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The maximal subsemigroups of semigroups of transformations
preserving or reversing the orientation on a finite chain

By ILINKA DIMITROVA (Blagoevgrad), VITOR H. FERNANDES (Caparica)
and JORG KOPPITZ (Potsdam)

Abstract. The study of the semigroups OP,,, of all orientation-preserving trans-
formations on an n-element chain, and OR,,, of all orientation-preserving or orientation-
reversing transformations on an n-element chain, has began in [17] and [5]. In order to
bring more insight into the subsemigroup structure of OP,, and OR,,, we characterize
their maximal subsemigroups.

Introduction and preliminaries

Forn € N, let X,, = {1 <2 < --- < n} be a finite chain with n elements. As
usual, we denote by 7, the monoid (under composition) of all full transformations
of X,,.

We say that a transformation a € Ty, is order-preserving [respectively, order-
reversing| if © < y implies that za < ya [respectively, za > yal, for all 2,y € X,,.
As usual, O,, denotes the submonoid of 7, of all order-preserving transformations
of X,,. This monoid has been extensively studied, for instance in [1], [7], [13], [15],
[20].

Let a = (a1,aq,...,a:) be a sequence of ¢ (¢t > 1) elements from the chain
X,. We say that a is cyclic [respectively, anti-cyclic] if there exists no more than
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one index i € {1,...,t} such that a; > a;41 [respectively, a; < a;41], where a1
denotes a;. Notice that the sequence a is cyclic [respectively, anti-cyclic| if and
only if a is empty or there exists i € {0,1,...,t — 1} such that a;11 < a;42 <
- <ap < ap < -0 < oag [respectively, aip1 > aige > - > ap > a1 > -0 > ay)
(the index ¢ € {0,1,...,¢ — 1} is unique unless a is constant and ¢ > 2). We say
that a transformation a € T, is orientation-preserving [respectively, orientation-
reversing| if the sequence (la,2a,...,na) of its images is cyclic [respectively,
anti-cyclic]. The notion of an orientation-preserving transformation was intro-
duced by MCALISTER in [17] and, independently, by CATARINO and HIGGINS
in [5]. It is easy to show that the product of two orientation-preserving or of two
orientation-reversing transformations is orientation-preserving, and the product
of an orientation-preserving transformation by an orientation-reversing transfor-
mation is orientation-reversing (see [5]). We denote by OP,, [respectively, OR,,]
the monoid of all orientation-preserving [respectively, orientation-preserving or
orientation-reversing] full transformations. It is clear that OP,, is a submonoid
of OR,,.

Regarding the monoids OP,, and OR,,, presentations for them were exhibited
by CATARINO in [4] and by ARTHUR and RUSKUC in [2], the Green’s relations,
their sizes and ranks, among other properties, were determined by CATARINO
and HIGGINS in [5] and a description of their congruences were given in [10]
by FERNANDES, GOMES and JESUS. In [22], ZHAO, BO and MEI characterized
the locally maximal idempotent-generated subsemigroups of OP,, (excluding the
permutations).

In this paper, we aim to give more insight into the subsemigroup structure
of the monoids OP,, and OR,, by characterizing the maximal subsemigroups of
these monoids and of their ideals. By a maximal subsemigroup of a semigroup
S we mean a maximal element, under set inclusion, of the family of all proper
subsemigroups of S. In Section 1, we study the monoid OP,, and its ideals. First,
we describe all maximal subsemigroups of OP,, (some of them are associated with
the maximal subsemigroups of the additive group Z,). The main result of this
section is the characterization of the maximal subsemigroups of the ideals of OP,,.
In Section 2, we study the monoid OR,, and its ideals. Again, first we describe all
maximal subsemigroups of OR,, (some of them are associated with the maximal
subsemigroups of the dihedral group D,, of order 2n). The main result of this
section is the characterization of the maximal subsemigroups of the ideals of OR,,,
which are associated with the maximal subsemigroups of the ideals of OP,,.

The maximal subsemigroups of the monoid 7, were described by BAYRA-
MOV [3] in 1966. Much more recently (2001), YANG [21] classified the maximal
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subsemigroups of the semigroup Sing, of all singular full transformations of X,.
In 1985, TopoROV and KRACOLOVA [18] constructed four types of maximal sub-
semigroups of the ideals of 7,,. A complete description of the maximal subsemi-
groups of the ideals of T, was given in 2004 by YANG and YANG [19]. The maxi-
mal subsemigroups of the semigroup O,, were characterized by YANG [20] in 2000.
GYUDZHENOV and DIMITROVA (2006) completely described in [14] the maximal
subsemigroups of the semigroup OD,, of all order-preserving or order-reversing
full transformations of X,,. In 2008, DIMITROVA and KopPPITZ [6] classified the
maximal subsemigroups of the ideals of O,, as well as of the ideals of OD,,.

