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Weighted Ostrowski, Ostrowski-Griiss and Ostrowski—Cebysev
type inequalities on time scales

By ADNAN TUNA (Nigde), YONG JIANG (Nanjing) and WENJUN LIU (Nanjing)

Abstract. In this paper we derive some weighted Ostrowski, Ostrowski-Griiss and
Ostrowski—Cebysev type inequalities on time scales. We also give some other interesting
inequalities on time scales as special cases.

1. Introduction

In 1938, Ostrowski derived a formula to estimate the absolute deviation of
a differentiable function from its integral mean [28], the so-called Ostrowski ine-
quality, which can also be shown by using Montgomery identity [26]. In 1997, by
combining Montgomery identity and Griiss’s integral inequality, DRAGOMIR and
WANG [12] proved the following Ostrowski—Griiss type integral inequality, which
is a connection between Ostrowski’s inequality and Griiss’s inequality.

Theorem A. Let f : [a,b] — R be continuous on [a,b] and differentiable
on (a,b) such that there exist constants v,I' € R, with v < f/(x) < T, x € [a,}].
Then, for all x € [a,b], we have

|f(x)—w(x—a+b> S /abf(t)dt

2 b_a < i(b—a)(F—v). (1.1)
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In [11], DRAGOMIR and BARNETT pointed out a new estimation on the left
hand side of (1.1) as follows.

Theorem B. Let f : [a,b] — R be continuous on [a,b] and twice differenti-
able on (a,b), whose second derivative f” : (a,b) — R is bounded on (a,b). Then
we have

f(m>—M(x—“+b) N /abfu)dt

2 b—a

+i (b—a)* (1.2)

< =
- 12

o wa 1
2

for all z € [a,b], where M = sup,_,; |f"(t)] < oo.

Recently, AHMAD et. al [2] developed some new Ostrowski and Cebysev type
inequalities involving two functions, by using an identity of DRAGOMIR and BAR-
NETT proved in [11]. In [35], TSENG, HWANG and DRAGOMIR established the
following generalizations of weighted Ostrowski type inequalities for mappings of
bounded variation.

Theorem C. Let us have 0 < o < 1, g : [a,b] — [0,00) continuous and
positive on (a,b) and let h : [a,b] — R be differentiable such that h'(t) = g(t) on
[a,b]. Let c=h'((1—%)h(a) + Sh(b)) and d = h=' (Sh(a) + (1 — Z)h(b)). Let
f :[a,b] = R be a mapping of bounded variation. Then, for all x € [c, d], we have

b b b
J L R W CLU R AV L)

2 a
where
. b
l1-a g(t)dt+‘h(fﬂ)w 7 0§a§1,
2/, 2 2
1-— b h h(b b
max{2a/ g(t)dt+‘h(x)—(“);() , %/ g(t)dt},
K= a o (1.4)
5 <a< g,
b
o 2
a Z<a<
2/11 g(t)dt, 3_a_1

and \/Z(f) denotes the total varfiation of f on the interval [a,b]. In (1.4), the
constant 1_?’1 for 0 < a < L and the constant %for % < « < 1 are the best

2
possible.
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The theory of calculus on time scales was initiated by HILGER [13] in 1988 in
order to unify continuous and discrete analysis, and it has a tremendous potential
for applications in some mathematical models of real processes and phenomena
studied in population dynamics [4], economics [3], physics [34], space weather [17]
and so on. Since then, many authors have studied the theory of certain integral
inequalities on time scales (see [7], [8], [9], [10], [15], [18], [19], [20], [21], [22],
[23], [24], [27], [29], [30], [31], [32], [33], [36], [38]). For example, by using the
Montgomery identity on time scales;, BOHNER and MATTHEWS [8] established
the following Ostrowski inequality on time scales which unify discrete, continuous
and many other cases.

Theorem D. Let a,b,s,t € T, a < b and f : [a,b] — R be differentiable.
Then

M
b—a

1 b
‘f(t)—b_a | Hol)as] < () +halth),  (15)

where hs(-,-) is defined by Definition 8 below and M = sup,,.; |f2(t)| < oo.
This inequality is sharp in the sense that the right-hand side of (1.5) cannot be
replaced by a smaller one.

