Publ. Math. Debrecen
81/1-2 (2012), 103-119
DOI: 10.5486/PMD.2012.5083

On the rigidity of spacelike hypersurfaces immersed
in the steady state space H" 1!

By A. GERVASIO COLARES (Fortaleza) and HENRIQUE F. DE LIMA (Campina Grande)

Abstract. In this paper, as a suitable application of the well known generalized
Maximum Principle of Omori—Yau, we obtain rigidity results concerning to complete
spacelike hypersurfaces immersed in the half H" %! of the de Sitter space ST, which
models the so-called steady state space. Moreover, by using an isometrically equivalent
model for H™" ™, we extend our results to a wider family of spacetimes. Finally, we also
study the uniqueness of entire vertical graphs in such ambient spacetimes.

1. Introduction

In the last years, the study of spacelike hypersurfaces in the Lorentz-
Minkowski space L"*! has been of substantial interest from both the physical
and mathematical aspects. From a physical point of view, that interest is moti-
vated by their role in the study of different problems in general relativity. From a
mathematical point of view, that interest is also motivated by the fact that these
hypersurfaces exhibit nice Bernstein-type properties. For example, R. ATyAMA
in [1] and Y. L. XIN in [27] simultaneous and independently characterized the
spacelike hyperplanes as the only complete constant mean curvature spacelike
hypersurfaces in L"*! having the image of its Gauss map contained in a geodesic
ball of the hyperbolic space (see also [24] for a weaker first version of this result
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given by B. PALMER). In [6], among other interesting results, J. A. ALEDO and
L. J. ALIAS characterized the spacelike hyperplanes in L™*! as the only complete
spacelike hypersurfaces with constant mean curvature which are bounded between
two parallel spacelike hyperplanes.

As for the case of de Sitter space ST“, GODDARD in [14] conjectured that
every complete spacelike hypersurface with constant mean curvature should be
totally umbilical. Although the conjecture turned out to be false in its original
form, it motivated a great deal of work of several authors trying to find a positive
answer to the conjecture under appropriate additional hypotheses. For instance,
J. A. ALEDO and L. J. ALfas [7] showed that a complete spacelike hypersurface
in S?H such that its image under the Gauss map is contained in a hyperbo-
lic geodesic ball is necessarily compact. As an application of their result, they
also conclude that Goddard’s conjecture is true under the assumption that the
hyperbolic image of the hypersurface is bounded.

In this paper we are concerning to complete spacelike hypersurfaces immersed
with bounded mean curvature in the half #"*! of the de Sitter space S}*,
which models the so-called steady state space (cf. Section 2). The importance of
considering H"*! comes from the fact that, in Cosmology, H* is the steady state
model of the universe proposed by H. BonDI and T. GoLD [10], and F. HOYLE
[16], when looking for a model of the universe which looks the same not only at
all points and in all directions (that is, spatially isotropic and homogeneous), but
also at all times (cf. [26], Section 14.8, and [15], Section 5.2).

Related to our work, A. L. ALBUJER and L. J. AL{As [3] have proved that
if a complete spacelike hypersurface with constant mean curvature is bounded
away from the infinity of the steady state space H" !, then its mean curvature
must be identically 1. As a consequence of this result, they concluded that the
only complete spacelike surfaces with constant mean curvature in H? which are
bounded away from the infinity are the totally umbilical flat surfaces.

In [11], the second author jointly with A. CAMINHA have studied complete
vertical graphs of constant mean curvature in the hyperbolic and steady state
spaces. They first derived suitable formulas for the Laplacians of the height
function h and of a support-like function naturally attached to the graph; then,
under appropriate restrictions on the values of the mean curvature and the growth
of the height function, they obtained necessary conditions for the existence of such
a graph. Further, in the 3-dimensional case, they proved Bernstein-type results
in each of these ambient spaces.

More recently, the authors have obtained in [12] height estimates concerning
to a compact spacelike hypersurface X" immersed with constant mean curvature
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H in H™*!, when its boundary is contained into some hyperplane of this space-
time. Furthermore, they apply these estimates to describe the end of a complete
spacelike hypersurface and to get theorems of characterization concerning to spa-
celike hyperplanes in H"*1.