On the other hand, GANYUSHKIN and MAZORCHUK [11] in 2003 gave a de-
scription of the maximal subsemigroups of the semigroup POZ, of all order-
preserving partial injections of X, and, in 2009, DIMITROVA and KOPPITZ [7]
characterized the maximal subsemigroups of the ideals of the semigroup POZ,
and of the ideals of the semigroup PODIZ, of all order-preserving or order-
reversing partial injections of X,.

For every transformation a € T,,, we denote by ker o and im « the kernel and
the image of «a, respectively. The number rank a = | ker o] = |im ] is called the
rank of a. Given a subset U of T,, we denote by E(U) its set of idempotents.
The weight of an equivalence relation w on X, is the number | X, /7|. Let A C X,
and let 7 be an equivalence relation on X,, of weight |A|. We say that A is a
transversal of m (denoted by A#w) if |[AN Z| = 1 for every equivalence class T
of .

Since O,,, OP,, and OR,, are regular submonoids of 7, the definition of the
Green’s relations £, R and H on O,,, OP,, and OR,, follow immediately from well
known results on regular semigroups and from their descriptions on 7,. We have
alf <= ima = imf and aRf <= ker o = ker 3, for every transformations «
and (. Recall also that for the Green’s relation J, we have (on O,, OP,, and
OR,) aJB <= rank a = rank §, for every transformations « and f.

Given a semigroup S, we denote by L, RS and H? (or, if not ambiguous,
simply by Ls, Rs and Hy) the L-class, R-class and H-class, respectively, of an
element s € S.

For general background on Semigroup Theory, we refer the reader to HOWIE’s
book [16]. Regarding notions on Group Theory, the book [8] by DuMMIT and
FOOTE is our reference.
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1. Maximal subsemigroups of the ideals of OP,,

Let n € N. The semigroup OP,, is the union of its J-classes Ji, Ja, ..., Jn,
where

Jip = {a € OP, | ranka = k},

for k = 1,...,n. It follows that the ideals of the semigroup OP,, are unions of
the J-classes Ji, Ja, ..., Ji, i.e. the sets

OP(n, k) ={a € OP, | ranka < k},

with k= 1,...,n. See [9, Note of page 181].

Now, notice that for « € OP(n,k), with k = 1,...,n, we have LSP("*’“) =
LOP RSP("“ = R9P» and ng(n’k) = HY9%». Moreover, for a, 3 € J,, with
k=1,...,n, the product af belongs to Jy (if and only if a8 € R, N Lg) if and
only if im a# ker 8. Thus, it is easy to show:

Lemma 1.1. Letk € {1,2,...,n} and let a, 8 € J}, be such that im a# ker (3.
Then Oth)Pn — RS;Dn — RS'Pn7 LSPHB — LSZ;n — L[(;)Pn’ OZH;QPH — HSP%/B —
HOP™ and LYP» RGP = J,.

Next, recall that CATARINO and HIGGINS [5] proved:

Proposition 1.2. Let k € {1,2,...,n} and let & € OP,, be an element of
rank k. Then |H,| = k. Moreover, if « is an idempotent, then H, is a cyclic
group of order k.

Let G be a cyclic group of order k, with & € N. It is well known that
there exists an one-to-one correspondence between the subgroups of G and the
(positive) divisors of k.

Let us consider the following elements of OP,,:

_ 1 2 -+ n—1 n cJ
9=\2 3 ... o 1 "
and
¥ A E S SRR
U; = -
‘ 1 2 -« i—1]i+t1]itl -+ n n=b

fori=1,...,n (with i =n we take i + 1 = 1).

Notice that the group of units of OP,, is the cyclic group J,, = H;DP" of
order n.

We will use the following well known result (see [4], [17]).
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Proposition 1.3. OP,, = (uy,g).
Next, we present alternative generating sets of the monoid OP,,.

Proposition 1.4. Let o,y € OP,,. If « € J,_1 and ~ is a permutation of
order n then OP,, = (7).

PROOF. Since v € J, has order n, we have (y) = J,, and so g € (y). From
a € J,_1, it follows that there exist 1 < 4,j < n such that ima = X, \ {j} and
(i,i + 1) € keraw (by taking i +1 =1, if i = n). Put s =i —j, if j < 4, and
s =n + 1 — j, otherwise. Then, it is easy to show that 8 = ag® € H,,. Now, as
u; is an idempotent of OP,,, by Proposition 1.2, it follows that u; is a power of
B. On the other hand, it is a routine matter to show that u; = "+ lu;g" 1.
Thus, by Proposition 1.3, we deduce that OP,, = {(a, 7). a

For a prime divisor p of n, we put W, = (¢?) = {1,¢7,¢?,..., g%~ VP},
which is a cyclic group of order %. Furthermore, from well known results regarding
finite cyclic groups, we have:

Lemma 1.5. The groups W, with p a prime divisor of n, are the maximal
subsemigroups of J,,.