Recently, KARPUZ and OzKAN [15] generalized Ostrowski’s inequality and
Montgomery’s identity on arbitrary time scales by the means of generalized poly-
nomials of arbitrary order on time scales. By introducing a parameter, L1U, NGO
and CHEN [24] also extended a generalization of the above inequality on time
scales. In [20], L1U and NGO derived an inequality of Ostrowski-Griiss type on
time scales by using the Griiss inequality on time scales. Then, NGO and LIU
[27] gave a sharp Griiss type inequality on time scales and applied it to the
sharp Ostrowski-Griiss inequality on time scales. Motivated by the ideas in [8],
[24], [27], [37], TuNA and DAGHAN [36] studied generalizations of Ostrowski and
Ostrowski—Griiss type inequality on time scales. More recently, Liu, TUNA and
JIANG [25] derived a weighted Montgomery identity on time scales and then estab-
lished weighted Ostrowski type, Trapezoid type, Griiss type and Ostrowski-Griiss
like inequalities on time scales, respectively.

Motivated by the above research, the purpose of this paper is to obtain
weighted Ostrowski, Ostrowski-Griiss and Ostrowski-Cebysev type inequalities
on time scales. We also give some other interesting inequalities on time scales as
special cases.

This paper is organized as follows. In Section 2, we briefly present the general
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definitions and theorems related to the time scales calculus. The weighted Ost-
rowski, Ostrowski-Griiss and Ostrowski-Cebygev type inequalities on time scales
are derived in Section 3.

2. Time scales essentials

In this section we briefly introduce the time scales theory. For further details
and proofs we refer the reader to HILGER’s Ph.D. thesis [13], the books [5], [6],
[16], and the survey [1].

Definition 1. A time scale T is an arbitrary nonempty closed subset of R.

We assume throughout that T has the topology that is inherited from the
standard topology on R. It also assumed throughout that in T the interval [a, b]
means the set {t € T : a <t < b} for the points a < b in T. Since a time scale
may not be connected, we need the following concept of jump operators.

Definition 2. For t € T, we define the forward jump operator ¢ : T — T by
o(t) =inf{s € T : s > t}, while the backward jump operator p: T — T is defined
by p(t) =sup{s € T: s < t}.

The jump operators o and p allow the classification of points in T as follows.

Definition 3. If o(t) > t, then we say that t is right-scattered, while if p(t) < ¢
then we say that ¢ is left-scattered. Points that are right-scattered and left-
scattered at the same time are called isolated. If o(t) = ¢, then ¢ is called right-
dense, and if p(t) = ¢ then ¢ is called left-dense. Points that are both right-dense
and left-dense are called dense.

Definition 4. The mapping y : T — RT defined by u(t) = o(t) — t is called
the graininess function. The set T* is defined as follows: if T has a left-scattered
maximum m, then T¥ = T — {m}; otherwise, T* = T.

If T =R, then pu(t) = 0, and when T = Z, we have u(t) = 1.

Definition 5. Let f: T — R. f is called differentiable at ¢t € T*, with (delta)
derivative f2(t) € R, if for any given £ > 0 there exists a neighborhood U of ¢
such that

[f(o(t)) = f(s) = fAWo(t) = sl <elo(t) —s|, VseU.

If T =R, then f2(t) = L0 and if T = Z, then f2(t) = f(t + 1) — f(t).
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Theorem E. Assume f,g : T — R are differentiable at t € T*. Then the
product fg: T — R is differentiable at t with

(f9)2(t) = F2)g(t) + f(a(1)g™(t) = F(t)g™(t) + F2(t)g(o (1))

Definition 6. The function f : T — R is said to be rd-continuous (denote
f € Crq(T,R)), if it is continuous at all right-dense points ¢ € T and its left-sided
limits exist at all left-dense points ¢t € T.