Motivated by the works described above, as a suitable application of the
well known generalized Maximum Principle of OMORI-YAU [22], [28], we obtain
rigidity results in the steady state space H"*!. At first, by imposing a restric-
tion on the normal hyperbolic angle of the hypersurface (that is, the hyperbolic
angle between the Gauss map of the hypersurface and the unitary timelike vector
field which determines on H"*! a codimension one spacelike foliation by hyper-
planes; see Sections 4 and 2), we prove the following (cf. Theorem 3.2; see also
Corollary 3.5).

Let ¢ : X" — H" T C S?H be a complete spacelike hypersurface bounded
away from the future infinite of H™', with bounded mean curvature H > 1.
If the normal hyperbolic angle 0 of X" satisfies coshf < infy H, then X" is a
hyperplane and its hyperbolic image is exactly a horosphere.

At this point notice that, since there is not exist complete noncompact spa-
celike hypersurfaces with constant mean curvature 0 < H < 1 in the steady state
space which are umbilical, it is natural to consider the restriction H > 1 (see
Remark 3.3). Moreover, we also observe that when X" is a compact spacelike hy-
persurface immersed with constant mean curvature H > 1 in H"*!, and with its
boundary 0¥ contained into a spacelike hyperplane of H"*!, a gradient estimate
due to S. MONTIEL (cf. [21], Theorem 7) guarantees that the normal hyperbolic
angle 0 of X" satisfies coshf < H (see Remark 3.4).

In Section 5, we reobtain that previous result in the context of the steady
state type spacetimes (see Theorems 5.1). Moreover, by applying a classical result
due to A. HUBER [17] concerned with parabolic surfaces, we also obtain another
rigidity result concerning to the 3-dimensional case (cf. Theorem 5.3). Finally,
in Section 6, we study the rigidity of entire vertical graphs in such ambient spa-
cetimes (cf. Corollaries 6.1 and 6.2).

2. The steady state space H™1?!

Let L"*2 denote the (n + 2)-dimensional Lorentz—Minkowski space (n > 2),
that is, the real vector space R"*2 endowed with the Lorentz metric defined by
n+1

(v,w) = E ViW; — Up2Wn+-2,
i=1
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for all v,w € R"*2. We define the (n 4 1)-dimensional de Sitter space ST as
the following hyperquadric of L"12

Sttt ={pe L™ (p,p)=1}.
S™! into a Lorentz manifold with constant
S;H_l

The induced metric from (,) makes

sectional curvature one. Moreover, if p € , we can put

T, (S’f“) = {v e L2 (v,p) = O} .

Let a € L"2 be a past-pointing null vector, that is, (a,a) = 0 and (a, e, 42) > 0,
where e,19 = (0,...,0,1). Then the open region of the de Sitter space S},
given by

H = {z e ST (x,a) > 0}

is the so-called steady state space. Observe that H"*! is a non-complete manifold,
being only half of the de Sitter space. Its boundary, as a subset of S’f“, is the
null hypersurface

{a: e ST (z,a) = O} ,

whose topology is that of R x S"~! (cf. [21]).

A smooth immersion ¢ : ¥ — H"*! of an n-dimensional connected manifold
3™ is said to be a spacelike hypersurface if 1 induces a Riemannian metric on %",
which as usual is also denoted by (,). In that case, there exists a unique unitary
timelike normal field N globally defined on ¥™ which is future-directed (that is,
(N, ent2) < 0). Throughout this paper we will refer to N as the future-pointing
Gauss map of ¥". The mean curvature function of a spacelike hypersurface "
is defined as 1

H= - tr(A),
where A stands for the shape operator (or second fundamental form) of X" with
respect to its future-pointing Gauss map N.
Now, we shall consider in H"*! the timelike field

K=—{(z,a)z+a.
We easily see that

VvK =—(z,a)V, YV e X(H"),

that is, K is closed and conformal field on H™ ! (cf. [18], Section 5). Then, from
Proposition 1 of [20], we have that the n-dimensional distribution D defined on
H"H by

peH" M —D(p) = {v e TL,H"; (K(p),v) =0}



On the rigidity of spacelike hypersurfaces in H" ! 107

determines a codimension one spacelike foliation F(K) which is oriented by K.
Moreover, from Example 1 of [19], we conclude that the leaves of F(K) are gi-
ven by

L, = {a? € S?H; (x,a) = T}, >0,

which are totally umbilical hypersurfaces of H"*! isometric to the Euclidean
space R™, and having constant mean curvature one with respect to the unit normal
fields

1
N.=xz—-—-a, xz€L,. (2.1)
T

Remark 2.1. An explicit isometry between the leaves £, and R™ can be found
at Section 2 of [3].