Now, we can describe the maximal subsemigroups of OP,,.

Theorem 1.6. Let S be a subsemigroup of the semigroup OP,,. Then S is
maximal if and only if S = OP(n,n—2)U J, or S = OP(n,n—1)UW,, for a
prime divisor p of n.

PROOF. Let S be a maximal subsemigroup of OP,,. Then, it is clear that
OP(n,n—2) C S and thus S = OP(n,n—2)UT, for some subset T of J,,_1 U J,,.
By Proposition 1.4, we have TN J,_1 = 0 or T does not contain any element of
J,, of order n. In the latter case, we must have J,_1 C T, by the maximality of S.
This shows that S = OP(n,n—1)UT", for some subset 7" of .J,,, whence T" must be
a maximal subsemigroup of .J,,. Thus, by Lemma 1.5, we have T" = W, for some
prime divisor p of n. On the other hand, if TNJ,,_1 = @ then S C OP(n,n—2)UJ,,
whence S = OP(n,n — 2) U J,,, by the maximality of S.

The converse part follows immediately from Proposition 1.4 and Lemma 1.5.

O

Let n >3 and 1 < k <n — 1. In the remaining of this section, we consider
the ideal OP(n, k) of OP,,.

Clearly, the maximal subsemigroups of OP(n,1) are the sets of the form
OP(n,1)\ {a}, for « € OP(n,1). Therefore, in what follows, we consider k > 2.
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Notice that any element o € O, of rank k — 1, for 2 < k < n —1, is
expressible as a product of elements of O,, of rank k (see [12]). On the other
hand, any element 8 € OP,, admits a decomposition 3 = g'e, for some 1 <t < n
and « € O, (see [5]). Then, it is easy to deduce that any element of Jx_; is a
product of elements of Ji, for 2 < k < n — 1. Thus, we have:

Lemma 1.7. OP(n, k) = (Jy).

Next, observe that for a transformation o € OP,,, it is easy to show that if
(1,n) & ker v then all kernel classes of « are intervals of X,, and, on the other
hand, if (1,n) € ker a then all kernel classes of a are intervals of X,,, except the
class containing 1 and n which is a union of two intervals of X,, (one containing 1
and the other n). Moreover, if a is not a constant, then H9%7» N ©O,, = () if and
only if (1,n) € kera.

Proposition 1.8. Let C be any subset of Jy, containing Ji N O,, and at least
one element from each R-class of OP,, of rank k. Then OP(n, k) = (C).

PROOF. First, let a € C' with kernel {{1,k+1,...,n},{2},...,{k}}. Let S
be an order-preserving transformation with image {1, ..., k} such that im a# ker 3.
Then, 8 € C, ker(af) = ker @ and im(a3) = im 3, from which it follows that the

idempotent power of af3 is the element (11 Sk EEL n) € (C). There-

.k 1 o1
fore,
(1 - k E+1 .- n 1 - k|k+1 -+ n
TZle o ks k+1 o k41 1 k| 1 1
1 - k=1 k|lk+1 -+ n
_<2 k 1 1 1>€<C>’

since the first element of the second member of these equalities is an order-
preserving transformation of rank k£ and so an element of C. Furthermore, as vy
generates a cyclic group of order k, then the H-class H, of OP,, is contained

in (C).
1 - k|k+1 - n
Now, & = 7" = 1ok Bk

be any H-class of OP,, contained in the R-class R. = R, of OP,. Since the
elements of H have the same kernel as € € O,,, then H has an order-preserving

is the idempotent of H,, and let H

element 7. From ¢Rrt it follows that e7 = 7, whence ime+# ker 7 and so, by
Lemma 1.1, we have H.r = H,. As 7 € C and H. C (C), we also have H =
H. C {(C). Hence R. C (C).
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Next, let 0 € Jy.

Suppose first that (1,n) ¢ kerf. Then, there exists an order-preserving
transformation 7 € L. N Ry. Since ¢ € L. N R. = L, N R., we have 7¢ = T,
whence im 7# ker e and so, by Lemma 1.1, we obtain TR, = R, = Ry. As 7€ C
and R. C (C), then the R-class Ry of OP,, is contained in (C).

Finally, suppose that (1,n) € kerf and let 7 € C N Ry. Take an order-
preserving idempotent €’ such that ime’ = im7. Then, ¢’ € LN R = L N R,
whence 7¢’ = 7 and so im 7 # kere’. Thus, by Lemma 1.1, we have TR, = R, =
Ryp. As 7 € C and R, C (C) (by the previous case), then the R-class Ry is also
contained in (C).

Hence, we have proved that J, C (C) and so, by Lemma 1.7, we obtain
OP(n,k) = (C), as required. O

Since Ji N On C (E(Jr N O,)) (see [12]) and each R-class of OP,, contains
at least one idempotent, we have:

Corollary 1.9. OP(n,k) = (E(Jy)).