It follows from [5, Theorem 1.74] that every rd-continuous function has an
anti-derivative.

Definition 7. Let f € Crq(T,R). Then F': T — R is called the antiderivative
of f on T if it satisfies F2(t) = f(t) for any t € T*. In this case, we define the
A-integral of f as

/tf(s)As =F(t)— F(a), teT.
Theorem F. Let f, g be rd-continuous, a,b,c € T and o, 8 € R. Then
1) [, lof(0)+Bg(®) At = a [} F()AL+5 [ g(t) At
2) [V f(t)At = — [ f(t)At
3) [P f(t)At = fcf(t)At EIONY
1) [} 1™ (0AL = (f9)(b) ~ (f9)(a) = [} FA(Dg(o (D) AL,
Theorem G. If f is A-integrable on [a, b], then so is |f|, and

/ " foar < / o

Definition 8. Let hy : T?> = R, k € Ny be defined by

(
(
(
(

ho(t,s) =1 forall s,t €T
and then recursively by

t
hit1(t,s) = / hi(7,s)Ar  for all s,t € T.

3. Main results

Theorem 1. Let 0 < k < 1, g : [a,b] — [0,00) be rd continuous and
positive and h : [a,b] — R be differentiable such that h®(t) = g(t) on [a,b].
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Let a,b,t,z € T, a < b and f : [a,b] — R be twice differentiable. Then for all
x € [a,b], we have

(1—a)2f(x)+a(1—a)f(a);f(b) 2f;fA (/WxtAt)
1 b b
] W(a:,t)At> ( g(t)fA(a(t))At>
(fab g(t)At) </a /a
l-«a b
“Toa | s snar
b b
M [ [ el dsar, )

S ——
(ffg(t)At) a Ja

where M = sup,<, o, | 42 (t)] < oo and

Wiz, t) = {h(t) - <<1 B %) h(a) + %h(b)> , a<t<u,

nt) - (Shi@)+ (1= 2)hw) . e <i<b (3.2)

ProOF. Using item (4) of Theorem F and (3.2), we have (see also [25])

f@+f) | 1-a
2 b
I, g(t)At

11—« b
+ ff g(t)At/a Wz, t)f2(t)At, (3.3)

(1-a)*f(z) = —a(l - o)

/ o(t) F(o(t) At

and

A a A b
1020 = a2 et

b
+ fbg(lt)At / W(t, ) FA% (s) As. (3.4)

Substituting (1 — ) f2(t) in (3.4) into the right hand side of (3.3), we obtain

- o) = -~ LY S 20
(1 - ) f(@) = (i — )1 2” (/W )
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i {[neos) ([

o [ s

+W / b / W W (8 PO (s)AsAL (3.5)
> o Ja

From (3.5) and using the properties of modulus, the inequality (3.1) is proved. [

+

Corollary 1. In the case of T =R in Theorem 1, we have

a2 ()t o] — oL@+ F(O) af()+f .
(I=a) f(z) +a(l—a) 5 + 2 P o0t </W t)dt)

b b N b
_(fb(l))2 </ W(x’t)dt> </ g(t)f/(t)dt> o J. 10
. 9(t dt a a N o

b b
5%/ / [W (2, 1)| [W(t, s)| dsdt,

( IN g(t)dt)

where g(t) = h'(t) on [a,b], M = sup,<,, | f"(t)| < oo and

ot h(t) — (S - %) hla Zgh(b)) Ca<t<u,
no) — (Sha) + (1= 5)Aw), w<t<o

Corollary 2. In the case of T = 7Z in Theorem 1, we have

a b A A
(1 - a)?f@) + (- )OI ;"(Z,ff (Zwm>

b—1

_1<Zw<x,t>><zg<mf<t+1> Ebl Zg
t t a

t=a t=a

b—1b—-1

(Zf 1g(t )2;;1”/96 )| [W(t, s)|,

/\
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where g(t) = h(t + 1) — h(t) on [a,b— 1], M = sup,<,, | A?f(t)| < 0o and

h(t) — ((17%) h(a)Jr%h(b)), a<t<az—1,

h(t) — (%h(a) n (1 - %) h(b)), s<t<b—1.

