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Nonexistence of linear operators extending
Lipschitz (pseudo)metrics

By DUSAN REPOVS (Ljubljana) and MICHAEL ZARICHNYI (Lviv and Rzesz6w)

Abstract. We present an example of a zero-dimensional compact metric space X
and its closed subspace A such that there is no continuous linear extension operator for
the Lipschitz pseudometrics on A to the Lipschitz pseudometrics on X. The construction
is based on results of A. Brudnyi and Yu. Brudnyi concerning linear extension operators
for Lipschitz functions.

1. Introduction

The problem of extensions of metric has a long history. Hausdorff was the
first to prove that any continuous metric defined on a closed subset of a metri-
zable space can be extended to a continuous metric defined on the whole space.
BESSAGA [5], [6] considered the problem of existence of linear extension operators
for metrics and provided a partial solution of this problem. The problem was
completely solved by BANAKH [3] (see also a short proof in [17]).

The problem of extending Lipschitz and uniform (pseudo)metrics was con-
sidered in [11]. It is well-known that any Lipschitz pseudometric defined on a
closed subset of a metric space admits an extension which is a Lipschitz pseudo-
metric defined on the whole space. Recently, an extension operator for Lipschitz
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and uniform pseudometrics was constructed in [4] which preserves the Lipschitz
norm and has many nice properties.

In the present paper we shall consider the problem of existence of linear
extension operators for Lipschitz pseudometric. To the best of our knowledge,
no affirmative results are known in this direction. Our goal is to construct a
counterexample, i.e. show that there exists a subset of a zero-dimensional compact
metric space for which there is no such extension operator (recall that a space
is zero-dimensional if its topology possesses a base consisting of sets which are
open and closed). The example is based on results from [7] concerning the linear
extension operators for Lipschitz functions.

Note that conditions for existence of extensions of continuous functions are
often equivalent to those for existence of extensions of continuous pseudometrics
(cf. e.g. [1], [2], [12], [13]). It turns out that in the case of linear extension opera-
tors, one is able to procede at least in one direction, namely from pseudometrics
to functions.

2. Preliminaries

Let (X, 0) be a compact metric space. Given a subset A of X, a pseudomet-
ric d on A is said to be Lipschitz if there exists C' > 0 such that

d(z,y) < Co(w,y) forany z,y € A.

Next, amap f: X — Y, where (Y, d) is a metric space, is called C-Lipschitz,
C >0, if
d(f(z), f(y) < Co(z,y) for every z,y € X.

If the knowledge of C' is not important, we shall use the term “Lipschitz
map” instead of “C-Lipschitz map”.

The set of reals R is endowed with the standard metric |z — y|. A bijective
map f of metric spaces is said to be bi-Lipschitz if both f and f~! are Lipschitz.
Metric spaces are called bi-Lipschitz equivalent if there exists some bi-Lipschitz
map between them.

Until the end of this section, A will denote a nonempty closed subset in a
compact metric space (X, p). Denote by PMy;,(A) (resp. Mrip(A), Crip(A4))
the set of all Lipschitz pseudometrics (resp. metrics, functions) on A. The set
PMurip(A) (resp. CLip(A)) is a cone (resp. linear space) with respect to the
operations of pointwise addition and multiplication by scalar.
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We endow P M, (A) with the norm [|- [|p a4y, (4) Which is defined as follows:

d(zx,
P rtes, ) = sup{ (@.9) |, 2 y}

o(z,y)
and we put on Cri,(A) the seminorm || - [|¢,. () which is defined as follows:
[f(z) = f(y)l }
p(A) = SUp § "2 |
Il =sup {HE=L0 o2
(in the sequel, we shall abbreviate || - [|paq.,, 4y and || - [[eg,, ) By || - [|4)-

We say that a map u: PMy;p(A) = PMurip(X) is an extension operator for
Lipschitz pseudometrics if the following holds:

(1) w is linear, i.e.
u(dy + dz) = u(dy) + u(dsz), u(Ad) = Au(d)
for every di,ds € PMpip(A4), A € Ry);
(2) u(d)|(A x A) =d, for every d € PMuyip(A); and
(3) w is continuous in the sense that
[[ull = sup{{u(d)]|x [ l|d]la <1} s finite.

This definition is a natural analogue of that introduced in [7] for the exten-
sions of Lipschitz functions. The following notation was introduced in [7]:

AA, X) = inf{||u|| | u is a linear extension operator from Cr,i,(A) to Crip(X)}.
Similarly, we define
A(A, X) =inf{|Ju|| | v is a linear extension operator PMuy;,(A4) = PMyip(X)}.
It can be easily proved that
AX) =sup{A(A, X) | AC X}
is a bi-Lipschitz invariant of a metric space X, i.e.

A(Y) = A(Y’") whenever Y and Y’ are bi-Lipschitz equivalent.

3. Auxiliary results

Given a metric space X = (X,d) and ¢ > 0, we denote the metric space
(X, cd) by eX.