Notice that it is easy to show that, in fact, each R-class of OP,, contained
in Ji has at least two idempotents. Moreover, as 2 < k < n — 1, it also is easy to
show that each L-class of OP,, contained in Jj also has at least two idempotents.

Next, we define a fundamental concept (first considered by YANG and YANG
in [19]) for our description of the maximal subsemigroups of OP(n, k).

Let Imy, be any non-empty family of subsets of X, of cardinality k. Let Kery
be any non-empty collection of equivalence relations on X,, of weight k. Let J
be a non-empty proper subset of Imy and let X be a non-empty proper subset
of Kery. The pair (J,X) is called a coupler of (Imy, Kery) if the following three
conditions are satisfied:
(1) For every A € J and w € K, A is not a transversal of ;
(2) For every B € Imy, \ J, there exists m € K such that B#m;
(3) For every p € Kery, \ K, there exists A € J such that A#p.

Now, let

Im(OP,) = {ima | « € OP,, and ranka = k}

(i.e. Imy(OP,,) = (}7), the family of all subsets of X, of cardinality k) and let
Kery(OP,) = {kera | « € OP,, and ranka = k}.

Then, to a coupler of (Imy(OP,),Kery(OP,)) we also call k-coupler of OP,,.
Analogously, being Img(0,,) = {ima | « € O,, and ranka = k} and Kery(0,,) =
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{kera | @ € O, and ranka = k}, we also call k-coupler of O, to a cou-

Kery(0,) = {m € Kerp(OP,,) | (1,n) & 7}).

Then, we have {imay,...
and {ker aq, ..

Ezxample 1.10.

a<1
7

1
a3=<1
a_<1
>~ 1
a<l
T4

1
a9:<5

pler of (Imy(O,),Kery(0,)) (notice that Imy(O,) = ()2"

) = Im,(OP,) and

Consider the following transformations of OPs5 of rank 3:

2
1

3
1

3
4

4 5
2 3)’

4 5
5 O

and

a(l
>~ 1

1
Oé4=<1
a_(l
671

1
ag = 5

2
1

3 4
2 2
3 4
3 3
3 4
5 5
3 4
3 3

Vo123 45
=1\s 5 3 4 5/

Jdimagg} = ()g’)7 {keray,...,kerajg} = Kerz(OP5)

., ker ag} = Ker3z(Os). Moreover, for instance,

({imay,im as}, {ker ay, ker aa, ker a3, ker ay, ker agg}) [Figure 1],

({im a7, im ag, im ag, im a0}, {ker aug, ker a5, ker ag})  [Figure 2],

({imaq,imay,imaqp}, {ker ao, ker ay, ker as}) [Figure 3] and

({im ag, im ag }, {ker a3, ker a5, ker ag, ker ag, ker avgg})  [Figure 4]

are 3-couplers of OPs5.

im a;

im a,

imea; | ima,

im ag

imag | ima;

im ag

im ag

im a;,

kera,

kera,

ker a,

kera,

kera

*#| ow| w[ %

kera, ®

kera,

EIE

keras =

kera, *

ker a

Figure 1
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im a,

im a,

im as

im a,

imas | imag

im a,

im ag

im ag

im ay,

kera,

kera,

kera,

kera,

keras

kerag

kera,

kerag

kerag

ker a,,

Figure 2

im a;

im a,

im aj

im a,

imeas | im ag

im a;

im ag

im ag

im a4

ker a;

ker &,

ker a;

kera,

ker s

ker e

ker e,

ker ag

ker arg

ker ay,

Figure 3

im a;

im a,

im a;

ima,

imas | im ag

im a,

im ag

im ag

im ayq

kera,

kera,

ker as

kera,

kerag

kerag

ker a;

ker ag

ker ag

ker a,,

On the other hand,

Figure 4

o ({imay,imar,imajg}, {ker ag, ker ay, ker as}) [Figure 5]

o ({imay,imas}, {ker ay, ker ag, ker ag, ker g }) [Figure 6]

are 3-couplers of Os.

19
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ime;, | ima, | imas | imay, | imas | imag | ima; | imag | imay | im @,
ker a; * * *
kera, * * * *
ker a; * * * *
kera, * * *
ker a * * * *
ker a, £ * *
Figure 5
ime;, | ima, | imas | imay, | imas | imag | ima; | imag | imay | im @,
ker a; * ® *
kera, * * * *
ker a; * * * *
ker a, * £ *
ker as * * * *
kerag * * *
Figure 6

(As usual, the symbol * inside a box means that the corresponding H-class
contains an idempotent.)