W(x,t) =

Corollary 3. In the case of T = ¢*U{0}(q > 1) in Theorem 1, we have

(1 - a)?f(2) + a(1 — )LD LSO | [ Daf(@) +Df (/Wxtdt)

2 2 [V gt
W (/ab W(Zf,t)dqt> (/a g(t)qu(qt)dqt>
—M/abg(t)f(qt)dqt < (fbgz‘jw/ab/ab|vv(x,t)||w(t, s)| dgsdyt,

where g(t) = (Dgh)(t) on [a,b] and M = sup,<,.;, |(D2f)(t)| < oo. Here, for
s,t € ¢ U{0} with t > s, we have

log,(t/q)

flat) -
0,00 = IO a [amam=ta-1 Y e
(¢—1)t _
t=log,(s)
where we adopt the convention that log,(0) := —oc and log,(00) := oo (see [14]).

Remark 1. In the case of « = 0 and h(t) = t, Corollary 1 reduces to
Theorem B.

Theorem 2. Let 0 < k < 1, g : [a,b] — [0,00) be rd continuous and
positive and h : [a,b] — R be differentiable such that h™(t) = g(t) on [a,b]. Let
a,bt,x € T, a<band f: [a,b] = R be differentiable. Then for all x € [a,b], we
have

1) - f(a) [* L
O [wieoar— 2 [atsaons
S[_G/WzmtAt—( /WxtAt)
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e
where . )
W(x,t) = Al) = <S B 5) h{a) —;Zh(b)> , a<t<uw,
h(t) — (§h(a) + (1 - 5) h(b)) e <t<b

PrROOF. We have

Wz, t)f2(t) At — ! W (z,t)At ! )AL
_a/ (b— / ) < —a/ )
- 2o / / (5) (FA(8) — F2(s)) AtAs. (3.7)

We also have

/ W) fA (A

b b
—|[a- s+ O] Pomac- [Catsemac @)

" *’ £(8) ~ f(a)
A - — a
b_a/a rAmar=T0=19, (3.9)
Using the Cauchy-Schwartz inequality, we may write
— / / ) (F2(0) — F2(9) AtAs
< ( / / (z,t) — W(x,s) AtAs)
b—a)
( T / / (f2@) AtAs) : (3.10)
However

" // 5))2 AtAs
:b—a/a W2(x,t)At — (bia/abW(x,t)Atf,
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and

e // (f2@) ? AtAs
:bia/ (F2) At—( /fA At) .

Using (3.7)-(3.12), we obtain the inequality (3.6).

Corollary 4. In the case of T = R in Theorem 2, we have

b i p [(1 —a)f(z) + ozf(a);rf(b)} /abg(t)dt

f) = f(a) (" L
LOLD [Cwiena- 1 [ s
< {bla/abWQ(x,t)dt— (bla /abW(a:,t)dt> }

’ [bia/ab(f/(t))zdt_ (f(bi)):i(a)fr7

where g(t) = h/(t) on [a,b] and

W(z,t) = we) - <S - %) h(a) -;;h(b)) , a<t<uwm,
h(t) — <§h(a) + (1 - 5) h(b)) Cr<t<bh

Corollary 5. In the case of T = Z in Theorem 2, we have

b—1
e (R PG
f(b) ~ f(a) S~ s
(b —a)? ; —a Zg
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b—1 2 %
9 [bfaszwf— G ] ,

t=a

where g(t) = h(t + 1) — h(t) on [a,b — 1] and

ot {h(t) -((r-%) h(la)zgh(b)) Ca<i<o_1,

h(t)f(%h(a)Jr( 2)h(b)), r<t<b-1.

Corollary 6. In the case of T = ¢ZU{0}(q > 1) in Theorem 2, we have

o[- ol HOT Py,

b
a

f) = fla) !
W/a W (2, t)dgt — m/ 9(t) f(qt)dqt

97 %
< [bia/abwﬁ(a:,t)dqt— (b_la /:W(a:,t)dqt> ]

y [bla /ab (Dof()? dyt — (Wﬂ

where g(t) = (d4h)(t) on [a, b].