Lemma 3.1. For a metric space (X,d), S C X, and ¢ > 0, we have
AeS, eX) = A(S, X).
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PROOF. Let ¢ € Crip(cS) and [|¢||cs = K. Then ¢ can also be considered as
an element of Crip(S) with ||p||ls = K/c. There exists an extension ¢: X — R of
¢ with ||@]|lx < (KA(S,X))/c. Considering ¢ as an element of Cr;,(cX), we see
that ||@]lex < (KA(S,X)). Therefore A\(cS,cX) < A(S,X). Arguing similarly,

one can prove also the opposite inequality. O

Lemma 3.2. Let a metric pair (S, X1) be a retract of a metric pair (S, X)
under a 1-Lipschitz retraction. Then A(S1, X1) < A(S, X).

PROOF. Let r: X — X; be a 1-Lipschitz retraction such that r(S) = S;.
Given a Lipschitz function f: S; — R, we see that fo(r|S) is a Lipschitz function
on S with ||f o (r|S)|ls = ||f|ls,- There is an extension g: X — R of f o (r|S5)
with [|g|lx < A(S, X)||f o (r|S)||s. Then g|X; is an extension of f over X; with
g1 X1 llx, < ACS, X1 fs, - O

Proposition 3.3. Let S be a closed subset of a compact metric space X
with |S| > 2. Then the following are equivalent:

(1) there exists a continuous linear extension operator

PMLip(S) — PMLip(X);

and

(2) there exists a continuous linear extension operator
MLip(S) — MLip(X).

PRrROOF. (1)=(2). Let u: PMyip(S) — PMyip(X) be a continuous linear
extension operator.

Note first that there exists § € PMy;p(X) such that §(x,y) = 0 if and only
if (z,y) € (S xS)UAx (by Ax we denote the diagonal of X). In order to
construct g, consider for any ,y € X \ S with  # y, the pseudometric ggy on
S U{z,y}, defined by

sz|(s X S) =0, me(xay) = me(il,',s) = sz(yvs) =1

for any s € S. Denoting by d the original metric on X we see that

(1/d(z,y))d(z,y),
1< (1/d(z,S))d(x, s),

1< (1/d(y, 5))d(y, s)

Oxy (x, y) 1

0uy(T,5)

Oxy (y, 5)
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for any s € S. Therefore, o,y is a Lipschitz pseudometric with the Lipschitz
constant

max{1/d(z,y),1/d(z,S),1/d(y,S)}.

By a result of LUUKKAINEN [11, Theorem 6.15], there exists a Lipschitz pseudo-
metric g, on X which is an extension of gy .

There exist (necessarily disjoint) neighborhoods U,, and V., of = and y
respectively, such that 9., (z',y’) # 0, for every 2’ € U,, and ¢y € V. The
family

{Uny X Vay [ 2,y € (X\5) x (X\5))\ Ax}

forms an open cover of (X \ S) x (X'\5))\ Ax and, by separability of the latter
set, there exists a sequence (z;,y;) in (X \S) x (X \S)) \ Ax such that

U{Uiys X Vs |1 € N} = (X \ 8) x (X \5)) \ Ax.

f: 0
BTy

2 nglyl ||X

Let

Then, obviously, § € PMyp(X) is as required.

Now define an operator @: Mrp(S) = Muyip(X) as follows. Let zg,y0 € S,
xo # yo. Let 4(d) = u(d) + d(xo,y0)d, for any § € Mrip(S). We leave it to the
reader to easily verify that 4 is indeed a continuous extension operator.

(2)=(1). We are going to show that Mz, (5) is dense in PMz;p(S). Let
e > 0. Given p € PMy;,(S), we see that g1 = ¢+ ed’, where d’ is the original
metric on S, is an element of My,;,(S) with ||o — 01]|s < €.

Let u: Mpip(S) — Mrip(X) be a continuous linear extension operator.
Since My,ip(S) is dense in PMy;,(S) and the space PMy,(X) is complete,
there exists a unique continuous extension @: PMyip(S) — PMurip(X) of w.
Obviously, @ is a continuous linear extension operator. (Il

4. The main result

The following is the main result of this paper.

Theorem 4.1. There exists a closed subspace A of a zero-dimensional com-
pact metric space X for which there is no extension operator for Lipschitz pseu-
dometrics.
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PROOF. We first recall some results from [7]. Let Z} (1) stand for Z"N[-1, 1"
endowed with the ¢;-metric. It was proved in [7, Lemma 10.5] that there exists
c1 > 0 satistying the following condition: For any natural n there exists an integer
I(n) > 0 and a subset Y,, C Z}(l(n)) such that

A(Ya, Z1 (1(n))) = erv/n. (4.1)

X = (H @Z?(Mn))) [~

n=1

Let

where ~ is the equivalence relation which identifies all the origins, be the bouquet
of the spaces Z7(I(n)), n € N. We naturally identify every

1
nl(n)

7' (l(n)), mneN,

with its copy, which we denote by X,,, in X. The space X is endowed with the
maximal metric g inducing the original metric on X, for every n € N. Obviously,
X is a compact metric space. One can easily see that X is zero-dimensional.
Let
Sn:LYnCXn, n € N.
nl(n)

Suppose that there exists an extension operator u: PMrpip(S) — PMuyip(X),

S:<ﬁ5n>/~cX.