Next, we consider the following subsets of OP(n, k):

(1) Sa=OP(n,k—1)U (Jp \ LYP), with a € OP,, such that A = ima,
for each A € ()2");
(2) Sy =OP(n,k—1)U (J \ RY%"), with a € OP,, such that m = ker «,
for each 7 € Kery,(OP,,);
(3) S =O0P(nk—1)U (U{L"" | @ € OP,, and ima € J}) U
U(U{RYP" | a« € OP,, and kera € K}),
for each k-coupler (J,XK) of OP,,.

Tt is routine matter to prove that each of these subsets is a (proper) subsemigroup
of OP(n, k).

Before we give the description of the maximal subsemigroups of the ideals
of the semigroup OP,,, we recall a result presented in [6] by the first and third
authors (see also [20]). Let O(n, k) denote the ideal of O,, of all elements of rank
less than or equal to k, i.e. O(n,k) = OP(n,k) N O,,. Thus, we have:

Theorem 1.11. Let n > 3 and 2 < k < n — 1. Then a subsemigroup of
O(n, k) is maximal if and only if it belongs to one of the following types:

(1) SA N On; with A € ()in),
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(2) SrNO,, with m € Kerg(O,,) such that = does not admit any interval of X,
as a transversal;

(3) Ej,x) =0(n,k—1)U (U{LS"
U (U{RE"
with (J,X) a k-coupler of O,

a € 0, and im« 63})U
a € O, and kera € K}),

Regarding the maximal subsemigroups of OP(n, k), we first prove:

Lemma 1.12. Let S be a maximal subsemigroup of OP(n, k). Then
S=U{HSP" | a € S}.

ProOF. Let T = [ J{HSOP" | a € S}. Then clearly S C T. By Corollary 1.9,
there exists ¢ € E(J;,) such that e ¢ S. Hence HOP»NS = () and so T # OP(n, k).
The result follows by proving that T is a subsemigroup of OP(n, k). Clearly, by
the maximality of S and Lemma 1.7, we have OP(n,k — 1) C S. So, it suffices
to show that, for all «, 8 € T'N Ji such that af € Ji, we get af € T. Therefore,
let a, 8 € T N Jg be such that af € Ji. Take o/, 3’ € S such that a € HS,P” and
g e H[?,P". Then im o’ = im a# ker 8 = ker 8’ and a3 € ROP~ N LgP”, whence
apl e RS,P" N Lgp" = R9P» N Lgp" = HS;" and so, as o/3' € S, we obtain

af € HS,E," C T, as required. O

Now, we have:

Theorem 1.13. Let n > 3 and 2 < k < n — 1. Then a subsemigroup of
OP(n, k) is maximal if and only if it belongs to one of the following types:

(1) Sa, with A € ()i"),
(2) Sy, with m € Kerg(OP,,);
(3) Sw,x), with (J,X) a k-coupler of OP,,.

PROOF. We begin by showing that each of these subsemigroups of OP(n, k)
is maximal.

First, let A € (%) and let @ € OP,, be such that ima = A. Take an
idempotent ¢ € (J \ LEP») N RYP». As LEP» C S, and, by Lemma 1.1,
LOPrna = L9P" we have (Sa,a) = OP(n,k). Thus, S4 is maximal.

Similarly, being 7 € Kerx(OP,,) and being o € OP,, such that ker « = 7, the
L-class L7 contains at least one idempotent ¢ € Ji, \ R¢"» and so ROP» C S,
and, by Lemma 1.1, aR9P» = ROP~ whence (S,,a) = OP(n, k). Thus, S, is
maximal.

Finally, regarding the subsemigroups of type (3), let (J,X) be a k-coupler
of OP,,. As J and X are proper subsets of ()2) and Kerg(OP,,), respectively,
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we may take v € OP,, such that im~y € ()2") \ J and kery € Kery(OP,) \ X.
Then, there exist a, 8 € OP,, such that ima € J, ker 8 € K, im~+# ker 8 and
im a# kery. Now, by Lemma 1.1, we have ngP" = R?P“. As Rgp" C 803,55
we obtain R?P" C (S,%x),7)- On the other hand, by Lemma 1.1, we also have
LSP“R?P" = Ji. Since LYP» C S(1,%), we deduce that (S¢s %),7) = OP(n,k).
Thus, S 5 is maximal.

For the converse part, let S be a maximal subsemigroup of the ideal OP(n, k).

If SN RYP» = (), for some a € Ji, then S = Syera, by the maximality
of S. Similarly, if S N LYP» = §), for some a € Ji, then S = Simqo. Thus,
suppose that S has at least one element from each R-class and each L-class of
OP,, contained in Ji. If SNO,, = O(n, k) then S = OP(n, k), by Proposition 1.8.
Therefore SN O,, € O(n, k). Let S be a maximal subsemigroup of O(n, k) such
that SN O, C S. By Theorem 1.11, we have three possible cases for S.