Theorem 3. Let 0 < k < 1, g : [a,b] — [0,00) be rd continuous and
positive and h : [a,b] — R be differentiable such that h®(t) = g(t) on [a,b]. Let
a,bt,x € T, a < b and p,r : [a,b] — R be twice differentiable. Then for all

x € [a,b], we have

(1 - a)?p(a)r(z)

b
S T r(z) (p®(a A z) (r®(a) + 2
+4f;g(t)At (/a Wi J)At> [r(z) (p%(a) + p= (1) + p(z) (r(a) +72(b))]

l-«o b b

SV (r(x) / 9(®p(e () At + p(a) / g(t)r(a(t))At)

a(l —a) p(a) + p(b) r(a) + r(b) 1

+ r(x) + p(z) — 5
2 ( 2 p 2 ) 5 (fabg(t)At)
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(/ met>< / g(Bp (o (1)) At +p(x)/ g(t)rA(o(t))At>

< —(|7"( )| M+ |p(z)| N) |W(x,t)| |W(t,s)| AsAt, (3.11)
Q(fagt ) +P //

where M = sup,<,; [p*2 (1) < 00, N = sup,< o [r22(t)] < 00, and

Wiz, t) = {h(t) B ((1 - %) h(a) + %h(b)> , a<t<u,

h(t) — (%h(a) + (1 - %) h(b)) , z<t<b.

PROOF. We have

2 P (a) +p20) [ [ p(a) + p(b)
(1—a)p(x) + QQIT (/a W(m,t)At) +a(l —a) )

)</WMMAQ</ g(t)p (UMO
i [

(m)/ / Wl 22
.9 t)At a
and
2 r2(a) 4+ r2(b) b r(a) + r(b)
(1 — O() T(,ZU) + QW (L W(x,t)At) —+ Oé(l — a) 5

)(/WMMAQ</ a(t)r <qu
AL

:(f;g(t)Atf/ /a W (z, t)W (t,s)r™2 (s)AsAt (3.13)
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Multiplying both sides of (3.12) and (3.13) by r(x) and p(z) respectively,
adding the resultant identities and rewriting, we have:
2(1 - a)?p()r(x)
@
T
2 fa g(t)At

b
< / Wz, t)At) [r(z) (p™(a)+p= (b)) +p(x) (r*(a) + ()]

11—« b b
- ot ('f(x) / g(t)p(o(t) At + p(x) /a g(t)r(a(t))At)
pla) +p(b) r(a) + r(b) 1
toll ~a) (r(x) y Tre)T ) ) (fbg(t)At)2

b b b
x ( / W(sc,tmt) <r<x> / o> (0(D)AL + plx) / g(t)r%a))m)

= W <r(m) /b /b Wz, t)W (t,s)p™2(s)AsAt
Yy a Ja

b b
er(x)/ / W(:E,t)W(t,s)rAA(s)AsAt>.

Using properties of the modulus, we get (3.11). O

Corollary 7. In the case of T =R in Theorem 3, we have

(1 - a)?p(z)r(z)

[0
T
4 [ g(t)dt

11—« b b
- m (T(I) /a g(t)p(t)dt + p(x) /a g(t)r(t)dt>

a(l —a) p(a) + p(b) r(a) +7(b)
+ 5 (T(:E) 5 5 )

1 b o .
_ W ( /a W(a:,t)dt> <r(x) /a g(t)p' (t)dt +p(x) /a g(t)r (t)dt)

1

S——0
2 (jfg(t)dt)

b
( / W(x»t)dt> [r(z) (¢'(a) + /(b)) + p(z) ('(a) + r'(D))]