According to [3], we will say that a spacelike hypersurface ¥" in H"T! is
bounded away from the future infinity if there exists 7 > 0 such that

Y(¥) C {z € H"; (z,a) <7},

and we will say that it is bounded away from the past infinity if there exists 7 > 0
such that
Y(¥) C {z € H"; (x,a) > T}

We will say that X" is bounded away from the infinity if it is both bounded away
from the past and the future infinity. In other words, ¥™ is bounded away from
the infinity if there exist 0 < 7 < 7 such that ¢(X) is contained in the slab
bounded by £, and L.

3. Rigidity theorems in H"1t!

We observe that the Gauss map N of a spacelike hypersurface X" immersed
in the steady state space H"*! can be thought of as a map

N:¥" — H*H
taking values in the hyperbolic space

Hr ! = {x e L2 (z,2) = —1, (z,a) < O}7

where a is a non-zero null vector in L™*2, which will be chosen as in the previous
section. In this setting, the image N(X) is called the hyperbolic image of ¥™.
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Furthermore, we note that all the horospheres of H"*! can be realized in the
Minkowski model in the following way

L,= {xEH"+1; (x,a):p}, p > 0.

In this setting, we refer to the normal hyperbolic angle 6 of ¥™ as being
the hyperbolic angle between the future-pointing Gauss map N of X" and the
unitary timelike vector field v = %, where |K| = /—(K,K). In other words,
cosh = —(N,v).

In order to establish our results, we also will need the well known generalized
maximum principle due to H. OMORI and S. T. YAU [22], [28].

Lemma 3.1. Let X" be an n-dimensional complete Riemannian manifold
whose Ricci curvature is bounded from below and u : X" — R be a smooth
function which is bounded from above on ¥". Then there is a sequence of points
{px} in X" such that

lim w(py) =supw, lim |[Vu(pg) =0 and lim Au(pg) < 0.
k—o0 » k—o0 k— o0

Now, we can state and prove our first result

Theorem 3.2. Let ¢ : ¥® — H"*! be a complete spacelike hypersurface
bounded away from the future infinite of H"*t', with bounded mean curvature
1 < H < a, for some constant «. If the normal hyperbolic angle 6 of X" satisfies
cosh@ < infs, H, then X" is a hyperplane and its hyperbolic image is exactly a
horosphere.

PROOF. Let us recall that the Gauss equation of £” in H"*! describes the
curvature of X", denoted by R, in terms of its shape operator A, and it is given by
being X, Y € X(X). Thus, for all X € X(X) with |X| = 1, we have

Rics(X,X)=n—14+nH(AX, X) + (AX, AX)

nH |2 n2H?

=n—1+|AX + —X| — X|?

where Ricy; stands for the Ricci curvature of ™. Hence,

n2H?
4

Ricy, >n—1-—
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Thus, since we are supposing that 1 < H < « for some constant «, from (3.1)
we get
n?a?

4 bl

Ricy >n—1-—

that is, Ricy is bounded from below on X".
Now, let u : X" — R be a smooth function given by

for all p € ¥™. We easily see that the gradient of w in is
Vu=a',
where a' denotes the tangential component of a along X", that is,
a=a' —(N,a)N + (3,a)p = Vu — (N,a)N + (¢, a)e. (3.2)
Using Gauss and Weingarten formulas, we obtain
VxVu=—(N,a)AX —uX
for every X € X(X). Therefore, the Laplacian of the function u on X" is given by
Au =nH(N,a) — nu. (3.3)
From equation (3.2), it is also easy to see that
|Vu|? = (N, a)? — u?. (3.4)
Recall here that a is a past-pointing null vector and N is future-pointing, so that
(N,a) > 0.
On the other hand, since X" is supposed to be bounded away from the

future infinite of "' and Ricy, is bounded from below, we are in position to
apply Lemma 3.1 to the function u, obtaining a sequence {py} in " such that

lim w(py) =supw, lim |[Vu(pg) =0 and lim Au(pg) < 0.
k— 00 ) k—o0 k— o0

Consequently, since the mean curvature H is bounded on X", from equations
(3.3) and (3.4), we get a subsequence {pg; } of {px} such that

0> lim Au(py,;) = nsupu( lim H(py,) — 1) > 0.
j—oo ) j—o0
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Then, since supy u > 0, we get lim; o H (pr;) = 1 and, hence, infs H = 1.
Thus, from our hypothesis on the normal hyperbolic angle 6 of ¥, coshf = 1
on X". Therefore, we see that X" is a hyperplane L, for some 7 > 0. Moreover,
from equation (2.1), we get