First, suppose that S = S, N O, for some 7 € Kery(0,). As Kery(O,) C
Kery,(OP,,), we may take a € S such that ker « = . Moreover, we have HY”» N
O, # 0. Now, as HOP» C S (by Lemma 1.12), we have (SN O,) N RYP» # {,
whence S N RYP # () and so S, N RYP» # ), which is a contradiction. Thus, S
cannot be of this type.

Secondly, we suppose that S = Sa, NO,, for some A; € (%7). Let A, ..., A,
(r > 2) be distinct elements of ()i) such that, for all a € Ji, LP»N 0O, NS =0
if and only if ima € {4;,...,A,}. Foreach i € {1,...,7}, let o; € OP,, be such
that ima; = A;. Notice that, for ¢ € {1,...,r}, as S has at least one element
from each L-class of OP,, contained in Jg, in particular, we have LSJ’" NS #0
and, on the other hand, as a consequence of Lemma 1.12, if a € LSJD" N .S then
(1,n) € kera. Now, let

K ={kera|ae L NS, for someie {1,...,7}}.
Notice that, clearly, X # 0. Also, let
J={A¢€ (%) | Ais not a transversal of 7, for all 7 € X}.

Observe that, as (1,n) € «, for all 7 € K, then {A € ()2“) | 1,n € A} C J and
so, in particular, J # (). Furthermore, it is a routine matter to check that the
pair (J,X) is a k-coupler of OP,. Next, we show that SN .J, C S ). Take
ae€ SNJg Ifima € J, then a € Sy x), by definition. On the other hand,
suppose that ima ¢ J. Then, there exists m € K such that ima#7w. As 7 € K,
then m = ker 3, for some 3 € LSZD" NS andie {1,...,r}. From ima# ker 8 it
follows that a8 € RSP~ N Lgp” = R9%» N LSZ’". Moreover, a8 € S, whence
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af € LSZD" NS and so ker o = ker(a3) € K. Then o € S(g,x), by definition. So,
we have proved that SN Jy C S(y.x). Therefore S C Sy ) and thus S = Sy ),
by the maximality of S.

Finally, suppose that S = S{g: 5y (as defined in Theorem 1.11), for some
k-coupler (7', X") of O,,. Let

J=9nN{ima|ae S and kera € Kerg(0,,) \ X'}
and
K = {m € Kerp(OP,,) | A is not a transversal of , for all A € J}.

Clearly, X' C X, whence X # (. On the other hand, from the definition of J and
from SNO,, C Séj,’x,), in view of Lemma 1.12, we may deduce that R/?P" NLY%N
S =10, for all o, 8 € Jj, such that ker 8 € Kery(O,,) \ X' and im« € ()2”) \ J.
As S has at least one element from each R-class of OP,, contained in J, in
particular, it follows that J # (). Furthermore, it is a routine matter to check that
the pair (J,X) is a k-coupler of OP,,. Next, we aim to prove that S = Sy x).
Take o € Jp NS and suppose that a ¢ Sy x). Then, ima € ()2") \ J and
ker a € Kery, (OP,,)\ XK. Hence, there exists A € J such that A# ker « and, by the
definition of J, we have A = im (3, for some 8 € S such that ker 8 € Kerg(O,)\X'.
Thus, from im 3 = A# ker a, it follows that Sa € Rgp" N LY%» NS and so
RJP» N LEP» N S # 0, with ker 8 € Ker(0,) \ K’ and ima € (") \ I, which
contradicts the above deduction. Therefore, a € S(y %), whence S C Sy %) and
then S = Sy ), by the maximality of S, as required. O

2. Maximal subsemigroups of the ideals of OR,,

As for OP,,, the semigroup OR,, is the union of its J-classes Ji, Jo, . .., Jn,
where
Jp = {a € OR,, | ranka = k}

for k =1,...,n. Notice that J, NOP,, is the J-class J of OP,, fork =1,...,n,
and J; = J; and Jy = Jy. Observe also that, for o € OP,,, we have LSP" =
LORn N OP,,, RYP» = RIR» N OP,, and HOP» = HOR”» 0 OP,,.

Analogously to OP,,, the ideals of the semigroup OR,, are unions of the
J-classes Ji, Ja, . .., Ji, i.e. the sets

OR(n,k) = {a € OR,, | ranka < k},
with k=1,...,n.



24 Ilinka Dimitrova, Vitor H. Fernandes and Joérg Koppitz

For a € OR(n,k), with k = 1,...,n, we also have LORB) - LORn

RSR(n’k) = R9%~ and HO?R("’k) = HORn. Moreover, a result similar to Lemma 1.1
holds for elements of OR,,:

Lemma 2.1. Letk € {1,2,...,n} and let a, B € J, be such that im a# ker j3.

ORn _ pORn _ POR, TORnpR — TORn _ TOR, ORn _ 17ORn 3 —

Then aRy ™ = R4 fRS[R , LO% B=Lgg" =Lz, alg = HORn 3 =
HOF and LR RG™ = J.