+ p(x)

b b
(Ir(2)| M + p(z)| N) / / W (2, £)] [W (£, 5)| dsdt,
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where g(t) = h'(t) on [a,b] and M = sup [p”(t)] < oo, N = sup |r"(t)| < oo,
and a<t<b a<t<b

nt) - ((1=5)h@ + Sa0), a<t<w,
_ 2 2
W(z,t) = o N
h(t) — <§h(a) + (1 — 5) h(b)) , x<t<b.
Corollary 8. In the case of T = 7Z in Theorem 3, we have

(1 - a)?p(z)r(z)

b—1
SErT (ZW 1) ) ) (Ap(a) + Ap(b)) + p(w) (Ar(@) + Ar())]

1—a - b—1
_ 2725;1 0 <r(m)§g(t Zg r(t+1 >
a(l —a) (a) + p(b) r(a) + r(b) 1
+ = (r(x)pr +p(a) = ) -

2 (02t o)
b—1 b—1
x(ZW(m,t))( )> gO)Ap(t + 1) +p(x Zg Art—i—l)’

t=a

b—10b-1
< — s ()| M @) N) 3 W G, ) W )],
2 (X2 9) e

where g(t) = h(t+ 1) — h(t) on [a,b — 1],

M = sup ‘AQ ’ <oo, N = sup ‘AQT(t)’ < 00,
a<t<b a<t<b

and

h(t) — ((1 - g) h(a) + gh(b)) , a<t<ax—1,
_ 2 2
W(x,t) = o N
-5 - = <t<b-—1.
n) - (Sh@+ (1-5)h), w<t<b-1
Corollary 9. In the case of T = ¢*U{0}(q > 1) in Theorem 3, we have

(07

(1 - a)?*p(z)r(z) +

( / Wz, t)d t) 4p(a) + Dyp(b)) + p(x) (Dyr(a) + Dyr(8))]
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_ b b
_ 1 @ (r(m)/ p(gt)dgt + p(x / g(t qtdt)
2fa g(t)dqt a a

(- E= CRWRLOEL.C) -

i 2(J ote)d,t)
(/WWtw>( /<>wmmuﬂwfammwm0

<—(|r( )| M + |p(z)| N) |[W (z,t)] |W(t,s)|dgs dgt,
o [
where g(t) = (D4h)(t) on [a, b],

M= S<1il<)b| 2p)(t)| <oo and N = s;igb‘(Dgr)(tﬂ < 0.

Remark 2. In the case of a = 0 and h(t) = ¢, Corollary 7 reduces to [2,
Theorem 5].

Theorem 4. Let 0 < k < 1, g : [a,b] — [0,00) be rd continuous and
positive and h : [a,b] — R be differentiable such that h™(t) = g(t) on [a,b]. Let
a,bt,x € T, a < b and p,r : [a,b] = R be twice differentiable. Then for all
x € [a,b], we have

(1 - a)'p(z)r(z)

o

b 2
R (/ W(x,t)At) (p®(a) + (1)) (r®(a) + r2(b))
1(J7 gttyat)” \e

b r®(a) + r& Alg A
_(-a)f ( W(z,t) At)
(ffg /"
b
x@ muﬂ>/gwﬁwme

(1-
fa g(t )At

b b
(p(x) / g(B)r(a(t)At +r(x) / g(t)p(a(t))At>
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r _ollza) (
+(r®(a) + (b))/GQ(t) (o ())At> (f » At) (/a W ( t)At)

b b
. (f’“;p(b) / oOr2 e (e)ar + 0 / g(t)p%(t))m)

+ 2 0) 4 p)) (r(a) + r(8)

2 b b
T Ul i [ sopeoat [ gwremar

(fj g(t)At>2

a(l—a)? (pla) +pb) [° r(a) +r(b) [°
- fabg(t)At< 5 /ag(t)r(a(t))AHf/a g(t)p(a(t))At>