<N7a> = <N,,-,a> = <1/J,a> =T

and, hence, we conclude that the hyperbolic image of X" is exactly the horosp-
here L. [l

Remark 3.3. As a consequence of Bonnet-Myers theorem, a complete spa-
celike hypersurface 1) : £¥® — H"™*! having (not necessarily constant) mean cur-
vature H, such that |H| < ¢ < @ (¢ a positive real constant), has to be
compact. In fact, for such a bound on H, from (3.1) we get

n%c?

Riczz(n—l)f 1

> 0.

However, if " is bounded away from the future infinity of H"*!, then X" is
diffeomorphic to R™; in particular, H"*! does not possess any compact (without
boundary) spacelike hypersurface (cf. [3], Lemma 1). Furthermore, we observe
that QT\/W <1 for n > 2. On the other hand, taking into account the classifi-
cation of totally umbilical spacelike hypersurfaces of the de Sitter space (cf. [19],
Example 1), it follows from the main theorem of [2] that there exists no to-
tally umbilical complete immersed spacelike hypersurfaces with mean curvature
0 < H < 1 in the steady state space. Therefore, motivated by these reasons, it is
natural to restrict our attention to spacelike hypersurfaces immersed with mean
curvature H > 1 in H™ 1.

Remark 3.4. Let ¢ : ¥® — H"*! be a spacelike immersion from a compact
manifold X" with mean convex boundary 0% contained into a hyperplane L.,
for some 7 > 0. Suppose that i has constant mean curvature H > 1. From
Theorem 7 of [21] and taking into account our choice of orientation of X", we get

0 < (N,a) < HT. (3.5)

Consequently, from (2.1) and (3.5), we conclude that the normal hyperbolic
angle 6 of X satisfies

1
coshf = —(N,v) < —(N,N;) = —(N,a) < H.
T

From Theorem 3.2 we obtain the following
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Corollary 3.5. Let ¢ : X" — H"t! be a complete spacelike hypersurface
bounded away from the infinite of H" 1, with bounded mean curvature 1 < H < c,
for some constant a.. Suppose that the hyperbolic image N (X) is contained in the
closure of the interior domain enclosed by a horosphere L,. If £ < infyx H, where
7 > 0 is such that (¥(p),a) > 7 for all p € ¥, then ¥" is a hyperplane and its
hyperbolic image is exactly a horosphere.

PROOF. Initially, we observe that the normal hyperbolic angle 8 of X" is
such that

1 1
coshf = —(N,v)y = —(N,yp — ——a) = —— (N, a).
(N.0) = =V, = orsa) = (V.
Consequently, since we are supposing that 3" is over the hyperplane L,
1
coshf < —(N,a).
T

Therefore, our hypothesis on the hyperbolic image of ¥ amounts to

and, hence, we finish the proof by applying Theorem 3.2. (]

Remark 3.6. Let ¢ : ™ — H™*! be a spacelike immersion from a compact
manifold X" with mean convex boundary 93 contained into a hyperplane L, for
some 7 > 0. One can reason as in Remark 3.4 to conclude that the hyperbolic
image of X" is contained in the closure of the interior domain enclosed by a
horosphere L,, with £ < H.

4. Generalized Robertson—Walker spacetimes

Let M™ be a connected, n-dimensional (n > 2) Riemannian manifold, 7 C R
an interval and f : I — R a positive smooth function. In the product differentiable
manifold " = Ix M ™ let w; and 7, denote the projections onto the factors I
and M, respectively.

A particular class of Lorentzian manifolds is the one obtained by furnishing

n+1

M with the metric

(v, w)p = —((71)wv, (T1)sw) + (f o 11) ()*((War) v, (Tar)w),
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for all p € M and all v,w € T,M. Such a space is called (following the
terminology introduced in [9]) a generalized Robertson- Walker (GRW) spacetime,
and in what follows we shall write Mnﬂ = —1I x ¢y M" to denote it. In particular,
when M™ has constant sectional curvature, then —I x s M™ is classically called a
Robertson- Walker (RW) spacetime (cf. [23]).

A smooth immersion ¢ : X" — —I Xy M"™ of an n-dimensional connected
manifold X" is said to be a spacelike hypersurface if the induced metric via 1 is a
Riemannian metric on X", which, as usual, is also denoted by (, ). In this setting,
H = —1 tr(A) is the mean curvature of £".