As OR1 = OP1 and ORs = OP5, in what follows, we consider n > 3.
Next, recall that a dihedral group D,, of order 2n can abstractly be defined
by the group presentation

(z,y |2" =y® =1Lay =yz ).

Let

Hence, we have J,, = (g, h) and, as g" = h? = (gh)? = 1, it is easy to see that J,,
is a dihedral group of order 2n. Furthermore, CATARINO and HIGGINS [5] proved:

Proposition 2.2. Let k € {3,...,n} and let « € OR,, be an element of
rank k. Then |H,| = 2k. Moreover, if « is an idempotent, then H, is a dihedral
group of order 2k.

Thus, each H-class of rank k& of OR,, has k orientation-preserving transfor-
mations and k orientation-reversing transformations, for k € {3,...,n}.

Notice that, since J; = J; and Jo = Ja, for o € Jy, with & = 1,2, we have
|H§R"\ = k.

Let us consider again the dihedral group D,, of order 2n. Observe that
D, ={1=2a"22%. . . 2" YU {y zy 2y, ... 2"y}

It is easy to show that the subgroups of D,, are of the form (z?) (a cyclic group
of order n/d) and of the form (z?, x'y) (a dihedral group of order 2n/d), for each
positive divisor d of n and each 0 < i < d. It follows that (z) and (2P, z'y), with
p a prime divisor of n and 0 < i < p, are the maximal subsemigroups of D,,.
Now, for a prime divisor p of n and 0 < ¢ < p, consider the dihedral group
Vi = (g¥, g'h) of order 2n/p. Then, the above observation can be rewrote as:

Lemma 2.3. The group J,, = (g) and the groups V, ;, with p a prime divisor
of n and 0 < i < p, are the maximal subsemigroups of .J,,.
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Next, we recall the following well known result (see [4], [17]).
Proposition 2.4. OR,, = (u1, g, h).
In fact, more generally, we have:

Proposition 2.5. Let a € J,_;, v an element of J,, of order n and 8 €
Jn \ Jn. Then OR,, = (a,7, B).

ProoF. If a € J,,_1 NOP,, then, by Proposition 1.4, we have OP,, = {(a, 7).
If o € J,_1 \ OP,, then af € J,_1 N OP,, and, again by Proposition 1.4, we
obtain OP,, = (af,7). Therefore, u1,g € (a,v,B). As 3 € J,\ OP,,, there exists

i €{1,...,n} such that g = (zil 132 it fL N ?_:11 7;) On the other hand, the

transformation
5— 1 2 e =1 4 -+ n-—1 n
S \n—i+2 n—i+3 -~ 1 o n—i n—i+l
is an element of OP,, and h = 36 € {(«,, ). Therefore, by Proposition 2.4, we
deduce that OR,, = {(a, 7, 8). ]

We have now all the ingredients to describe the maximal subsemigroups
of OR,,.

Theorem 2.6. A subsemigroup S of the semigroup OR,, is maximal if and
only if S = OR(n,n—2)UJ,, or S = OR(n,n—1)UJ, or S = OR(n,n—1)UV,;,
for some prime divisor p of n and 0 < i < p.

PRrROOF. Let S be a maximal subsemigroup of OR,,. Then, by Proposi-
tion 2.5, we have S = OR(n,n — 2) UT, for some T C (J,—1 U J,) such that
TNJ,_1 = 0 or T does not contain any element of .J,, of order n or Tﬂ(jn\Jn) =0.
In the latter two cases, we must have .J,_; C T, by the maximality of S. Thus,
S = OR(n,n—1)UT’, for some T" C .J,,. Clearly, T' must be a maximal subsemi-
group of J,,, whence S = OR(n,n — 1)U J, or S = OR(n,n — 1)UV, , for some
prime divisor p of n and 0 < i < p, accordingly with Lemma 2.3. On the other
hand, if TNJ,_1 =0 then S C OR(n,n —2)UJ, and so S = OR(n,n —2) U J,,
by the maximality of S.

The converse part follows immediately from Proposition 2.5 and Lemma 2.3.

|

From now on we consider the ideals OR(n, k) of OR,,, for k € {1,...,n—1}.
Since OR(n,1) = OP(n,1) and OR(n,2) = OP(n,2), in what follows, we take
k> 3.
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Notice that, as ah € OP(n,k), for all « € OR(n,k) \ OP(n,k), by using
Lemma 1.7, it is easy to conclude:

Lemma 2.7. OR(n, k) = (Ji).

In fact, moreover, we have:

Proposition 2.8. OR(n, k) = (Jy, a), for all a € Jy \ J.