11—« b
+ 7(f: g(t)At>3 </a Wz, t)At

b b
+ / o(t)r> (o (1) At / g(t)p(a(t»m>

“ ([ wesonmwie sane) 10
. 9(t)AL @ e



Weighted Ostrowski, Ostrowski-Griiss and Ostrowski-Cebysev type. . . 97

where M = sup,<; o, [P*2(t)] < 00, N = sup, <, [r*2(t)] < oo, and

ot h(t) — (S - %) hla 23%1(6)) Ca<t<u,
no) — (Sha) + (1= S)hw), w<t<b

PrOOF. Multiplying the left and right sides of the identities (3.12) and
(3.13), we get

(1 —a)'p(z)r(z)

o L@ ArA0) | pA@) A 0)
+a(l-a) (/ w( 7t)At> <p< ) Paac HO s )

— 3 b b
- ;ig(t))At (p(w) / g(t)r(o(t)At +r(z) / g(t)p(a(t))At>

b
: T / W(z, )AL

a)
(r®(a) + r2(b)) (p(a) + p(b)))
2 b
(/ W (z,t) At) ( (p™(a) + p™ (b)) (/ g(t)rA(U(t))At>

b
+ (r%) ) ( / g(t)p%(t))m)
A

_al=za) (/WxtAt)(
+(7’A(a)+7’A(b))/ g(t)p(o ())At) L (/ W(x t)At)

‘ (f g(t At) o

p(a)+p(b)) N a?(1-
+r

b
(a) + (1)) / o(t)r(o(t)) At
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b b
. (p();p(b) | st @@ el | g(t)pA<a<t>>At>

a?(1 —a)?

7 (@) +p()) (r(a) +r(b))

m [ swwtomint [ grioana
.9 ‘ '

a(1=a)? (pla) +p(t) [* r(a)+r(®) ["
fg ( 2 [areoan T g(t)p(a(t»m>
</ W (z,t) At)
(f g(t At a
_lzae (/ WxtAt)( bg At/b ()r(o(t) At
b
+/ gty (o (>>At/ g(t)plo ())At)
1 b b
= W (z, )W (t,s) AA(s)AsAt)
(J2gat)’ </ / ’
X </b /b W(x,t)W(t,s)rAA(s)AsAt> .

Using properties of the modulus, we get (3.14).

+

b

ot ))At / (B (o) At

Corollary 10. In the case of T =R in Theorem 4, we have

2 b 2
(1—a)*p(z)r(z) + % (/ W (z, t)dt) (p'(a)+p' (b)) (r'(a) + (b))
4 (fa g(t)dt) @

of [° ' (a )+7" (b) p'(a) +p'(b)
+a(l—a) (/ W, t)dt) (p( yrta) + ) 2 ot +T(x)b)

2 fa g(t)dt

S Ty

—a)® b
R (p(x) [ e e [ g(t)p(t)dt>
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— o) (p(a) " + r() , aP@+p0)\ | o?(1-a)
ol =) (( )" 2 >+4f:g(t)dt
(/ W (x,t) dt) (@) +7(b) + (' (a) +1'(b)) (p(a) + p(b)))

b b

3 ( W (x,t) dt) ( '(a) +p' (b)) (/ g(t)r’(t)dt)
b (1 —a)
g

)2 a b) [P r(a) +r(b) [°
- f}lg(t); (p( );p( )/a g(t)r(t)dt + ( ); ()/a g(t)p(t)dt>

+ (fb(ltdt4 (/b W(x,t)dt> (/bg(t)p'(t)dt> (/bg(t)r’(t)dt>
29 @ a a
PEE L (/ W(a,t dt)

b b b b
x ( / o(t)p (1)t / g(tyr(t)dt + / o(t) (t)dt / g(t)p(t)dt>
A{Af b b 2
<—— W (x,t)| |W(t,s)| dsdt) ,
(17 gttt <//

where g(t) = h/(t) on [a,b] and M = sup [p"(t)] < 0o, N = sup |[r"(t)| < oo,
a<t<b a<t<b
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h(t) — ((1 - %) h(a) + %h(b)) , a<t<uz,

h(t) — (%h(a) + (1 - %) h(b)) , z<t<b.

Remark 3. In the case of a = 0 and h(t) = t, Corollary 10 reduces to [2,

W (z,t) =

Theorem 4].
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