For each ¢t € I, we orient the (spacelike) slice M = {t} x M™ by using its
unit normal vector field d;. According to [9], M]* has constant mean curvature
H = fT/(t) with respect to 0.

We observe that, since d; is a unitary timelike vector field globally defined
on the ambient spacetime, there exists a unique timelike unitary normal vector
field N globally defined on the spacelike hypersurface 3" which is in the same
time-orientation as 0;. By using the Cauchy—Schwarz inequality, we get

(N,0)) <—-1<0 onX".

We will refer to that normal vector field IV as the future-pointing Gauss map of
the spacelike hypersurface ¥". In the context of the RW spacetimes, the normal
hyperbolic angle 6 of X" is the smooth function 6 : ¥ — [0, +00) given by

cosh = —(N, ;). (4.1)

As in the previous section, we say that a spacelike hypersurface ¢ : ¥ —
—1I x¢ M" is bounded away from the future infinity of —I x ¢ M™ if there exists
t € I such that
P(XE) C{(t,x) e =T xg M™; t <t}

Analogously, we say that X" is bounded away from the past infinity of —I x s M™
if there exists ¢ € I such that

() C {(t,x) € =1 xy M";t > t}.

Finally, X" is said to be bounded away from the infinity of —I x  M™ if it is both
bounded away from the past and future infinity of —I x y M™. In other words, X"
is bounded away from the infinity if there exist ¢ < ¢ such that (%) is contained
in the slab bounded by the slices M;" and M;".
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Now, let h denote the (vertical) height function naturally attached to X",
namely, h = (77)|g. Let V and V denote gradients with respect to the metrics of
I xy M"™ and X", respectively. A simple computation shows that the gradient of
wr on I x M™ is given by

V= —(Vnr,0) = —0, (4.2)
so, from (4.2), we have that the gradient of h on X" is
Vh=(Vr)" =-9, = -9, — (N,0;)N. (4.3)
In particular, from (4.3) and (4.1), we get
|Vh|? = (N,9,)2 =1 = cosh® 6§ — 1, (4.4)

where | | denotes the norm of a vector field on X™.
The formula collected in the following lemma is a particular case of one
obtained by L. J. ALfAs jointly with the first author (cf. [8], Lemma 4.1).

Lemma 4.1. Let ¢ : ¥™ — —I x ¢ M™ be a spacelike hypersurface immersed
into a GRW spacetime, with Gauss map N. Then, by denoting h = 7y o1 the
height function of 3, we have

Ah = —(In f)'(h)(n + |Vh[*) — nH(N, ).

5. Steady state type spacetimes

We observe that the steady state space H"T! can also be expressed in an
isometrically equivalent way as the RW spacetime

—R Xet R™.

To see it, take b € L"*2 another null vector such that (a,b) = 1 and let
®: H*! - —R X+ R” be the map given by

- (z,a)b — <x,b>a> .

(z,a)

#(0) = (1n((2,0).

Then it can easily be checked that @ is an isometry between both spaces which
conserves time orientation (see [3], Section 4). In particular, for all 7 > 0, we
have that

®(L;)={ln7} xR"
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and
(I)*(NT) = at.

Following the ideas of A. L. ALBUJER and L. J. AL{AS [3], we now consider
a natural extension of the steady state space H"*! = —R x,+ R". Let M™ be a
connected n-dimensional Riemannian manifold and consider the GRW spacetime

—-R Xt M™.

We will refer to such wider family of GRW spacetimes as steady state type spa-
cetimes. For instance, when M™ is the flat n-torus we get the de Sitter cusp as
defined in [13].

In this setting, by applying a similar procedure as in the proof of Theorem 3.2,
we obtain the following

Theorem 5.1. Let M"™ be a complete Riemannian manifold with nonnega-
tive sectional curvature and let ¢ : X" — —R X, M™ be a complete spacelike
hypersurface bounded away from the future infinite of —R X« M™, with bounded
mean curvature 1 < H < «, for some constant . If the normal hyperbolic angle 0
of ¥ satisfies cosh < infs,H, then X" is a slice M]*, for some t € R.