PROOF. Let a € J; \ Ji and take an idempotent ¢ € L™». Since ima =
ime# kere, we have aROR» = ROR» by Lemma 2.1. Hence, a(ROR» N J;) =
RORn\ Ji and so

RORn = (RORn 0 J,) U (ROR \ Ji) = (RER" 0 J) Ua(ROR™ N ) C (Ji, ).

Now, let & be an idempotent of RO% and take o/ € HS®" \ Ji. Notice
that o' € ROR» C (Ji, ). Asime' # kere’ = ker o/, we have L9%"a/ = LI =
LO%" by Lemma 2.1. Thus (L™ N J)a/ = LE™ \ Ji, whence

LR = (LR n ) U (LER \ Jp) = (LR 0 J) U (LR N ) o’ C (Jk, ).

Finally, as im e’ # kere’ = ker a, we have LSR" RORn = J;, again by Lem-
ma 2.1. Therefore, J, C (Jy,a) and so, by Lemma 2.7, OR(n, k) = (Jy, ), as
required. (I

As an immediate consequence of Proposition 2.8, we have:

Corollary 2.9. OR(n,k — 1) U Ji, is a maximal subsemigroup of OR(n, k).
Also, combining Proposition 2.8 with Corollary 1.9, we have:

Corollary 2.10. OR(n, k) = (E(J},),q), for all a € Ji \ Jy.

Before we present our description of the maximal subsemigroups of the ideals
of OR,,, we prove the following result:

Lemma 2.11. Let S be a maximal subsemigroup of OR(n, k) containing at
least one orientation-reversing transformation of rank k. Then S = J{HS®" |
aeSNOP,}.

PROOF. Let ao € S. As clearly OR(n,k — 1) C S, it suffices to consider a €
Jy. Take B € HO™» and suppose that 3 ¢ S. Hence, by the maximality of S, we
have OR(n,k) = (S, 8). Let ¢ € E(Jg). Then, there exist t > 0, rg,71,...,7¢ >0
and aq,...,a; € S such that ¢ = ™18 as--- B 1y B™. As aH S, it follows
that 7 = a™ a0 as - - a"taza”He. Furthermore, 7 € S. Now, since ¢ is a
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power of 7, it follows that also € € S. Thus E(Jg) C S. Since S also contains an
orientation-reversing transformation of rank k, by Corollary 2.10, we have S =
OR(n, k), a contradiction. Therefore HO®» C S. This shows that HO®R» C S
for all a € S, ie. J{HSR" | @ € S} C S and thus J{HOR" |a € S} = S.
Since each H-class of OR,, contains an orientation-preserving transformation, we
obtain S = (J{HS®" | a € SN OP,}, as required. O

In general, if S’ is a subsemigroup of OP(n, k) containing OP(n, k —1), then
(using an argument similar to that considered in the proof of Lemma 1.12) it
is easy to show that S = [J{HS®" | a € S’} is a subsemigroup of OR(n, k).
Furthermore, if S” C OP(n, k) then also S € OR(n, k). In fact, in this case, by
Corollary 1.9, there exists ¢ € E(J;,) such that e ¢ S’. It follows that HOR»NS'=()
and so also € ¢ S.

Finally, we have:

Theorem 2.12. Let n > 4 and 3 < k < n — 1. Let S be a subsemigroup
of OR(n, k). Then, S is maximal if and only if S = OR(n,k — 1)U Jy or S =
U{HSOR" | a € S'}, for some maximal subsemigroup S’ of OP(n, k).

PRrOOF. First, let S be a maximal subsemigroup of OR(n, k) and suppose
that S # OR(n,k — 1)U J,. Then S must contain an orientation-reversing trans-
formation of rank & and so S = J{HS®R" | a € SN OP,}, by Lemma 2.11.
Clearly, S N OP,, is a proper subsemigroup of OP(n,k), whence there exists a
maximal subsemigroup S’ of OP(n, k) such that SN OP,, C S’. Then, as in the
proof of Lemma 2.11, [ J{HOR" | a € S’} is a proper subsemigroup of OR(n, k)
and, as it contains S, it follows that S = [ J{HSR" | a € S’}, by the maximality
of S.

Conversely, if S = OR(n,k — 1) U J, then S is a maximal subsemigroup of
OR(n, k), by Corollary 2.9. Hence, let us suppose that S = J{HI®" | a € S'},
for some maximal subsemigroup S’ of OP(n, k). Then, by the above observation,

S is a proper subsemigroup of OR(n, k). Moreover, S must contain an orientation-
reversing transformation of rank k. Let S be a maximal subsemigroup of OR(n, k)
such that S C S. Then S also contains an orientation-reversing transformation of
rank k and so, by Lemma 2.11, § = [ J{HSR" | « € SNOP,,}. On the other hand,
S CSNOP, CSNOP, C OP(n, k), whence S’ = SNOP,, = SNOP,, by the
maximality of S’. It follows that S = S and thus S is a maximal subsemigroup
of OR(n, k), as required. ]
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