possibility of exten-
sion of the results of the previous section to the weighted quasi-arithmetic means,
we begin with the following

Lemma 1. Let I C R be an interval, f,g : I — (0,00) be continuously

differentiable, one-to-one, 5 one-to-one, and p,r € (0,1) fixed. If

Bl o (A;Lf]yA[g]) = Bl (12)

r

then p+r=1.

PRrOOF. From (12), by the definitions of the means Blf+9, Ay], ALQ], we have

pf@)+A—p)f) +f (g7 (rg(x) + 1 =1)g9(¥) _ f(=)+ f(y)
g(f~Hpf(x)+ (A =p)f(y) +rgl@)+ (1 -r)gly)  g(z)+g(y)’

whence, for all z,y € I,

z,y €1,

l9(z) +9W)] [pf(x) + (L =p)f () + f (g7 (rg(x) + (1 —)g(y))]
=[f@)+ Wl g (ff@) + QA =p)fly) +rg(@) + (1 —r)gly)] .
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Differentiating the functions of both sides with respect to x we get, for all x,y € I,

g(@) [pr@) + (0= p)f ) + 7 (4]

f/ A[g]
+lo@) +9)] |pf @ gA?@

= /') |9 (AL") + rga) + (1 = r)g(y)]

) y? % 2) +rd (@) | (13)

!’

where A[f] = A[f] (z,y), A[ = A[g] (z,y). Hence, letting y — z, after simple
calculations, we get

(p+7—1)g (@) f(x) - f'(@)g@)] =0, zel.

For an indirect argument assume that p + r # 1. Then

g'(@)f(x) = fl(z)g(x) =0, xel,

whence

fl@)=cg(z), x€l,

b

and, consequently, the function 5 would be constant, contrary to the assumption.

O
This lemma suggests the following

Problem 1. Let I C R be an interval and p € (0,1) fixed. Determine all
continuous and strictly monotonic functions f,g: I — (0,00) such that g(x) # 0
for x € 1, 5 is one-to-one, and

Blfal o (Az[)f]7A[19lp) _ pglfal,

Note that this equation can be written in the form

@)+ )l [ (f~ ( f(z) +( )f(y))] +©2p—1)) f(y)g(y)
= [g9(x) +9W)] [f (97 (1 = p)g(x) + pg(y))] + (2p — 1)) f(z)g(x)

for all z,y € I. Setting

= fog !
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we hence get, for all u,v € g(I),

() + ()] ™ (pp(u) + (1 — p)p(v))
= (u+ ) (1 = p)u+pv) + (2p — 1) [p(w)u — p(v)0]
that is
[o(u) +p(0)] AP (u,0) = (ut0) AN (u, 0) + (2p—D)[p(u)u—p(v)o], u,v € g(I).
Interchanging here v and v we get
[o(u) + ()] A (u,0) = (ut+0) AL (u, 0) +(2p— 1) [p(v)v—p(u)u], u,v € g(I).

Adding the respective sides of the last two equations we obtain the functional
equation

() + p(0)] Al (s v) + AW (w,0)] = (u+ 0) [AFY, (0, 0) + AL (w, )]

u,v € g(I).

Assuming additionally some regularity conditions on the functions f and g
we can prove the following

Theorem 2. Let I C R be an interval and p € (0,1) fixed. Suppose that
one-to-one functions f,g: I — (0,00) are twice continuously differentiable, f'(x)
g'(z) #0 for x € I, and 5 one-to-one. Then B9 is (Al[,f], A[lglp)—invariant, ie.

BlHdl o (ALfLA[lglp) = Bl (14)
if, and only if, either there are a,b € R, a # 0 # b, such that
f@)=ag(x)+b, zel,

and
Blfal — A[g]7

or fg is constant and, for all x,y € I,

B9 (a,y) = g (Ve ). Aéf](x,y):gA(( 29(36)?(11) (y)>'
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Proor. Taking %;y of both sides of (14) (that is calculating a% of both
sides of (13)) and then letting y — = we get the differential equation

(f'a+fd)(f"g" = f'g") =0.

As this procedure is easy, we omit writing too long formulas. Assume that there
is nontrivial subinterval J C I such that f'(z)g(z) + f(x)g'(z) # 0 for all x € J.
Then

f//(x)g/(x) - f’(x)g”(m) =0, zel,

whence, for some a,b € R, a # 0,
f(z) =ag(z)+b, x€lJ

Similarly, if for a nontrivial subinterval J C I we have f"(z)g'(x)—f'(x)g" (x) # 0
for all x € J, then

f'(@)g(x) + f(x)g'(x) =0, z €,

whence, for some ¢ # 0,

Now, repeating the suitable argument applied in the proof of Theorem 1, we
complete the proof. (Il

4. Applications

Let us quote the following ([12], [14]):
Theorem 3. Let I C R be an interval. If M, N : I?> — I are continuous
means such that at least one of them is strict, then

(1) the sequence of iterates of the mean-type mapping (M, N) : I? — I? conver-
ges to a continuous mean-type mapping (K, K) : I> — I?> where K : I*> — I
is a continuous mean;

(2) K is (M, N)-invariant, i.e. K o (M,N) = K;
(3) a continuous (M, N)-invariant mean Is unique;

(4) if the means M, N are strict, then so is K.

Applying this result and Theorem 1 we obtain the following:
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Theorem 4. Let g : I — R be continuous, one-to-one and g(x) # 0 for
x €. Let M,N,K : I? — I be defined by

M(z,y) =g~ (W) N(z,y):=g " (W) :

K(z,y) = 9’1( g(x )g(y))

Then
(1) the mean K is (M, N)-invariant

(2) the sequence ((M,N)"),cn of iterates of the mean-type mapping (M, N)
converges pointwise in I? and lim,,_, (M, N)" = (K, K).

(3) a function ® : I? — R, continuous on the diagonal {(z,x) : x € I}, satisfies
the functional equation

(1 (222320) o () s e

if, and only if, there is a continuous function in a single variable ¢ : I — R
such that

Dz, y) = ¢ (g’l ( g(z)g(y))) , myel

PRrROOF. The first part is easy to verify. The second is a consequence of
Theorem 3. To prove part 3 write the functional equation in the form

O(M(z,y), N(z,y)) = ®(z,y), x,y€el,
and note that, by induction,
(M (x,y), N(z,))") = ®(x,y), neNzyel,
Letting n — oo and making use of part 2, we obtain
O(z,y) = ©((K(z,y), K(z,9))), wyel,

whence, setting o(u) := ®(u,u) for u € I, we get the desired form of ®.The
converse implication is easy to verify. (I

Remark 5. Applying Theorems 2 and 3 one gets a more general result for
the weighted quasi-arithmetic means.
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