PROOF. From Lemma 4.1 and (4.1), we have that
Ah =n(—H(N,9) — 1) — |Vh|* = n(H cosh ) — 1) — |Vh|*. (5.1)

On the other hand, since we are supposing that H is bounded, from inequality
(16) of [3] we have that the Ricci curvature of 3™ is bounded from below. Thus,
since X" is supposed to be bounded away from the future infinite of H"+!, we
are in position to apply Lemma 3.1 to the function h, obtaining a sequence {py}
in X" such that

lim h(py) =suph, lim |Vh(pg)|=0 and lim Ah(pg) <O0.
k—o0 n k—oo k—o0
Consequently, since cosh @ is also bounded on X7, from (5.1) we have that

0> lim Ah(py,;) > n( lim H(py,) — 1) >0,
j—o0 j—o0

for some subsequence {px,} of {pr}. Then, lim; ,H(px;) = 1 and, hence,

infs H = 1. Thus, from our hypothesis on the normal hyperbolic angle 6 of

3", we conclude that coshf® = 1 on X". Therefore, 3" is a slice M;*, for some

teR O
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Remark 5.2. From Lemma 7 of [3], we see that if a steady state type spacetime
—R Xt M™ admits a complete spacelike hypersurface 3™ which is bounded away
from the future infinity, then the Riemannian fiber M™ is necessarily complete.
On the other hand, by supposing that M™ has nonnegative sectional curvature
and that the spacelike hypersurface ¥ has bounded mean curvature, from the
inequality (16) of [3] we get that the Ricci curvature of ¥ is bounded from below.
Consequently, as in Remark 3.3, when the mean curvature H of X" satisfies
|H| <ec< QTm (¢ > 0 constant) we conclude that ¥™ must be compact. Hence,
in this case, the ambient steady state type spacetime is necessarily spatially closed
(that is, its Riemannian fiber is compact; see [9], Proposition 3.2).

In the 3-dimensional case, we obtain the following rigidity result concerning
to complete spacelike surfaces of nonnegative Gaussian curvature

Theorem 5.3. Let M? be a complete Riemannian surface with nonnegative
Gaussian curvature and let 1) : ¥2 — —R X+ M? be a complete spacelike surface
of nonnegative Gaussian curvature, with mean curvature H > 1. If the normal
hyperbolic angle § of %% satisfies cosh < H, then X2 is a slice M?, for some
teR.

Proor. By applying Lemma 4.1, we get
Ae™" = e " (|Vh|> = Ah) = 27" (|Vh|* + 1+ H(N,9,)). (5.2)
Thus, from (4.1), (4.4) and (5.2), we obtain that
Ae™" = 2¢7" cosh @ (cosh§ — H)

and, hence, our hypothesis on the normal hyperbolic angle # of ¥? guarantees

that the function e ="

is a superharmonic positive function on . However, a clas-
sical result due to A. HUBER [17] assures that complete surfaces of nonnegative
Gaussian curvature must be parabolic. Therefore, h is constant on X2, that is,

¥? is a slice M?, for some t € R. g

Remark 5.4. In Proposition 13 of [21], S. MONTIEL have proved that when
3" is a complete spacelike hypersurface immersed with constant mean curvature
H>1in S?H, by supposing that the hyperbolic image of 3" is contained in the
closure of the interior domain enclosed by a horosphere, then we have that H = 1.
When n = 2, from the main theorem of [2] (see also [25]), this implies that %2 is
also an umbilical surface and its hyperbolic image is exactly a horosphere.
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6. Entire vertical graphs in —R X, M™

Let Q C M™ be a connected domain of M™. A wvertical graph over § is
determined by a smooth function u € C*°(Q2) and it is given by

Yu) = {(u(z),x) : 2 € Q} T —R xoe M™.

The metric induced on Q from the Lorentzian metric on the ambient space via
Y(u) is
(,)=—du®+e*(,)pn. (6.1)

The graph is said to be entire if = M™. It can be easily seen that a graph
¥"(u) is a spacelike hypersurface if and only if |Du|%;. < e**, Du being the
gradient of w in £ and |Du|p» its norm, both with respect to the metric (,)psm
in Q. Observe that by Lemma 3.1 in [9], in the case where M™ is a simply
connected manifold, every complete spacelike hypersurface X" bounded away from
the infinity of —R x.+ M™ is an entire spacelike graph in such space. However,
in contrast to the case of graphs into a Riemannian space, an entire spacelike
graph in a Lorentzian spacetime is not necessarily complete, in the sense that the
induced Riemannian metric (6.1) is not necessarily complete on M™.