By Crip(X,0) (resp. Crip(S,0)) we denote the set of functions from Cr;p(X)
(resp. CLip(S)) that vanish at 0 € X and by Cfip(X7 0) (resp. Cﬁrip(S, 0)) we
denote the set of nonnegative functions from Cr,;p (X, 0) (resp. Crip(S,0)).

For any z € S\ {0}, we denote by f,: S — R the function defined as follows:

where

fe(x) =1and f,(y) =0, whenever y # x.

Then f, € Cffip(S, 0) and the collection {f, | x € S\ {0}} forms a Schauder basis
for CLip (S, 0)
For any = € S\ {0}, let m(fy): S xS — R be defined as follows:

m(fa)(y, 2) = [f2(y) — fz(2)].

Then, clearly m(f;) € PMuyip(S) and the assignment

fo = mlfa), @€ S\{0},
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extends to a linear operator m: Cﬂ'ip(S, 0) = PMuyip(S) by the formula

m Z agfe | = Z azm(fz).

ze5\{0} 2S5\ {0}

Ifh e Cﬂ'ip(S,O)7 define v(h)(y) = u(m(h))(y,0), for any y € X. If h €
Crip(S,0), we represent h as h = hy — ha, where hy, hy € C]fip(S, 0), and define
v(h) = v(h1) — v(ha). One can easily see that then v(h) is well-defined.

If h € Crip(S), then h—h(0) € Crip(S,0) and we put v(h) = v(h—h(0))+h(0).
By a direct verification we show that v: Crip(S) — Crip(X) is a linear extension
operator with ||v|| < co. Therefore A(S, X) < co.

For every n, denote by r,: X — X, the retraction that sends the comple-
ment of X, to 0 € X,,. Then evidently, r, is a 1-Lipschitz retraction, r,(S) = S,
and, by Lemma 3.2, A(S,,, X,,) < A(S, X). This obviously contradicts the inequ-
ality (4.1). 0

It follows by Proposition 3.3 that for the subset S of the space X from the
proof of Theorem 4.1 there is no continuous linear operator extending Lipschitz
metrics.

5. Epilogue

One can follow the proof of Theorem 4.1 and conjecture that A(S, X) < oo,
whenever A(S, X) < oo, for any subset S of a metric space X. Actually, the
following question arises:

Question 5.1. Are the numbers A(S, X) and A(S, X) always equal?

We conjecture that the answer is affirmative. However, if this is not the
case, then one can ask for a pseudometric analogue of any result concerning
linear extensions of Lipschitz functions. As an example, we formulate the following
question inspired by results from [9].

Question 5.2. Let (X,d) be a metric space and w: Ry — R, be a concave
non-decreasing function with w(0) = 0. The function d,, = wod is a metric on X.
Are the properties A(X,d,) < oo and A(X,d) < oo equivalent?

It was proved in [15] that there exists a linear operator which extends partial
pseudometrics with variable domain. The following question is, in some sense, a
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strengthening of Question 5.1. Given a compact metric space X, we let
PMyip = U{PMLip(A) | A is a nonempty closed subset of X}.
One can endow PMy;, with the following metric, D:
D(o1, 02) = inf{||g1 — 02]|x | &; is a Lipschitz extension of g;}.

Question 5.3. Suppose that for a metric space X, A(X) < oo. Is there a
continuous linear extension operator for partial Lipschitz pseudometrics on X,
ie. a map u: PMriyp, — PMiip(X) which is continuous with respect to the
metric D and whose restriction onto every PMy,;,(A), where A is a subset of X,
is linear?

Note that the question which corresponds to the one above for the case of
partial Lipschitz fuctions is also open - see [10] for the results on simultaneous
extensions of partial continuous functions.

Question 5.4. The space PMu;p(X) can also be endowed with the topologies
of the uniform and pointwise convergence. Are there linear continuous extensions
operators from P My, (A) to PMuyip(X), where A is a subset of X, which are
continuous in these topologies?

We denote the set of all Lipschitz ultrametrics on a subset Y of a zero-
dimensional metric space by UMy, (Y). It was proved in [16] (see also [14]) that
there exists a continuous extension operator that extends ultrametrics defined on
a closed subspace of a zero-dimensional compact metric space and preserves the
operation max.

Question 5.5. Given a subset A of a zero-dimensional metric space X, is there
a continuous extension operator for Lipschitz ultrapseudometrics u: UMz, (A) —
UMurip(X) which preserves the operation max (is homogeneous)?
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