In this context, by using the ideas of [4], we obtain the following non-
parametric result

Corollary 6.1. Let M"™ be a complete Riemannian manifold with nonne-
gative sectional curvature and let ¥"(u) be an entire spacelike vertical graph
bounded away from the infinity of —R X, M™ and with bounded mean curvature
1 < H < «, for some constant c. If

1
Dul3m <e® |1 —sup — 2
|Dulpm <€ ( ;?5H2>, (6.2)

then X" (u) is a slice.

PROOF. Observe first that, under the assumptions of the theorem, X" (u) is
a complete hypersurface. In fact, from (6.1) and the Cauchy—Schwarz inequality
we get

(X, X) = —(Du, X)3n + €*(X, X)pn > (e — [Dul3n) (X, X) prn,
for every tangent vector field X on X"(u). Therefore,

(X, X) > (X, X)) ppn



On the rigidity of spacelike hypersurfaces in H" ! 117

for the positive constant ¢ = 2 ™= v SUPs;(y) # This implies that L > \/cLyn,
where L and Ly~ denote the length of a curve on X"(u) with respect to the
Riemannian metrics (,) and (,)pm, respectively. As a consequence, as M™ is
complete by assumption, the induced metric on X" (u) from the metric of —R Xt
M™ is also complete.

On the other hand, we have that

N = —(N, )0, + N*, (6.3)

where N* denotes the projection of N onto the fiber M™. Consequently, from
(4.3) and (6.3), we obtain

T

N* = —(N,8;)Vh (6.4)
and
[Vh|? = e2"(N*, N*) arn. (6.5)
Moreover, with a straightforward computation we verify that
e 1
N=———(0+—Du|. 6.6
[e2 — | Duls,, ( vt o u) (6.6)

Thus, from (6.4), (6.5) and (6.6) we get

Dul%,.
pp = Puhe :
VAl e?* —|Dul3,. (6.7)

Therefore, taking into account equations (4.4) and (6.7), we easily see that the

hypothesis (6.2) guarantees that coshf < infy H, and the result follows from
Theorem 5.1. ([

Following the same ideas of the proof of Corollary 6.1, we also obtain a
non-parametric version of Theorem 5.3

Corollary 6.2. Let M? be a complete Riemannian surface with nonnegative
Gaussian curvature and let ¥?(u) be an entire spacelike vertical graph bounded
away from the past infinite of —R X+ M?. Suppose that ¥?(u) has nonnegative
Gaussian curvature and mean curvature H > 1. If

w 1
‘Duﬁwz S 62 (1 — m) 5

then ¥2(u) is a slice.

Remark 6.3. In [5], the second author jointly with A. ALBUJER and F. Ca-
MARGO obtained uniqueness results concerning to complete spacelike hypersurfa-
ces with constant mean curvature immersed in a RW spacetime. As an application
of such uniqueness results for the case of vertical graphs in a RW spacetime, they
also get non-parametric rigidity results.



118 A. Gervasio Colares and Henrique F. de Lima

References

[1] R. AryaMa, On the Gauss map of complete space-like hypersurfaces of constant mean cur-
vature in Minkowski space, Tsukuba J. Math. 16 (1992), 353-361.

[2] K. AkuTAGAwA, On spacelike hypersurfaces with constant mean curvature in the de Sitter
space, Math. Z. 196 (1987), 13-19.

[3] A. L. ALBUJER and L.J. ALias, Spacelike hypersurfaces with constant mean curvature in
the steady state space, Proc. Amer. Math. Soc. 137 (2009), 711-721.

[4] A. L. ALBUJER, F. E. C. CaMARGO and H. F. DE Lima, Complete spacelike hypersurfaces
with constant mean curvature in —R x H", J. Math. Anal. Appl. 368 (2010), 650-657.

[5] A. L. ALBUJER, F. E. C. CAMARCO and H. F. pE Lima, Complete spacelike hypersurfaces
in a Robertson-Walker spacetime, Math. Proc. Camb. Phil. Soc. 151 (2011), 271-282.

[6] J. A. ALEDO and L. J. ALfas, On the curvatures of bounded complete spacelike hypersurfaces
in the Lorentz—Minkowski space, Manuscripta Math. 101 (2000), 401-413.

[7] J. A. ALEDO and L. J. AL{As, On the volume and the Gauss map image of complete spacelike
hypersurfaces in de Sitter space, Proc. Amer. Math. Soc. 130 (2001), 1145-1151.

[8] L. J. ALfas and A. G. CoLARES, Uniqueness of spacelike hypersurfaces with constant higher
order mean curvature in Generalized Robertson-Walker spacetimes, Math. Proc. Cambridge
Philos. Soc. 143 (2007), 703-729.

[9] L. J. ALias, A. ROMERO and M. SANCHEZ, Uniqueness of complete spacelike hypersurfaces
with constant mean curvature in Generalized Robertson-Walker spacetimes, Gen. Relativity
Gravitation 27 (1995), 71-84.

[10] H. BonpI and T. GoLD, On the generation of magnetism by fluid motion, Monthly Not.
Roy. Astr. Soc. 108 (1948), 252-270.

[11] A. CamiNHA and H. F. DE Lima, Complete Vertical Graphs with Constant Mean Curvature
in Semi-Riemannian Warped Products, Bull. of the Belgian Math. Soc. Simon Stevin 16
(2009), 91-105.

[12] A. G. CorLAaREs and H. F. DE LiMA, Spacelike Hypersurfaces with Constant Mean Curvature
in the Steady State Space, Bull. of the Belgian Math. Soc. Simon Stevin 17 (2010), 287-302.

[13] G. J. GALLOWAY, Cosmological spacetimes with A > 0, Contemp. Math. 359 (2004),
87-101.

[14] A.J. GODDARD, Some remarks on the existence of spacelike hypersurfaces of constant mean
curvature, Math. Proc. Cambridge Phil. Soc. 82 (1977), 489-495.

[15] S. W. HAWKING and G. F. R. ELLIS, The Large Scale Structure of Spacetime, Cambridge
Univ. Press, Cambridge, 1973.

[16] F. HOYLE, A new model for the expanding universe, Monthly Not. Roy. Astr. Soc. 108
(1948), 372-382.

[17] A. HUBER, On subharmonic functions and differential geometry in the large, Comment.
Math. Helv. 32 (1957), 13-72.

[18] H. F. DE LiMA, Spacelike hypersurfaces with constant higher order mean curvature in de
Sitter space, J. Geom. Phys. 57 (2007), 967-975.

[19] S. MONTIEL, An integral inequality for compact spacelike hypersurfaces in de Sitter space
and applications to the case of constant mean curvature, Indiana Univ. Math. J. 37 (1988),
909-917.

[20] S. MONTIEL, Uniqueness of Spacelike Hypersurfaces of Constant Mean Curvature in foliated
Spacetimes, Math. Ann. 314 (1999), 529-553.



On the rigidity of spacelike hypersurfaces in H" ! 119

[21] S. MoNTIEL, Complete non-compact spacelike hypersurfaces of constant mean curvature in
de Sitter spaces, J. Math. Soc. Japan 55 (2003), 915-938.

[22] H. OMORI, Isometric immersions of Riemannian manifolds, J. Math. Soc. Japan 19 (1967),
205-214.

[23] B. O’NEILL, Semi-Riemannian Geometry with Applications to Relativity, Academic Press,
London, 1983.

[24] B. PALMER, The Gauss map of a spacelike constant mean curvature hypersurface in Min-
kowski space, Comment. Math. Helv. 65 (1990), 52-57.

[25] J. RAMANATHAN, Complete spacelike hypersurfaces of constant mean curvature in de Sitter
space, Indiana Univ. Math. J. 36 (1987), 349-359.

[26] S. WEINBERG, Gravitation and cosmology: Principles and applications of the general theory
of relativity, John Wiley & Sons, New York, 1972.

[27] Y. L. XiN, On the Gauss image of a spacelike hypersurface with constant mean curvature
in Minkowski space, Comment. Math. Helv. 66 (1991), 590-598.

[28] S. T. Yau, Harmonic functions on complete Riemannian manifolds, Appl. Math. 28 (1975),
201-228.

A. GERVASIO COLARES
DEPARTAMENTO DE MATEMATICA
UNIVERSIDADE FEDERAL DO CEARA
60455-760 FORTALEZA, CEARA
BRAZIL

E-mail: gcolares@mat.ufc.br

HENRIQUE F. DE LIMA

DEPARTAMENTO DE MATEMATICA E ESTATISTICA
UNIVERSIDADE FEDERAL DE CAMPINA GRANDE

58109-970 CAMPINA GRANDE, PARAIBA
BRAZIL

E-mail: henrique.delima®@pq.cnpq.br

(Received January 14, 2011; revised May 11, 2011)



